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CHAPTER 01 
 

������ � W�xÈ±�� 
 
 19
���^ab 20
��ò]amS�WNTi��-×ÑNSs�£U��
F��iK¶¤RS���´¹es£¤eÀ³¿ÀV*/�-V�ba-e���W

�¤Ò]�Ô ïðV7�Q��Ss/£¤e���Vzð-PNS��Nb�À³

¿À��´]��R���Rs�´iK��¹��±eRQÖ^�/-×ÑNSs�

ÉÔþÕ�VÀK--�RRaÖ^�es-ôp/£¤]e���W¤s¤�-

ab�£U��F��]�/�Rs��K����)quantum mechanics0-ëÑN/
£¤]e���WN-Bk]�����-ùúRS£U��F��Q�º/k]�&

Q����-ë¤£¤]e�����iK������·����-e��s¾Ía

�À³-W��´Q.^Û�S,/�-]R£¤� 
 
 
1.1� �«�� 
 
 ��i�sbN/ÏF��OF� K��!]£�S""bN�ÏF��OF�a
bCV´S¹/�-Q#�R���i*/���£¤]�Á(Q"U/-CV´S¹

/V��·C�$KW�Á(���]£�S�Ñ/�£*�%�Q&s�²�Ï�]

�3QGU-���K¾U9âÀ$i*����Vâ9â9*'(aeÀ$]e^�

Ís]K)*¾e/�-Kv���-i*Ç¤���£¤]�Á(V""bN�k]

´/C�$K�W�Á���w+]¹�SÀab)$��,]��U/�C<�N�

�ý*�þ��-��-�èAQ� 1.1.1]�U� 
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� 1.1.1 

�«����ý*�þ���À³R� 
��w+]¹�SE�*V�.çé-)UeÑÒ.æ/-0]_0�RSs¾

-Bk]�ª·C1�K23]4~U/� 
 
 
 À³±]5�bN��«����ý*�þQ��±]��R£¤-s¤©,K�W
�1�Rayleigh- Jeans]£�Se�N��Rayleigh-Jeans law-ëÑNSs/���
�iK���Ti.çé
 - d
 
� -�Ó�·C���½�K²(1.1.1a)iO�N/� 

  � � 2
3

8, kTT d d
c

�
� 
 
 
 
       (1.1.1a) 

��i�kK Boltzmann constant� cKC�§�i*/���²K 

  c
�


�
 

Qô6RS 

  � � 4

8, kTT d d� � � �
�

�       (1.1.1b) 

-e/� 
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 ����²�Ø Q� 1.1.2]�U� 
 

 
� 1.1.2 

Rayleigh-Jeans law��>Ø �� 1.1.1]�R�ÀCR-K<'±]�6t¾7
e�Ss/� 

 
 
 � 1.1.2�Ø K� 1.1.1�À³¿À-<'±]�p�WÑes�ÀCiK*/æ/
i	6RQ�U�]�RS�Rayleigh-Jeans lawiKæ/V.¾e/]ÍNSøi]4
~U/�,i*/�À³Ø -�DZ8K9Á��:;)UeÑÒæ/V.s:;0

i>]<�i*/�.çé7¼']èRSÀ³RQùú±£¾=PU/�K>?�Q

G^@RSÀÁ��:;]A�Sabi*/���-.aRs�-]�²(1.1.1)iK
2
 �7¼'QÄ�Ss/��]�ae^�B�i�
 �ùú±6te>?��CQ1
¾´U�-]e/��¤s¤�-V¯Ceb
�a]D-s¤��V¼ERes�-

]e/�F�²(1.1.1)i��Q�¾U/-��1�K46U/V�À³ih´�NS
s/£¤]����]¹�S$V��U/�-K���Nes�G]²(1.1.1)Q
 ]
ÍsSî�ab�c6Ti��U/-·$RSRT¤�UeÑÒQc���i�c�

ÉÔþÕ�V´/-s¤.aRe�-]e�SRT¤� 
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 Í������ 8000 K].sS�ÀCR- Rayleigh-Jeans law�ùúQ� 1.1.3]
�U� 
 

 
� 1.1.3 

Rayleigh-Jeans��#K�ÀÁ��:;iKùú±£¾À³Q=PU/V� 
>?��C�:;iKÀ³Ø -<'±]�p�WÑes� 

 
 
 Rayleigh-Jeans�²VÀ³-WÑes�-)� 1.1.30K�
 �6ts:;�UeÑ
Ò9Á��:;i���#�HIV×t/-s¤gÂi"ultraviolet catastrophe"-ëÑ
N/�RaR��"ultraviolet catastrophe"-s¤ëôK*T^÷EiKes�catastrophe
K9Á��æ/:;i£^<�]Ke/����ãpä�1.1.2ab��a/£¤]�
catastrophe)UeÑÒ�1� V7ñ]6t¾e�SRT¤�-0KUi]ÀÁ]�
s>?��:;iUi]×��Ss/abi*/� 
 Rayleigh-Jeans lawVÀ³¿ÀQ<'±]�=PRes-s¤�-ab�éÒ]�£
U��F��VHIQt�R�-ì�Ím/Ñm]Ksaesa�RNes�£U�

�F��V.aRs�iKe¾�Rayleigh-Jeans������]¶�aÓüsV*�
��iKeaÇ¤a�RaR��ÌK½¾�Á��&�]£�S{Â�N�Je¾-
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�Ck�Á��&K���ÓüsQhÍm/�-K´¹ea��£¤i*/�W¤s

¤Ñmi��«�������KK�£U��F��iK¶¤RS���´¹es	

ò�¿ã-RSHð�LyQ*�� 
 Rayleigh-Jeans law£^µ9�JR�]M´�N�Max Planck���iK��£¤
eN�Kes�Rayleigh-Jeans ���-B
]�Planck��C���KÁ«a���
�.ç][¹U/-ôp���â�PlanckK.çU/���ÉÔþÕ�K¶9eRi
�Ö^�/-s¤ñO±eôpQPS/� V*/-ôp��Physikalische 
Gesellschaft� 1900! 12" 14 �i "Zur Theorie des Gesetzes der Energieverteilung im 
Normalspectrum"-KU/�ÆiPlanckK�.çé
 i.çU/���ÉÔþÕ�Kh

Q*/<é-RS�h
 �QéR�RRaÖ^�es-s¤�À]6Se;�Q³A
R��UeÑÒ�ÉÔþÕ�EK 
  E nh� 
        (1.1.2) 
-O�N/-ôp�Ñmi*/�T���±Ò�]��;�QAN/�-]£^�

PlanckK²(1.1.1)]�/Ut��-RSz²QMVR�� 

   � �
3

3

8 1,
exp 1

hT d d
hc
kT

�
� � �� �
� �

� 
 
 
 




    (1.1.3) 

hWÁ�<éKUUS²(1.1.1)-B¢gÂi*/�PlanckK��R h-RS
346.55  10  Js�� -s¤RQ�sNä�w²VÀ³Ø QX¨]��U/-YUSs/V�

��RK	��Z½C<]£/R 
  346.626176 10  Jsh �� �       (1.1.4) 
-�ñ]�sRi*/�PlanckV³AR�h-s¤<éK�W�� Planck's constant
-[äN/£¤]e^Á�����*b\/�Bid e��Q=º/�-]e/�

(physics-s¤øÝ]� chemistry-s¤øÝ]���d eh-s¤Æ�V]TNS
s/^��(Á�Q@_U/�i*Näh�R¾bsK÷`RS.sSaRs�) 
 

  [Coffee Break]� ultraviolet catastrophe]èU/ joke 

 
 "A Random Walk in Science")edited by E. Mendoza, Institute of Physics, 19730 -s¤
x*s¯V*/���a] Physics terms made easy-s¤ sectionV*^�Á���B
iàÑN/ëô���Vbc-RS÷d�NSs/���ai ultraviolet catastrophe
���-RS bad sunburn-e�Ss/�Î�0�0� 
 �¤s¤bcQ���ai��RSs/]�aaÑbº�©³i��bc-°�£
¤eefQ�¾�Vs/��â�	��g¥Kåultraviolet catastrophe-s¤�K9
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Á�]£�SÄhFiVHj�NSklmV4p/�-ê-s¤eÕfi*��� 
 
 
 
n§opRayleigh-Jeans law�³´ 
 
 Rayleigh-Jeans lawKq'«���]ÉÔþÕ������#Q�sS³t´U�
-V´¹/�ÉÔþÕ������#-s¤�K�*/��T].sS�1Í�.ç
�Z[�]ÍsS kTâm�ÉÔþÕ�QÄÍ-s¤ôp�i*^�WNV�^r�
es�-KPEiK�ba-e�Ss/V�FBk]���V�sLciK÷Rs�

-��a�Ss/���ôp�Q�sS Rayleigh-Jeans law Q³t´U�-K�T�
���òói£¾�sU/�-i�*/�i�Wt]Éø]u�QYUS.�¤� 
 .çéV
 - d�
 
�Ó]*/!Q.ç�é ( )g d
 
 V5TNä�ÉÔþÕ����
��#£^�WN] kTQvmNäW�.çéQÄÍC�ÉÔþÕ�V5T/�-]
e/� 
 óQ�a^(U¾U/��]TºZz6�w�!Q.çQôp£¤�xyQ!<R

�/� L�w]ÍsS�á�N/.ç�æ/K 2 22 ,  ,  ,  ...
2 3
L LL -e/���w�wQ

oÑ/q'æ�§�Q c-U/-á�N/.ç�.çéK 2 3,  ,  ,  ...
2 2 2
c c c
L L L

�£¤]�

2
c
L
�nRizpbN/���inK÷�Qé�UeÑÒ�w�!Q.ç�.çéK

2
c
L

�Ó{Q��S�Ó{]X9is/���S�
 - d�
 
 �.çé�|}X]K 

  � �
�
�
�

�
�
�

�

L
c
ddg

2




        (1.1.5) 

âm�!Q.çV*/�-V�a/� 
 Ww��-Q 3z6]~�R£¤�UeÑÒZ�V L�r�«�a�!Q.çQô
p/���»W�3z6.çKn��^] 3Í�÷�Qé ,  ,  � � � ��i®�Qnm/
�-V´¹/V�W�.çéK 

  2 2 2

2
c
L

� � ����
 � � �       (1.1.6) 

izpbN/�3z6�!Q.çK 3Í�Qéi®�nm�N/ab��NQXU/
]K 3z6��ÓQ�s/�V�#i*/��� 3z6�Ó� 3Í�é?MNk].
sS 

  , ,
2 2 2
c c cx y z
L L L

� � �� � �      (1.1.7) 
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i*/£¤eÌQôp/� , ,� � � KQéi*/ab�Nb�ÌK«�
3

2
c
L

� �
� �
� �

��Ó�

���y�w]*/�-]e/�W�k�)Ìab��öK 

  2 2 2 2 2 2

2
cx y z
L

� � � � �� � �      (1.1.8) 

-e/V�²(1.1.6)-ùU/-���öVW�.ç�.çéQzp/�-V�a/� 
 ��£¤]�.çéQ 3z6�ÓMNi��SOU�-V´¹/-� ( )g d
 
  Ké
Ò]5T/�UeÑÒ�.çéV
 - d�
 
-�Ó]*/!Q.ç��éKw� xyz�
Ó]�z
 -�z d�
 
 -� 2Í�SQ�t�W�Si�TN��Ó�a]*/��

y��éQép/�-]£�SzpbN/�1Í���y�«�K
3

2
c
L

� �
� �
� �

i*/ab�

���éK�z
 - d�
 
 -�S�Ó]�TN��Ó�«� 24 d�
 
 Q
3

2
c
L

� �
� �
� �

i�N

ä£s��âR��i ,  ,  � � � K÷�Qéi*/ab�#Z�câmQôpNä£¾

«�K 24 d�
 
 �
1
8-e/�)�� 8i�/�-]ÍsSK����[coffee break]Q�

�0��S 

  � �
2 3

3

4 8
8
d Lg d

c
�

�
 

 
       (1.1.9) 

-e/��âR�¤ 1ÍôpemNäsmes�-V*/�CKææi*/ab�0
C��,V7e/ 2Ë��.çV¼EU/�WNi²(1.1.9)���Q 2RRS�	�
±] 

  � �
3

2
3

8 Lg d d
c

�
�
 
 
 
       (1.1.10) 

V�bN/�ÉÔþÕ������#abÉÔþÕ�K�N]kTQam���-e/�

)ÉÔþÕ������#-K�1Í�Z[�]ÍsS�ÉÔþÕ�K 1
2
kT�� i*

/-s¤�#��Rs�-KT����:�i�sU/�-]e/V�-^*pº�

��#K��V�s1iK�^rÍ-×�SW¤ÓüsiKes0�UeÑÒ�ø+

«�C^�ÉÔþÕ�K 

  
� � � �3

2

3

1,

8

T d g d
L

kT d
c

�

�

 
 
 � 
 


�
 

      (1.1.11) 
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-e/��NV Rayleigh-Jeans lawi*/� 
 
 
n§opPlanck�²(1.1.3)�³´ 
 
 PlanckVôp�£¤]ÉÔþÕ�Vnh
 -s¤£¤]Qé n�Réi��N/-U
/-�wYR�ÉÔþÕ������#K��LciRa�^r�e¾e/�Wt�

Planck�²Q³´RS,£¤� 
 ÉÔþÕ�VQén�èéi*/�i nQ subscript-RS 
  n nh�� 
        (1.1.12) 

-OU���ÉÔþÕ����¼EEr nPKkV"����]*/-t]K

Boltzmann��#iz�£¤]O�N/� 

  
exp

exp

n

n
n

n

kTP

kT

� ��� �
� ��
� ��� �
� �

�

�

�
      (1.1.13) 

��Sk��rÉÔþÕ��KWt�£¤]OU�-V´¹/� 
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� �

2

2

2

exp

exp

exp

exp

ln exp

1ln  )
1 exp

ln 1 exp

exp

1 ex

n n
n

n
n

n

n

n

n

n

n

P

kT

kT
nhnh
kT

nh
kT

nhkT
T kT

kT
hT
kT
hkT

T kT
hh
kT

� �

��

�





















�

� ��� �
� ��

� ��� �
� �

� ��� �
� ��

� ��� �
� �

� � �� �� �� � �
�

�
� � �� �� �

� �
� � �� �� � � �� �� �� � � !
� ��� �
� ��

�

�

�

�

�

�

�

��ùné��²Q�sS

p

exp 1

h
kT

h
h
kT









� ��� �
� �

�
� � �� �
� �

 (1.1.14) 

���LciK²(1.1.14)KkT]�¼R�ÉÔþÕ������#V���LciK
�^rÍ�-V�a/�WNWÁ���tiK(1.1.14)��V kT��Ñ^]�sbN
emNäebes�W�i�����RQ(1.1.11)�# 1�²]�ARSz�²Q�/� 

  

� � � �3

3

3

1,

8 1

exp 1

T d g d
L
h d

hc
kT

 
 
 � 
 


� 
 




�

�
� � �� �
� �

    (1.1.15) 

a¾RS Planck�²V³´�N�� 
 
 
�Problem 1.1.1 
 ²(1.1.1).£(1.1.3)KsºN�ø+«�C^�ÉÔþÕ��UeÑÒ 3J/m -s¤
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ø+QÄÍ�-Q�"� 
 
�Problem 1.1.2 
 ²(1.1.3)K��ÉÔþÕ��.çé7¼'Q�R���i*/�æ/�]�U/7
¼'Kz²iO�N/�-Q�"� 

  � � 5

8 1,
exp 1

hcT d d
hc
kT

�
� � �� �
� �

� � � �
�

�

    (1.1.16) 

 
�Problem 1.1.3 
 Planck��V·O�N/�abWien displacement law)Wien��+�#0-[äN

/�³#V�bNSs��WNK� � �,T � VL6-e/æ/ max� K 

  3
max 2.90 10  mKT �� ��       (1.1.17) 

-O�N/-s¤��i*/�)WienK����]£�S 1911!���åþÁ��
�Ql�R��Wien's displacement law]���NS6te��QeR-�� Planck
KWien]�N/�- 7!�1918!]��åþÁ���Ql�RSs/�0²(1.1.16)

Q�il�U/�-]£�S maxT� Q³´R�²(1.1.17)-ùú"£� 

 Hint3P. W. Atkins�Molecular Quantum Mechanics� page 8iK�²(1.1.16)].s
Sãéèé���K¶¤"-�sâÇ¤-s¤�-i�?RS�WNQ�il�R�

��Qî�-.t� max / 5T hc k�� Q³tâRSs/�RaR�W�Ø K²(1.1.17)

-ae^7e/� 
 ��i��Kãéèé���Q�?U/e¶-s¤�mÒ¾�s�-Kôpº]²
(1.1.16)Qé�l�R�sS,£��âRl�R���Qî�-.s�²K��±]K
�mes�i�ãpä Newton�e¶Q�sS)��iÉø]�¼U/0�¾-£a
Ç¤��V5T��b�h�c� k� «±eRQANSWien's displacement law-ù
úRS,£�Ñ^-Éø] Atkins�9��£^�¡sØ V�bN/�-QÀ¡RS
µRs� 
 
n¢p3 
 Newton�Q�besHK�é��¯(£¤¥��¯i¦1RS�bs�sV�
essenceKz�G^i*/� � �f x � 0��QéR±]5�/]*�^�Tº x�òÅR�

0x Q;<U/� 0( )f x V§�î�]�mNä 0x V¨i*/� � �0f x V§�î�]�¾
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es»WK
� �
� �

0
1 0

0'
f x

x x
f x

� � V£^¨]�s��� 1x QwY� 0x -B¢£¤]ôpS�

zð]£^�s¨ 2 3,  ,  ...x x Q5�Ss¾-�Ís] � �nf x -î�-�gV§�]-�

¾�*ba¢�ì�S.s�*/-�eé�£^�-�¾e/-s¤ nx V5T/��

� nx V¨i*/�����K�ñ]�¼V©¾�£µ¶ pathologicaleèéiesc

^ 2�3Õi�¼U/� 
 
 
 

 
[Let’s play with Mathematica]� Newton��]£/��²��� 
 
 Newton�KéR=>���V%����i£¾ã]´�N/��i*/�WN
K��=>�a]�Ú^ÛR)FortraniK DO loop0-aïñ)IFÆ0-a��¯±
e��Q]9isS�ª«e=s�K-e/abi*/�RaR���V%Q��

f]e/-�Tº � �f x �l�Q��±]5�e¾SKsmesR�T��*/-�e
é�Q «±]s¾Í]R�bssa�ì�e¾SKsmesR�Éø-Ks�S�
¬NesH]KWNµ¶Éøi�es� 
 	�K½¾���i���°�Q´RS¾N/�iW¤s¤��Q�L±]à�
S�K��-6[e��]à��bssâÇ¤� 
 ��iK��þ�®%VK�t^Res�iÒ¯�-DXâ-×¤H]K�ÅÊ
±Fwiç¾Mathematica-s¤Ê0�V�#i*/�Ô(ÅÊ±FV 10�u+i°
p/k�i*/ab�¤s¤Ê0���L±]à¤-��í�����dT/��

i*/� 

 ãpä���±]K�mes � � � �exp 1 0
5
xf x x� � � � � ��Q5��s-R£¤�

MathematicaiK�ñ]Éøi*/� 
 
TºèéQ<�R£¤� 
f[x_]:=Exp[-x]+x/5-1 
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éR�Kz�£¤]RS5�/���i�x�òÅR-RS 5QzpSs/� 
FindRoot[f[x]==0,{x,5}] 
�¤s¤±¤] key inRS Shift keyQ²ReVb returnU/-éÒ] 
{x -> 4.96511} 
�£¤e�V´S¹/���-Z�Qw��mNä�ãpä 10³�Z�VaRmN
ä 
N[FindRoot[f[x]==0,{x,5}],10] 
-U/- 
{x -> 4.965114232} 
�£¤] 10³��VzpbN/���i�bN���RQ6�èé]�ARS,£
¤ 
f[4.965114232] 
Ø K 
 
         -11 
4.93605 10 
 
-e^�c^e¾î�]�sRV�bNS�Ø V÷Rs�-V�a/�)w�ã�

´�K 114.93605 10�� �gÂi*/�MathematicaiK��ã�£¤]�10�´�-s
¤é�QFGïðV�¾£¤] 1fw]ºbRSzpS¾N/�0 
 
 
�Problem 1.1.4 
 Planck�;�iK��3±.ç�ÉÔþÕ�KE nh� 
 �,QÄÍ-s¤�-i*
���UeÑÒ E h" � 
���S 0#
 i E h" � 
iEKÀ(±]��i*/��¤s
¤�-ab�Planck�²(1.1.3)K 0#
 �B.çé:;i Rayleigh-Jeans�²(1.1.1)]
�¼U/�-Q�"�Hint: exponential function Q��"£� 
 
�Problem 1.1.5 
 ��-���V�s}� 1Í-RS�bN/_�Î�)Sirius0K�µµ

max 260  nm�� ��«����ý*�þQ�U���}�Ox��Q¶<"£� 

 
�Problem 1.1.6 
 ¯ÆiYU�£¤]�PlanckK�«�����²-À³-�ùúabhQì��Ñ
mi*/���iK��³±]zpbN�Wien's displacement law- Planck�²(1.1.16)
-�ùúab�Problem 1.1.3�Ø Q�sS hQ>´"£�Q�é�]·gRSØ 
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Q5�/�-� 
 
 

  [Coffee Break]� Rayleigh-Jeans law].m/ Rayleigh - Jeans��� 

 
 Rayleigh-Jeans law-s¤�K Rayleigh- Jeans� 2H]£�Sh´�N��i*Ç
¤-K×�S���� 2HV�Bih´R��a�ª¾¸r]h´R��a�WN-
� 1HVh´RS��¤ 1HVWNQ·��"��âÇ¤a¹�]×¤H�s/i*
Ç¤� 
 Lord RayleighK�«��]èRSsÇsÇ-ôpSs�£¤i�º�	ò��ÆK
"Remarks Upon the Law of Complete Radiation"-s¤Ki Philosophical Magazine�
Series 5, Vol. 49, 539-540 (1900)]´Ss/�RaR���i´�N�²K�²(1.1.1)
-K6�7e�Ss/�WRS 5!��� 1905!�Nature 72, 54 (1905)]"The 
Dynamical Theory of Gases and of Radiation"-s¤K��ÆQ�sSs/V���ai� 

  � � 2
3

64, kTT d
c

�
� 
 
 
  

-s¤²�UeÑÒ²(1.1.1)� 8R�6t��²Q´RSs/���k]K�¤ Planck
�²V´�NSs�V����Æ�ai�
 V-�s1iK�"This result is eight times 
as large as that found by Planck"-YUSs/�ÀK��²�³´i RayleighKÒ¯�-
R���Q.aR��]3VÍaea���i*/����-Qã»R��K Jeans
i*���Philosophical Magazine� Series 6, Vol. 10, 91-98 (1905) ] "On the Partition of 
Energy Between Matter and Aether" -s¤�ÆQ�sSs/V����Æ� postscript
-RS�i}~R�Æ�ai�JeansKz�£¤]YUSs/�"This is one-eighth of the 
amount found by Lord Rayleigh but agrees exactly with that given by Planck for large value 
of ¼. It seems to me that Lord Rayleigh has introduced an unnecessary factor 8 by counting 
negative as well as positive value of his integers �, �, �, ..."�NQlmS�RayleighK 
Nature 72, 243 (1905)�"The Constant of Radiation as Calculated From Molecular Data"-
s¤�Æ�ai�"In connection with similar work of his own, Mr. Jeans has just pointed out 
that I have introduced a redundant factor 8 by counting negative as well as positive values of 
my integers �, �, ��I hasten to admit the justice of this correction ..." -s¤±¤]YU
Ss/� 
  U/] Jeans���K�Rayleigh�²� 8-s¤ factor�ÓüsQã»R��-
i*��£¤i*/�����Nâm��-i½¾]7�V¿/�-]e���âa

b JeansKºsù9�QR�-ôp/�KÀV,i*Ç¤a��¤ 1Í±5F�Q�
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pä�PE�½¾�9��iÐÑNSs/ Rayleigh-Jeans lawK�´�N�CkK*
T^Ly�Nea��£¤i*/�-s¤�KUi] Planck�²V*�SWNVÀ³
-�ª]Z8RSs/�-V�a�Ss�abi*Ç¤�)Rayleigh-Jeans lawVÀ³
-WÑes�-Qu¡R£¤-RS Planck�²V´�N�-s¤��VRS*/9
��V*/V�xÈ±]K¶¤�W¤s¤�-iKesbRs�0iK Rayleigh�Á
sK¶�]*���âÇ¤aI¶¤��«�����Koz±eói�̄ C]ºV�

K]R�a���K�T���].m/�����#)�NQ�sS²(1.1.1)Q³´
RSs/0-a�É�Oþ�¼E�Q�-ai*��£¤i*/���*�^��-

K�J. Mehra, H. Rechenberg "The Historical Development of Quantum Theory" (Springer 
Verlag) Vol. 1, p. 83Â ]sÇsÇ-��V��SsSÃÂds� 
 
 
1.2� C��  
 
 ©2Ox]9Á�Q��U/-��VÃ´RS¹/�-V 19
���^fÇh
Ía^�C�� )photoelectric effect0-RS�bN/£¤]e���C�� ]è
U/À³i�Wt]YU/ 2Í�¿ÄVÅ¹�C�æç�i��U/�-V´¹ea
���1ÍK´S¹����KçÉÔþÕ�VA�C�1�]�èAi*/-s¤�
-i*/�C�UeÑÒ�2æ-s¤��KW�Y��,]Æé].çU/�»i*

^�W�1�K�»�o�]ùãU/�C�1�V4U]ÍNS��K£^3R¾K

çU/£¤]e^�Ís]�©2�OxabÃ´RS¹/-ôpbN/���£¤

e��±eôp�iK�́ S¹����KçÉÔþÕ�VC�1�]�èAi*/�

-Q��´¹es�G]���£¤eôp�iK�§�e1��Ci*^�pUNä�

A�C�æ/]èAe¾��VÃ´U�-VÅÆ�N/�RaRÀ<]K�*/Ç

R 0
 £^�Bs.çé�CiK��K´S¹es�WRS���KçÉÔþÕ�Kz

p�C�.çé
 -��ÇR 0
 -�g]ùãU/�-s¤T�-]ÈÉeØ VÊC

�N��)� 1.2.10 
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� 1.2.1.  C�� iÃ´R����KçÉÔþÕ�-A�C�.çé-�èA 
 
 
 ���KQ�ìR��V Einsteini*/�ºK Planck���;�QÖ^AN�V�
G]WNQ�ñ]d eÌi·��"��wYR�£¤]�PlanckKÉÔþÕ���
���UeÑÒ�E h� 
 -s¤ÌÍQ)�a����.ç]ê�R�V�´S¹�C
W���K��±eæ-RS.//¤-ôp��RaR EinsteinK�WN]qR��
�W���VE h� 
 -s¤ÉÔþÕ�QÄ��C�&�)PEKåC�ê-[äN/0
�HT^i*/-ôp��ÉÔþÕ�Ë¼��#£^KçÉÔþÕ�K 

  � �2
0

1
2
mv h� �
 
       (1.2.1) 

i��N/�-Q EinsteinK�R����i 0h
 KÁ(]!QeÌ¿èéi*^�W

�Á(�	ÄF�TOF_`þ] CU/�EinsteinKÀ³Ø Q��RSh�RQ
ì<R�V�Planck�5��R-µ-9¶B¢RV�bN�� 
 
n¢p3� 1.2.1�äëK eV-s¤ÉÔþÕ��ø+iORS*/�eV-s¤�K�
�3Ï� eQÄÍ��Q��ÍV ]�ab�S��c¿]Kù] U/Ì¿i*/�
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eV- J-�èéK)�Î�Á�i��sR�£¤]0z�£¤]RS5T/� 

  � � � �19 191 eV= 1.602 10  C 1 V 1.602 10  J� �� � � �  

 
 
�Problem 1.2.1 
 � 1.2.1£^�Planck constantQ5�£����ab�bN/c^�÷E�i��
V0�`,Ö^�ÏgTiô6RS5�£�÷RsR[²(1.1.4)]-ùúRS,£� 
 
 
1.3� !«�"Y� 
 
 ø)�!«�4þ"Y�)molar heat capacity0VÁ(�Ë�]£bº3R)RK gas 
constant� 1 18.314 JK  molR � �� 0]�Rs-s¤�-K�¾ab Dulong-Petit��#-
RS�bNSs�����#KÉÔþÕ�����#abÉø]��´¹/�UeÑ

Ò�*/��!«V N��)�Q]�-U/�ØÐQ 1Í�Ñ-ôp/-XYKç�
Z[�V 3�ÕtKç�Z[�V 3i*/abØÐª«�Kç�Z[�K3 6N � i*
/� NK§�]6tsab�NQ3N-.sSgRÒpes���±e)��Kçi
K�)� 1�C�^��r�KçÉÔþÕ�K 2kT ��r�TOF_`þÉÔþÕ

�K 2kT i*/ab�ª«-RS3NkT�.çÉÔþÕ�QÄÍ���S 14þC^

�"Y��UeÑÒ4þ"Y� VC KN -RS�ÓÔË�<é AN Q�s3 3AN k R� -

e/�-V���N/� 
 RaReVb���VB¾e/- Dulong-Petit��#V�^r�e¾e/����

Bt]¹�S VC K-�¾e^�Ís] 0T � i 0VC � ]�¼U/�)� 1.3.10 
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� 1.3.1 
©2Õ�4þ"Y� 

 
 
��£¤e"Y��7ñ']	ò]�ìQzp��K�T��(*� Einsteini*�
��EinsteinK�ØÐa�)�����+Ö�v^i�.çV���RSs/-;<
R��UeÑÒ�UUS�)�K.çé
 i.çR�W�ÉÔþÕ�KE nh� 
 iz
pbN/-ôp�Ñmi*/��¤RS EinsteinK"Y�VB�]e/--�¾e/
�-Q��U/�-V´¹�� 
 Einstein�"Y��²KWt�£¤]RS³´�N/�ØÐa� 1Í�)�V h
�
nR�ÉÔþÕ�i.çRSs/�i*/abÓþ×ºF��QRSs/��i�
�rÉÔþÕ��K�²(1.1.4)i5��£¤] 
 

  
exp 1

h
h
kT

�
� � �� �
� �


�



       (1.3.1) 

iO�N/�1Í�)�]ÍsS 3Í�.ç�Z[�V*^) ,  ,  x y zWNûN��,
�.ç0�T��ØÐV N ��)�ab´¹Ss/»WQôp/-ØÐª«-RS3N
�.ç�Z[�V*/�-]e/�)÷E]KØÐª«-RS�XYKç�Z[�V 3
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iØÐª«-RS�ÕtKç�Z[�V3i*/abWNbQØsS.ç�Z[�K
3 6N � i*/�RaR�4þ���Á(�Q�K-RSs/»W]K§�£s�°i
3 6 3N N� � -.sSgRÒpes�0��S�ØÐª«��rÉÔþÕ�EKz�£
¤]e/� 

  3

exp 1

NhE
h
kT

�
� � �� �
� �






      (1.3.2) 

"Y�KEQ��]ÍsSl�R���i*/�i 

  
2

2

exp
3

exp 1
V

V

h
E h kTC Nk
T kT h

kT









� �
� ��� � � � � �� �� � � ��� � � � � �� � �� �� �� � !

    (1.3.3) 

14þC�^�"Y��UeÑÒ4þ"Y�)molar heat capacity0K AN N� ) AN K
�ÓÔË�<é0-.sS��b] AN k R� ]ÙyU/�-]£^� 

  
2

, 2

exp
3

exp 1
V m

h
h kTC R
kT h

kT

� �
� �� � � �� � �

� � � �� � �� �� �� � !








     (1.3.4) 

��i Einstein temperature E� Q<�U/� 

  E
h
k

�

�         (1.3.5) 

Einstein temperature Q�s/-²(1.1.4)Kz�£¤]e/� 

  
2

, 2

exp
3

exp 1

E

E
V m

E

TC R
T

T

� �
� �� � � �� � �

� � � �� � �� �� �� � !

�
�

�
     (1.3.6) 

����KT # $i3R]�¼R Dulong-Pettit law-B¢]e/�T�� 0T # i0]
�¼RÀ³Ø Qµµ��U/� 
 ��£¤]E nh� 
 -s¤ôp�V=àÑN�Ñmi*/�ÔTi´S¹���
�-s¤ÌÍK�)��a����.ç(�T�K��W���V���RSs/-

s¤ôp�i*^���R]¾seVb�W9e��ae-×p/a��Nes�R

aRÔÕ�£¤]�ØÐa�)��.çi�À]��±eäÚiØäN�&��.ç

-,e"/£¤eÛÜ±e.çVB¢£¤]���RSs/-s¤ôp�Keae

a��RV�s�-iK*/-×¤�RaR-�a¾����-s¤ÌÍVsÇsÇ

e»W]´StS�HðK×ô�t@QÝÞe¾�N/Ñmi*/� 
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�Problem 1.3.1 
 Einstein�"Y��²(1.3.6)KT # $i3R]�¼R�T�� 0T # iî�]�+¾

�-KUß�a/�iKWNûN�»W�¶¤s¤èé�iLcR]�+¾a� 
 

  [Coffee Break]� "Y�]èU/ Einstein Model 

 
 Einstein�4sþK"Y�V���Bt-�]õJU/-s¤¿ÀQ<'±]K�
�R��V�ÀK<�±]KD§�i*����ñ]B�iK�À³iK�µµ 3T �
èAiî�]�+¾�]�Einstein���iK��-23]î�]�+¾�W�Ì]
èU/���D�ª�K�i Debye���i�ì�N/�-]e/V���kÌi
EinsteinV-�eàsüsQ*T^3]U/�-e¾�<'±]P�QáâR��-
V£a���a�RNes�LB����Ñºaeàsüs]ã9i EinsteinVº�
ôpQ·OU/�Qä�SRT�Ss�b�º�7�K"Y���K]èRSK¿b

ea��a�RNes�åþKæ½iemNäsmesVk-»W]£�SKæ½�

]�âÑ^U�/��¡¾es-s¤�-a�RNes� 
 

  [Coffee Break]�  Dulong-Petit ��# 

 
�*	®3  åDulong-Petit ��#êKç]£�S·h�N�iR¯¤� 1, 2, 3�¤
Òab«U�)÷�K�ãpä�èæ����é�Qh£�0 
 1.  DulongV	ò]·hR��i PetitVG]·��"�� 
 2.  Dulong- Petit� 2H��Båþi·h�N�� 
 3.  Dulong-Petit-s¤7�� 1H�H]£�S·h�N�� 
 
 
1.4� Compton$%-C�&�' 
 
 C�� �À³ab�ê�N�£¤]CV&�-RS�'ªQÄÍebä�CKK
ç� pQÄÍKºi*/����-K 1923!� Compton�À³ië��N/�-]
e/�� 1.4.1�£¤]�*/!«]£�S$%�N�ì�Q�Cí]am�$%æ
�1�Qæ/�èé-RSC<U/��Cí-s�S�ØÐi*^�Bragg���Q
#�RSì��æ/QC<U/Ñmi*/� 
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��
�� ��

��� ���

�

 

 
� 1.4.1  Thomson scattering - Compton scattering 

)a0 0� � � )b0 0� %  
 
 

 $%J 0�� �k]KA�ì��æ/ 0� �1] 1Í� peakVÊC�N/��NKA

�ì�VW�TT$%�N���i*/�-�ÇV 0%� �»W]K� 0� £^�/æ

/� 1� ]�$%1�] peakVPN/� 0� - 1� �æ/�g 1 2" � �� � � K

21 cos 2sin
2
��� � -s¤�7¼'Q�U� 

 æ/��Q¹Ñes$%Q Thomson$%-[�æ/��Q¹¤$%Q Compton
$%-s¤�¶¤RSA�C£^�/æ/-]$%VPN/aK�CQ&�-,eU

�-]£�S��S��U/�-V´¹/�C�V!«a���-îïRS�WNQ

K¢tÃäU�-]£^�C�ZðKÉÔþÕ�Qñs�W��âm.çéV-�¾

e^æ/V/¾e/�i*/�Wt���KQ�¤JR<�±]Ð�S,/� 
 Planck�C���]£/-�.çé
 QÄ��C� energyK E h� 
 izpbN/�

Z�����23�]£Nä�energyE��2æKW�Y��,]
E
c �6t��Kç
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�)momentum0QKù�-V�bNSs/��� 2Í�èA²QWÑ"/-�C�
Ä�Ss/ momentumK 

  h hp
c

� �



�
       (1.4.1) 

-s¤�-]e/� 

 A�ì��ÄÍ momentum vectorQ 0p -R£¤�C�V��)��KòäRSs/

-ôpS£s0-îïRS�Z�ZðK momentum vector 1p iÃó^�W�qôi

��K momentum vector pQÄÍ-R£¤�)� 1.4.2(a)0 
 
 

 
 

� 1.4.2  Compton scattering 
 
 
 momentum Ë¼�²K 
  0 1� �p p p        (1.4.2) 
B
] energyË¼#£^ 

  22 4 2 2
0 1e ep c m c p c m c c p� � � �      (1.4.3) 

��i����òäÉÔþÕ� 2
em c Q]� ��±e energy�O²Q�sSs/� 

 momentumË¼�²i�3Í� vector 0 1, ,p p pK� 1.4.2(b)�£¤ehJ�Q¥/�

-ab 

  2 2
0 1 0 12 cosp p p p p� � � �      (1.4.4) 



��������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 1, Page 22 

-e/���²Q²(1.4.3)���]�ARQ�U/- 

  � � � �0 1 0 1 1 cosem c p p p p� � � �      (1.4.5) 

²(1.4.1)Q�AU/�-]£�Sæ/�ºN �" -RSz²Q�/� 

  � � 2
1 1 cos 2 sin

2e e

h h
m c m c

" � � � � �
�� � � �     (1.4.6) 

��²KÀ³±]Ea�bN���¤s¤�-iCV momentum h
�
QÄ��&�i

*/�-VÀ³±]K�t^R�Ñmi*/� 
 
�Problem 1.4.1 
 õ�e��K����ö�i�ØÐX���VZ[��-RSÐÑNSs/�-]
DXQÄ��i*Ç¤�©2X���K)�¾] Coulomb�iØtnmbNSs/Ñ
mi*/�W� energy-��U/ X��C�� energy-ùUS,£� 
 ãpä X�-RSK�Mo� K&�-RS�bN/ 71 pmQôp£) 12pm 10  m�� 0� 
��V!«]¼÷�NSs/�-RSK�Ä�ø�±]� e� .£ e� ���V 100 
pmöNS¼ERSs/k� CoulombTOF_`þ-RS,£� 
 
�Problem 1.4.2 
 æ/ 71 pm� X�V graphite]A�U/k�$%J 90'� Compton$%]£/æ/
��Ks¾ba� 
 
�Problem 1.4.3 
 ����ö�K�C�-îïU/��V��ie¾S�B¢£¤]ê�´¹/�>
?C�CQ��]��R�k�C�-W���-�îïQôpNä�wi5��²�

em Q���(�i.tapNässKºi*/�æ/ 500 nm�CV�benzene]�

�R�k]¶�+�æ/�ºNV*/aQ�>"£� 
 

  [Coffee Break]� Raman�C� 

 
 Raman�C�-s¤�ñ]d e�C�V*/�Á(]CQCS/-�WN£^�
/æ/.£.æ/-]æ/VJRºN�1]$%VPN/���.çé�ºNK�

���.ç�ÉÔþÕ�] CU/-s¤�-iÁ(�B<]��F���.ç�å
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þ]�ùa"esd e�C�-RS·�R��Raman� -ëÑN/��� K
1928!	FË� Raman]£^·h�N�RamanK����]£^ 1930!]��åþ
Á���Ql�RSs/�Raman�·hK Compton�åþVt�am-e��£¤
i*/�Nature, Vol. 121, 501 (1928)�"A New Type of Secondary Radiation"-s¤K�
Raman��ÆKz�£¤eÆi�T�Ss/� 

"If we assume that the X-ray scattering of the 'unmodified' type observed by Prof. 
Compton corresponds to the normal or average state of the atoms and molecules, while 
the 'modified' scattering of altered wavelength corresponds to their fluctuations from the 
state, it would follow that we should expect also the case of ordinary light two types of 
scattering, one determined by the normal optical properties of the atoms or molecules, 
and another representing the effect of their fluctuations from their normal state.  It 
accordingly becomes necessary to test whether this is actually the case. ..." 

 ��ÆQ`�-�RamanK�Compton V X�ih´R���V>?��Ci�*
/âÇ¤-ôpSÀ³R��-V�a/�WRS¯C]úûG^�Ø V�bN�Ñ

mi*/���£¤et�amab���À³V��åþ�]e��-s¤�-K¡

üds�-s¤�K��¤s¤t�amK�RäRäåýþåþê-s¤ëôi�ï

�N/åþ��-�Zd�gi*/abi*/�ýþåþ-s¤ëôKåýiåþQ

���b¤T¾s���WNiKþi(�S,£¤ê-s����eåþ��]�+

s�åþix*¾esåþ��^±eã-RS£¾Ø��N/ëôi*/�åX��
�2æ�>?��C��2æ�7e/�Kæ/)FK.çé0�,i*/���S X
�]ÍsSh´�N�P�V�-p>?�]*��-RS�D×öi�esRx*

¾�esê-s��ö�KéÒ]��â-s�S�^ó/�-V´¹esµ¶�Ãt

K*/�Raman Vµ9�Ò¯�-R�×sntab��£¤eÀ³QR��a�F
K"fluctuation"-s¤ëôiºVORSs/¥¦�XY]ì�:;->?�:;-i
¯(±eüsV*/�-QgORS��À³Q(���aK��¤JRxÈ±ôëQ

RS,es-�abesV�¾âbes-ëÑN/åþ�UäbRsåþ�t�am

K�Zd�g-s¤�-KÀ]x*s�e.�w]Ø�R� Raman�Æi�unmodified
-s¤�Kæ/VA�C�WN-�bes Thomson scatteringQ�R�modified-s¤
�Væ/V��R� Compton scatteringQ�RSs/�modified.£ unmodified-
s¤ëôK�ComptonV Physical Review, Vol 22, 409 (1923) ��Æi�sS.^�W
�ëôQØ�R���-×ÑN/�T� Raman��Æ�"fluctuation"-s¤ëôKe
aea�a^]¾s�å\b�ê-U/-£¾�abes�.Wb¾PE�ëôis

päå¥¦ê(transition) -s¤�V��-�êCeëôi*Ç¤� 
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1.5� Á(�æç±'( � de Broglie æ 
 
 CV&�±'(QÄ�Ss/ebä�q�]�Á(Væç±'(QÄ�SsS�£
s�iKeaÇ¤a��NV de Broglie)ËD
�	0�ôp��-i*^����
��·��6te��-e���wYR�£¤]�EinsteinK�æ/��CK 

  hp �
�

 

�Kç�QÄÍ�-Q�R�Ñmi*/�de BroglieKWNQq�]ôpS�Kç� p
QÄÍÁ(Kæ/ 

  h
p

��         (1.5.1) 

i��N/æ-RS�'(QÄÍ-ôp����²i��N/�K de Broglieæ/-
ëÑNSs/� 
 
 
�ãK 
 C§� 1��§�QÄ�Ss/��]ÍsS de Broglieæ/Q�>"£� 
 
n�p3 

 ���(� em .£§� vK 

  � �
31 

8 6

9.11 10 kg m

0.01 3.00 10 m/s 3.00 10 m/s
em

v

�� �

� � � � �
    (1.5.2) 

-e/���S momentumK 

  � � � �31 6

24

9.11 10  kg 3.00 10  m/s

2.73 10  kg m/s

ep m v
�

�

�

� � � �

� � (

    (1.5.3) 

��S de Broglie wavelength �K 

  102.43 10 m 243 pmh
p

� �� � � �      (1.5.4) 

 
 de Broglie�ôp��-V÷RmNä����C-B¢£¤]Õ	U/Kºi*/�
w�ãKi��N�£¤]�êC]~§�N���� de Broglieæ/KµµØÐa�
)�Ó�ö]e/�i�ØÐQ�sS���Õ	Vh´�N/Kºi*/�P] 1925
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!] Davisson- Germer]£�S���Õ	P�Vh´�N�� 
 Á(�æç'KW��ÎÏ)�(
�Î%)�]ÍsS�Àë�N�PEiK��
��,ebºa'�]£/Õ	��Á(·¸�åþ]£¾#��NSs/� 
 
 
nLgp3 
 ²(1.5.2).£(1.5.3)].sS�§��÷�å vê)v�	Ï��*«0V.çé�
÷�å
 ê)Õ�_`Æ��£U�0-°Ss/�iT�bÑRs-×¤H�s/a
�RNes�RaR���-��¾àÑNSs/0�F�)Ü�K Times New Roman�
Õ�_`Æ�K Symbol0iW¤e�Ss/�iLgRShSs�â¾Raes�£
¾hNäüsK�a/i*Ç¤�Í����� 1.5.1]x0�F�Q�JR6te�
«iùúRS.¾� 
 
 

v  Ü�å vê�	Ï��*« 


  Õ�_`Æ�£U�å �ê�	Ï��*« 

 
� 1.5.1� Ü� v)�0-Õ�_`Æ�
 )£U�0 

 
 
�Problem 1.5.1 
 z���]ÍsS de Broglieæ/Q5�£�(a) 200 eV�KçÉÔþÕ�QÄÍ�
��(b) 510  eV�KçÉÔþÕ�QÄÍ��F�(c) 100 km/h�§�QÄÍ(�
0.14 kg�BS�Ó�þ 
 
 
1.6� ÎÏ)���ý*�þ 
 
 ���iKÎÏ)��·C�ý*�þ]ÍsS�sU/ú<i*/V�W��]�
Zµ±e introduction-RSC��ý*�þ�C<]ÍsSJðYUS.t�s� 
 Section 1.1i�«����-Q�sR�k]�""bN�Á«��ý*�þV´S
¹���ý*�þ�UeÑÒ�C�1��æ/7¼'K�Zµ]K� 1.6.1�£¤e
�Cíi��SC<U/� 
 



��������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 1, Page 26 

 
 
 UeÑÒ�����QGRSA�R�CK�®%i�$�N�̄ F®iHC�N

��������w]¡C�N/��*�����)T�K0�þ%0�»W]KC

VC��1V�¾e/�CV1mNä1sµ¶Ý�]�¾e/����S���w�

+Ö-æ/-�èAQiUS.mä�C�ab�C�1��æ/7¼'V�a/��

�£¤e�CíK 20
����*�^ab�ñ]½¾�sbN�V�	�iK��
������^]��3±]C�1�QC<U/Ï�VàÑN/»WV½s�W�Ï

�-RSK�CV>?��:;]*/»W]KC��4R�)C�� ]£�S´S

¹���Q4�RS�!-RSÖ^´U�Ö0V£¾�sbN/V�W�Ê�WNû

N�»W]êR�sÇsÇeÏ�V*/� 
 �ý*�þK½¾�»W�äë]1�Q�æë]C�æ/T�K.çé)T�K�
iYU/£¤]�Nb]ùãU/Á��0Q-�SOU��â�äë�å1�êVæ

½]´Q�UaK�Ki�RäRäWNVK�t^-��Nes»WV½s�� 1.1.1
]�R��«����ý*�þK�ø+.çé�� d
�aiø+«�C�^�ÉÔ
þÕ�V¶Nâma�-s¤�-Q�RSs/�Z��²(1.1.5)i�R���iK�
B¢Á��Qø+æ/��i�U�-]e/���iåÉÔþÕ�ê-s¤ëôK�

1��C��Ä�Ss/ÉÔþÕ�h
)photon energy0]�ÉÔþÕ�Vh
- ( )h d
 � 


�Ó]*/C��éQam���i*/�äëK���£¤]ÉÔþÕ�i�U»W

�Ê�C��éi�U»W�*/�F�RäRäø]�´í�´�W���Q�U»

W�*/���£¤]�äë�O���KsÇsÇe!ÞV*^�W¤s¤�-V�

R¾{Â�NSses)FKO��NSses0À³Ø Q�-]C�1�Q<�±

]Ö^Ð¤]K6te�K-e/V���iK*T^d¾rÒAbes�-]R�s� 

slit lens prism
lens

photo
plate  

� 1.6.1  �®%�Cí 
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 �S�� 1.6.1]�R�£¤e�ÖQ�sSFG�ÏF��OF�S�CQC<R
���Q� 1.6.2]�U�æë]C�æ/�äëKC��4R��´�W����-
s¤�s��S*sTse��i*/V�-]a¾1�Q�RSs/�¡�QtÒ9

-§÷RS�""bN�ÏF��OF�0�V5F����V�aNä��«���

��²]�s��V�bN/Kºi*/� 
 

 
 

� 1.6.2 
ÏF��OFS�C��ý*�þ�� 

)456������åþ�i�C<Ø 0 
 
 
 Ô�K�Zµ]àÑNSs/�C �C���QÊCRS,£¤�Ø K� 1.6.3
]�U�ÏF��OF�S�C-�C �C���K�ZhRS6t¾7e�Ss/

�-]3Vn¾i*Ç¤�UeÑÒ�ÏF��OF�S�CK��sæ/|}]Ñ�

�S��s�ý*�þQzp/�]�R��C �CiK�ñ]_`�eE�*V

s¾Ía¼ERSsS���s�ý*�þ��zKµ-9¶es� 
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300 400 500 600 700 800

fluorescent lamp
Re

la
tiv

e 
In

te
ns

ity
 

wavelength/nm
 

� 1.6.3 
�C ��ý*�þ�� 

)456������åþ�i�C<Ø 0 
 
 
 ¶¤RS�¤s¤üsV*/�-s¤-�CV´/Û·VT��¾7e/abi*
/�ÏF��OF�S�»W]K�ÏF��OF�0�V5F�]�!Q!RSW�

"]£/��i*^�µµ�«�����]�s��V�bN/�ÏF��OFie

¾S�ãpä£*�%�Q�sS�6«°�£¤e��V�bN/�É�ÊFV·�

R��SiK� ¯���VàÑN�-s¤�-i*/V�æ/��KÏF��OF

�S-°G����i*��-û�U/� 
 Z��C �CK���a]Ñºa�ÎÕ�3«V¼EU/��i�2Í��LÓ
]��ÍQam/�-]£�S´S¹/Ci*/�� ihbN/¤! -RS�s

bN/ÎÕ -¯(±]B¢i*/�T��"#$�$ i*�%sCQ´U��V

*/V�WN�ÎÕ i*/���(Ä0��ià¤�C K�e9-a&'C]�

sCV´/£¤]sÇsÇ-()RSs/�i�ÎÕ W����C-K6�7e/

V�WNi�� 1.6.3��ý*�þKµ-9¶ÎÕ ��ý*�þ-B¢i*/�T
���§�*ihbN/¨$�%sC�K�ÎÕ��^]+��Î%QAN���i
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*^�F�,�ÔÄF-	F�À$�CKÔÄFÔ�QAN���]�ÍQam��

�i*/�)åÔÄF-	Fê-s¤ëôK��-�-K�ÔÄF�À$�·CQ�R

���i*���RaR�	�K�.�/0$Q1/�T'TeC��-QT-�S

åÔÄF-	Fê-s¤£¤]�ü��gÂiàÑN/£¤]e���WN]¹s�

ãpä�å)$�ÔÄF-	Fêe¶-s¤���±]K*^�es�.aReëô

�àÑN/£¤]e�StSs/�0 
 �Nb�ãihbN/£¤]���a]f¾Ñºa�)��3«Q2ARS�W�
]��ÍQam/-�CV·U/��NK)��·C�ý*�þ-RS 19
�3*
�^�1ab½¾���&]£�Såþ�N��W9e1K�C��´K��4b�

����i��Ss�R�F��ñ]_`�e�ý*�þK�PEi����i£

^÷E]æ/�C<V´¹/�-�*^�)��ý*�þKRäRä���	5��

i���N/�� 1.6.4VW�Zãi�æëKæ/Q�U� 
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Wavelength/nm

H

Na

Hg

 

 
� 1.6.4  oh�)���>?:;].m/·C�ý*�þ 

����w��ý*�þ�	�KC1�Q����iKe¾S�� 1.6.3�ã�
£¤]���±]C<U/�VFGi*/V�Z1�K��£¤e����V

5Z�C<Ø i*�������wiK�æëKæ/]ùãRSsesV�

��iKæ/�£����6�þ]éRS�sSs/� 
 
 
 
�ý*�þVPN/æ/�+Ö]Æée�QØsSs/�7ÂR�����QP�U

Nä��W�£¤e��V�bN/Ñmi*/��-£^äëKgÂKe¾�1�K

�abesV�½¾�»W�1�£^�PN��ý*�þ�+Ö]ÃÂV*/��]

��£¤eO�Ve�N/�i*/����i,bN/£¤]�)���ý*�þK

��wi�]hp/�-ab��ý*�þ)line spectrum0-[äN/� 
 ��i�ý*�þ��PN/»1�OR�]ÍsSYUS.¾�� 1.6.3(� 1.6.4
iKæëKæ/�i*/�Z��� 1.1.1iK.çé
 iORSs/���£¤]��
ý*�þKæ/�a.çé
 i��SO�N/V���.çéK 10�´�-s¤8�
VÍ¾�i�>?����C�k]KÑºbÑRs�W�iRäRäæé

)wavenumber0-s¤ø+V�sbN/�÷�K�
 �w]æ÷�ÂQÍm��
�-
s¤Æ�Q�s/�æé-Kø+/�C^]æV´vÅ�A/a-s¤éi*/�z
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6-RSKC®/��èé-s¤�-]e/�SIø+kiK/��ø+K mi*/
ab�1 ma�æ�éi�£s�i*/V�1ab�s¬i1 cma�æ�éiOU�
VZµ±i*/�	�K1 μmC�^�æ�éiOU�-�RäRä*/�W�»WK

1μm� -s¤ø+]e/V� 1cm� -s¤ø+VPÀ]K��-�£¾�sbNSs/� 
 
 
 
�ãK  æ/500 nm�C�æéQ5�£� 

)�0 6 1 1 1
9

1 1 2 10  m 20000 cm 2 μm
500 10  m

� � �
�� � � � � �

�
�


�
 

 
 �S��ý*�þ�C<��-W�O���]ÍsSYU��i�z]ÎÏ)��
�ý*�þ]ÍsSYU£¤�Ui]YU�ÎÕ -B¢£¤]���]R����

�a]J��ÎÏÔ�QANS�ÍQamS���"/-�·CVhbN/�9Á��

>?��ÀÁ��:;]ÍsS9²±]�U-� 1.6.5�£¤]e/� 
 

 
� 1.6.5  ÎÏ)��·C�ý*�þ�� 

 
 
 >?��9Á��ÀÁ�]WNûN´¯a���ý*�þVhbN�WNûNhÍ
m�H�7�Q-�S Balmer series, Lyman series, Ritz-Paschen series-[äNSs/�
WNûN� series]ÍsS�ÊC�N/æéQO 1.6.1]�U�O]�RS*/ 1n -a

2n -s¤÷�]ÍsSKUß�i��U/� 
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O 1.6.1  ÎÏ)��·C�ý*�þ��æé) 1cm� ø+0 
 

2 1n n�  

Ritz-Paschen 
series 

� �1 3n �  

Balmer 
series 

� �1 2n �  

Lyman 
series 

� �1 1n �  

1 5332 15233 82258 
2 7799 20565 97491 
3 9140 23032 102823 
4 9948 24373 105291 
... ... ... ... 
... ... ... ... 
$  12175 27408 109667 

 
 
O 1.6.1�Ø QLgd¾:�S,/-�s¾Ía�ð#'V*/�-V�a/�ã
pä Lyman series� 4®y��- 3®y��-�æégK 
  1 1 1105291 cm 102823 cm 2468 cm   � � �� �  
Balmer series� 3®y��- 2®y��-�æégK 
  1 1 123032 cm 20565 cm  2467 cm� � �� �  
Paschen series� 2®y��- 1®y��-�æégK 
  1 1 17799 cm 5332 cm   2467 cm  � � �� �  
-s¤£¤]µµZ<�R-e/���£¤eð#'K?ÌQ�pS,/-sÇsÇ

hÍa/�ãpä Lyman series� 3®y��- Balmer series� 2®y��-�gK 
  1 1 1102823 cm 20565 cm 82258 cm� � �� �  
Lyman series� 2®y��- Balmer series� 1®y��-�gK 
  1 1 197491 cm 15233 cm 82258 cm� � �� �  
-s��£¤]B¢æégVj1]hbN/���£¤eð#'K�)��ý*�þ

Zµ]1ab�bNSs��UeÑÒ��ý*�þQæéø+iOU-�W�æéK

ùú±-�eé�;��B<�g-RSO�N/�-s¤��i Ritz� combination 
principle-ëÑNSs�� 
 ��£¤e�,dÚQ�S�Ís] Balmer( Rydberg]£^�z�£¤e�³±
e²VzpbN�� 

  2 2
1 2

1 1
HR n n



� �

� �� �
� �

�       (1.6.1) 
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1 1n � V Lyman series� 1 2n � V Balmer series� 1 3n � V Paschen series] CU/�
�K
�ý*�þ�PN/æé) / c
 0� HR K Rydberg constant-=ÑN/<éi�PE÷
Rs->�bNSs/RK 

  1109677.6 cmHR
��  

i*/� 1n .£ 2n KQéi*/���²K��±e¨?eR]�³±]³aN�²

i*/V� 1n .£ 2n -s¤QéV�sbNSs/�-]LyUUti*Ç¤�Qé
-s¤�KïðHÓVÁQép/�]�s/éi*/����P�]QéVPN/-

s¤�K¶¤s¤�-i*Ç¤aI 
 	ò���±�ìK Bohr]£�SzpbN��RutherfordVUi]ôp�£¤]�
BohrK�ÎÏ)�K÷]��R�¾�v^Q��V�z riÕ�Ss/��-ôp��
¿@�-÷A��Ó-� Coulomb�-VÍ^WÑemNäebes�iz²Q�/� 

  
2

2
2

0

1
4

er
r

�) *
��

       (1.6.2) 

��i*KJ§�i*^)K���(� em -¾�(�M -i<��N/@>(�i

*/� 

  1 1 1

em M
� �

)
       (1.6.3) 

KçÉÔþÕ�T.£+Ö�ÉÔþÕ�V KWNûNz�£¤]e/� 

  
2

2 2

0

1 1
2 4 2

eT r
r

� �) *
��

      (1.6.4) 

  
2

0

1
4

eV
r

� �
��

       (1.6.5) 

��SªÉÔþÕ�EK 

  
2

0

1 1
2 4

eE T V T
r

� � � � � �
��

     (1.6.6) 

��iBohrK�JKç� 2r) *K
h

2��QéRRaÖ^�es-s¤;<Q³AR��

UeÑÒ  

  2

2
nhr n� � �) *
�

  ( nKQé)    (1.6.7) 

��i�R¾ 

  � �
h

2�         (1.6.8) 
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-<�R��)�KÉ�B�V�_UT�KÉ�BC�-·,�N/�0²(1.6.7)Q�
s/- 

  
2

2 2
2

0

1 1 1
2 4 2

eE T n
r r

� � � � � ��
) ��

    (1.6.9) 

�N£^����z-RS 

  
2

20
2

4r n
e

�
���

)
       (1.6.10) 

V�bN/V��� rQ²(1.6.9)]�AR� 

  
� �

4

2 2 2
0

1
24n
eE
n
)

��
� �

�
      (1.6.11) 

Q�/���iEK n�èéi*/�iE� subscript-RSnQnmS*/�²(1.6.11)
VAi*/-s¤�-K���F-��V�c¿]öNSs/»W]ùUSÉÔþ

Õ�VBs�UeÑÒ�WNâm�<-s¤�-i*/� 1n � �»WV	��<iW
NQ�Ó��)ground state0-ÝU/� 
  BohrK�ÊC�N��ý*�þK²(1.6.11)iO�N/ 2Í�7e����Ó�É
ÔþÕ�gQ�2æ-RS�´R���i*/-ôp��UeÑÒ 

  
� �

4

2 2 2 2
1 20

1 1 1
24
eE

n n
� �

" � �� �
� ��

)
��

     (1.6.12) 

æéø+iOU- 

  
4

2 3 2 2
0 1 2

1 1
8

E e
ch ch n n

� �"
� � �� �

� �
� )


�
     (1.6.13) 

��£¤]�����]²(1.6.7)�����Q;<U/�-]£^�³±e²(1.6.1)
-B¢��V��±]³´�N��²(1.6.1)� HR �UeÑÒ Rydberg constantK�²
(1.6.12)-�ùú£^z²Q�/� 

  
4

2 3
08H
eR
ch

�
)
�

       (1.6.14) 

��£¤] HR �a]K@>(�V]TNSs/�i�)�¾�(�]£�S½J7
e��R-e/�UeÑÒ�Rydberg constantKB+«]£�S½JRV7e/�)�

¾�(�V�c6i*/-s¤;û±e»WQôp/-�mK���(� em W��

�-e/���£¤e;û±eÎÏ)�� Rydberg constantQ�subscript-RS$QÍ
mS�R$-Zµ]OU�UeÑÒ 
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4

2 3
08
em eR
ch$ �

�
       (1.6.15) 

ø] Rydberg constant-s¤-� R$��-QgÂU/�-V½s� 
 Ww�£¤]RS��³±e Ritz� combination principleK Bohr�;�Q³AU/
�-]£�SZD���VÍs��WRS�«���£¤] hø+i×�/Ê�P�
-�è�RSs/�iHð]E9ilmANbN��)�¾�v^Q��VÕ�Ss

/-s¤��K�Bohr�|}4sþ-RSDq�7Q¿R��RaRÀ�-�Ç��
����r»]rÍ- Bohr�|}4sþKµ-9¶ªS�ÌiÓü�S.^�Fs
ÇsÇeÌiHIQt�RSs/�¶¤s¤ÌiHIQt�RSs/�a�W���

K�����òóQ�sRSab�.FR,-s¤�-]RS-^*pº Chapter 1
Q�ØU/�-]R£¤� 
 
�Problem 1.6.1 
 HR �RQ «±]�>"£�T����F�(�Q�c6-ôp/- R$��>

RK¶¤e/a� 
 
�Problem 1.6.2 
 H�	ÄF�TOF_`þQ�>"£� 
 
n¢p3 
 	ÄF�TOF_`þK��Q�Ó��ab�c¿]ØtöU�]� eÉÔþ
Õ�i*/���S 1 21, n n� � $-.sSÉÔþÕ�gQ�>UNä£s�Ø Kæ

éø+�,ie¾ eVø+i�5�£�ÎÏ�	ÄF�TOF_`þKRäRäÉÔ
þÕ����-RS�sbN/���S��RQ÷`RS.¾-e]a-�#i*/� 
 
�Problem 1.6.3 
 Balmer�)�ÆiK�ÎÏ��ý*�þ���PE Balmer series-[äNSs/

kÐ�æ/�K
2

2 4
nC
n

� �
�
iO�N/-ôpSs����i nK 2Ww�Qé�CK

<éi*/�²(1.6.12)i 1 2n � -.s���V Balmer series] CU/�CQ5�£� 
 
�Problem 1.6.4 
 ÎÏ)�� 1n � ���]*/��]ÍsS)a0KçÉÔþÕ�)Jø+0.£
)b0§�)m/sø+0)���,��§�0Q5�£� 
 
�Problem 1.6.5 



��������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 1, Page 36 

 H. C. Urey, F. G. Brickwedde, G. M. Murphy, Phys. Rev. 40 (1932) 464 K�Balmer series
��G]Hs�ý*�þ�Qh´R�WNQ�©Ia]Ñºa]¼EU/dÎÏ]£

/-ôp��Balmer series�	ò���ý*�þ) 1 22, 3n n� � 0].sS H- D�
�ý*�þ��gQæéø+i5�£� 
 
�Problem 1.6.6 
 1n � � Bohr����z�UeÑÒ²(1.6.10)i n �1-.t�G]@>(���^]
���(�meQ�s���K Bohr�z-sÑN�RäRä/��ø+-RS�sb
N/�²(1.6.10)] «±eÁ��Q�AR�Bohr�zQ�>"£�e.���RK�
RäRä/����-RS�sbN/�i÷`RS.¾�-VJTRs� 
 
�Problem 1.6.7 
 z�'(QÄ���2æ�æéQ5�£� 
  a) æ/ 200 nm 
  b) æ/ 1 cm 
  c) .çé 1510  Hz  
  d) .çé1 GHz)¢3GK 910 QgÂU/�Ýi�ÕÔ-·,0 
 
 

  [Coffee Break]�  1cm�  -s¤ø+�·, 

 
 1cm�  -s¤ø+Q´-·,R�bssâÇ¤a�1K 1cm� ��-Q Kayser)�	
°�0-[9is�k��*����C�]6teKLQR� Kayser�7�Q-�
�Ñmi*/�RaR���7�KÔKà�SKsmes�-]e�Ss/�W��

[Kz�£¤e�-i*/� 
 
�a]Ké½¾�ø+V*^��a^]¾¾e���iWNQQ�U/�-V�
ÑN��K�¤é§!����-i*/�1Í�ø+-W�èé-V�ð�7�i[
äN/�Ks�ºb]Þ%QM¾�-]e/-s¤�iUUSNä�N��ãpä1

K��3OP�ø+Ä�%)ohm0+V*^eVb�W�èéQ�ohm��ýþQè
�T]`9i mho)4�0-s¤ø+i[9is��WRS÷�Kå+êQè�T]
R�å ê�£¤e�Q*SSs���Ne¶T�R¾Q�±i*/V�ÒR9-R

��STUiàÑNSs�k��*��� 1cm� �ø+]RS�B¢£¤e�-Vëp

/�cm-s¤ø+V*^eVbW�èéQ Kayser-s¤�K�Vi�a^]¾s�
-s¤�-i Kayser-s¤ø+K�mho-s¤ø+-B
à�Ssmes�-]e
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���i*/� 
 */ø+�èéQ��ø+-RS>�/�-QNäR£¤-RS��â 1Í�ãÁ
±]Nä�Nea��ø+V*/�WNK.çé�ø+ Hz)
þ×0i*/�s)W0
-s¤ø+V*^eVbW�èé� 1/sQ Hz-RS�R¾<�U/�-K�gÂ�
es�-i*/-s¤ö�K*��£¤i*/V�W�
þ×�¶Òb� ñò]

Tid¾èÑ�SsS�¶ÒbaQNäU/�-K-S�´¹es-s¤Ø�]e�

�£¤i*/�)e.�Hz-s¤ø+VK�t^-<��N�fXi�1àÑN�-
	*þ-s¤ø+Kà�SKsmes�-]e���0 
 1cm�  -ë¤ø+Qåæéê-Óü�Ss¤H�s/�2000 1cm� ��-Qå2000
æé)ÜÝi 2000 wavenumber0ê-s¤HQ�T]K,am/�RaR��9eë
s�K-9i�es�-i*/�åæéê-s¤Á���ø+V 1cm� i*^�åæéê

KÁ��i*^ø+iKes�WNK�å/�ê-s¤Á���ø+V mi*^å/
�êKø+iKesR�T��å(�ê-s¤Á���ø+V kgi*^å(�êKø
+iKes�-B¢�-i*/� /�V 5 m-s¤�Qå5/�ê-KëÑesi*
Ç¤�å��«dK 50 kgi*/ê-ë¤�^]å��«dK 50(�êe¶-ë��
b¶¤s¤�-]e/i*Ç¤a� 
 iK 1cm� Ke9-·,UNässaIW�TT�å;FB5��þ�º	+� 1�ê
-ëpä£s�xY¾�sVR¯¤Ves�ÜÝiKåcentimeter to the minus firstê, 
T�Kåcentimeter to the minus first powerêi*/�åÅ�;FB5��þêe9S.
aReëôQ�s/H�sesÑmiKesV�W¤ë�SKsmes�ÜÝiK

"reciprocal centimeter"-s¤ëô�£¾�sbNS�÷Rsëôi*/�2000 1cm� i

*Nä 2000 reciprocal centimetersi£s� 
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CHAPTER 02 
 

-�e&��.//s 
 
 
 �«].m/|}�KçK�����i�ª]÷Y´¹/�E�B`��Z�/B
S�Ó�þ�KçKC�Ï�]-�SK��R]¾s��i*/a�RNesV�Á

���
[iK����i�e¾�m/�Ki*/Kºi*/�RaR�&�V¶9

¶9-�¾e�S��-a)�-a]e/-�W�£¤e&��.//sK����

iK��´¹e¾e/�-QïðKs¾Ía�k]ÍsS�sRS¹��6tek]

ÍsS�^rÍ����V-�ekiK�^r�es-s¤-�WNiKå¶�+-

�sê-�Çab�^r�e¾e/�âÇ¤a-s¤¹�Vº/� 
 ����iK�6teÁ«�'(Q�WNV-�eÁ«VHT�S´¹Ss/-ô
pS��RS¹��ïðK6teÁ«�.//sQ�WNQ·�RSs/-�eÁ«

�.//sab³¾�-V´¹/�W¤s¤�-i*Nä�-�eÁ«�.//sK�

£^-�eÁ«�.//sab³¾�-V´¹/Kºi*/�6ts-a-�s-a

s¤�Y\V �±e��i*/Ww�w�ö�K�c]�¾£¤]×ÑN/���

£¤]ôpSs¾-�å6tsê�å-�sê�]�Q¶�iÍmSssa�abe¾

e�SRT¤� 
 W�iôpemNäebes�-K�6t�-s¤��]�RS^�±egÂQz
p/�-V´¹/i*Ç¤a�-s¤�-i*/�*/Á«�'(QÊCU/]KW

�Á«]´�a�Á[ab�ÂÃQzpesÑm]Ksaes��R���ÂÃV6

t¾SW�Á«Zð�'(V��SRT¤£¤i*Nä��Á«Kå-�sê-he

U�-]R£¤�q�]�C<]£�SzpbN/Á[ab�ÂÃV§�]-�¾S

Á«�'(V�/�-VemNäW�ÁKå6tsê-,eU�-]R£¤� 
 �����
[iK�Á�'(]ÂÃQzp/�-e¾Á�'(QC<U/��V
*/-ôpbN/��-pPE§�e��Vea��-RS�����Yó]£�S

W�£¤eÊC��VEr�N/�-Q_¢S£�W¤i*/�E�B`��Z�/

Ó�þ�§�KW�Ó�þQlm/k�P`�B`�����,i��SïñU/

�-V´¹/-£¾ëÑN/���»W�P`�B`����ilm/-s¤�-V

Ó�þ�§��ÊCÒfi*/V���ÊC]£�SÓ�þ�KçKäT�SRT¤

Ñmi*/��¤s¤ÊC��Q�s/c^�Ó�þ�§�]ÂÃQzpesiC<

U/�-K´¹es�RaR	��£¤] Doppler� Q#�RS§�QC<U/»
W]KC<]£�SÓ�þ�§�V�/-KôpbNes� 
 RaRÁ«V*/LcR£^-�¾e/-�Á�'(Q�p/�-e¾C<U/�
-K´¹es-s¤*/Lc�6t�V¼EU/���LcK�Á���
[]!Q
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�Lci*�S����Yóiu¡´¹/-s¤��iKes� 
 ��]6t�]èU/^�±e��V*/��R�C<]£�SÁ�'(V��R
SRT¤£¤i*NäW���Kå-�sê-<��N�����K�^r�e¾e

/�G]��£¤e-�ek]ÍsSK�C<W���VÁ�'(Q6t¾�p/â

mie¾�W�'(Qª¾ú�´¹es�,]�pSRT¤�i*/� 
 Wt]K�oh� «±eãQ*�eVb��£¤e�-Q�¤JR¾ÑR¾�s
R£¤� 
 
2.1� 0CRSs/C� 
 
 */C�)ãpäGñ�ÏF��OF�S0ab´S¹�C�Y��,)Ô;] y
ë�,-R£¤0]Æé] 2��0C�QÖt�2�y�0C���iC�1�QC
<U/-s¤À³kQôp/)� 2.1.10���i�s/0C�-s¤�K�*/><
��,��3å*�þQÄ��C�,QG`U/£¤eÏ�i*/�óQ�a^(U

¾U/��]�# 1�0C�QG`R�CK�3å*�þV zë�,].çRSs/
-R£¤� 

 

 

 
� 2.1.1 

0CR�C��À³ 
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 �¤s¤»W�# 1�0C�KW�å0C�,V zëi*/ê-ss�WNQG`
R�CKå zë]0CRSs/ê�-s¤£¤]OPU/�# 2�0C�KC�Y�
�,�UeÑÒ yë]èRSÕt´¹/£¤]e�Ss/�WRS��»W�ÕtJ
�K�W�0C�,V zë-eUJ��i��SOU�-]R£¤� 
 ��£¤e�ÖQ�s�2�y�0C�QG`R�C�1�Q�# 2�0C��Õ
tJ���èé-RSC<U/�C<�Ø �C�1�K 2cos �]ùãU/-s¤�
-V�a/���À³¿ÀK����iÉø]��´¹/�# 1�0C�QG`R�
��CK�wYR�£¤]� zë]0CRSs/���S# 2�0C��0C�,V

zë�,�UeÑÒ 0�� i*NäW�CKW�TTG`U/�RaR�
2

�
�� i*N

äCKª¾G`Res�WRSaÓ�J�i*NäG`U/C�.�KW�0C�,

��ÂUeÑÒcos� ]ùãU/abC�1�-RSK 2cos �]ùãU/Ñmi*/� 
 

 
 

� 2.1.2 
0CR� 1��C�]ÍsS�À³ 

 
 
 �S�wY�À³K�ñO±e1��CQ�sS�C�1�K�C�� ]£�S
¢��!]£�SC<RSs/-ôpS£s�W�iz]�C�1�Q¶9¶9H

¾RSs�S�Ís]�# 2�0C�QG`R�C)(K^ zë]0CRSs/0V
C���� 1�i*/»WQôpS,/��¤s¤»WKC1��C<]K>��(
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)V� i*/V�sÑ\/C��é�)photon counting0-sÑNSs/��i�1
��C�i�C<K>�i*/� 
 ��£¤]�zë]0CR� 1��C�V# 2�0C�]*�/-�W�C�K0
C�QG`U/i*Ç¤a�Resi*Ç¤aI 0�� �»WK¹��ÝaKes�

W�C�K# 2�0C�i���N/�-e¾G`U/�
2

�
�� �»W�(K^�b

ai*Ç¤�W�C�K# 2�0C�i���NSRT�SG`U/�-Kes� 
 iKz]��-�d e�KQôpS,/��R�# 2�0C�VC��0C�,

) zë�,0-�eUJ��V 0i�
2
�
i�ea��b¶¤e/i*Ç¤aIT�a

1��C��Z��VG`RS¿^V���N/e9Ss¤�-K*^�es�ôp
bN/�-KG`U/aResa�sºNaZÍi*/�ôpS��NWwK�ab

esabÀ³Ø QhS,£¤� 
 À³�Ø K�¤i*/�C�K*/»W]KG`R�*/»W]KG`Res�
iK�¶¤s¤»W]G`R�¶¤s¤»W]G`Res�i*Ç¤aI¿ÍeVb

G`U/aResaKÀ³Q(�S,/Ti�abes�*/><�C�V0C�Q

G`U/aResa-s¤b¹�KçQì�/Á��#K´�es�i*/� 
 1��C�]ÍsSK���£¤]�0C�QG`U/aResaQì�/Á��
#K´�es�RaR�B¢��ti´Õ�À³Q(�S,/�*/»W]KG`R�

*/»W]KG`ResV�G`U/C���WKµµ 2cos �]�s�WRSÀ³�
ÕéV4p/]ÍNSW��WK 2cos �]�+¾�1��C��.//sQúCU/
�-K´¹esV���£¤]�1��C�]ÍsS½éÕ�À³Q���»W�F
K�½é�C�]ÍsSÀ³Q���»W�T�±]K����úC]�¤�-]e

/� 
 ��À³�»W�0C�KA�R�CV*/><�,]0CRSs/acaQÊC
U/À³�Öi*/���£¤eÀ³Q�����ëôiåÊCê)measurement0-
s¤��� measurement�Ø K�*/>de»W]KïðK 100%�EÀ�Q��
SúCU/�-V´¹/V�WN]qRS�¶¤s¤Ø ]e/a 100%�EÀ�i
��SKØ QúC´¹es»W�*/� 
 wYR�À³�ãiK�# 2�0C�V# 1�0C�-��i*/»W) 0�� 0

T�KÆéi*/»W)
2

�
�� 0�ïðK 100%�EÀ�Q��SÀ³Ø Qú�U/

�-V´¹/���£¤] 100%�EÀ�Q��SØ Qú�U/�-V´¹/»W�
�����ëôiåC�K�� measurement]�RS eigenstate]*/ê-ss�W
�k�À³Ø QW�C<]�RS� eigenvalue-ë¤� 0�� �»WK�C�K��

measurement]�RSåparallel eigenstateê]*^�W� eigenvalueKåparallelêi*
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/�-ë¤�-]R£¤�B
]�
2

�
�� �»WK�C�K�� measurement]�R

Såperpendicular eigenstateê]*^�W� eigenvalueKåperpendicularêi*/�-ë
¤�-]U/�Z��# 2�0C�VC��0C�,-��i�Æéi�esk�U

eÑÒ�V 0i�
2
�
i�es»WK�100%�EÀ�i��SØ Qú�U/�-K´

¹es���»WK�C�K�� measurement]ÍsS� eigenstate]KesÑmi
*/� 
 ����iK¶9e measurementi�WN] CU/=>�iOU�VFGi*
/�wY�À³K�C�V zë0Ci*/acaQiU/ measurementi*/V��
� measurementQ;] A-s¤=>�iOU�-]U/�C�V�*/ eigenstate]
*/-s¤�-K�Gñ�Õ�_`Æ��-	)6Æ�3,�-Æ�3- 0T�K
0e	)6Æ�3.�-Æ�3�0-s��Æ�Q�sSOU�ãpä parallel eigenstate

K parallel, -�perpendicular eigenstateK perpendicular, -s��£¤]OU�-]R£¤�W

RSC�V�� A-s¤ measurement]�RS eigenstate]e�Ss/-s¤�-Q� 

  parallel parallel parallel

perpendicular perpendicular perpendicular

A
A

�

�

, � ,

, � ,
     (2.1.1) 

�£¤]OU� parallel� .£ perpendicular� K eigenvaluei*/��V 0i�
2
�
i�esk

]K�C�K�� measurement]�RS eigenstate]Ke�Sses�i�w�£¤

e²iOU�-K´¹es���£¤e»W������
[iKC�K� parallel, -

perpendicular, -�dÚWÑ"iO�N/-ôp/�Ww�£¤e����>Q�ëôK�

�NabÚ^ÛRS�s/�-]eÇ¤V�,(- Q�s�OP]¬NfR��-V
6[i*Ç¤���K�a^]¾sÌÍi*Ç¤V�-^*pº������
[i

KMN-Kç�i��S��Qð<R��]�R������
[iKW��^],
(- -s¤��i��Qð<RSs/�-s¤¾bs]��RS.¾�-]R£¤� 

 �S� 0�� i�e¾
2

�
�� i�es»W�À³]g�S�¤JR�R¾,S,£

¤�# 1�0C��0C�,Q zë�,t]RS.s���]W�0C�QG��C
�KUUS zë0Ci*/�# 2�0C��0C�,Q zë�,t]UNä�UUS
�C�K# 2�0C�QG`U/�-ab�W��-V÷Rs�-V�a/�RaR

0
2

/ /
�� �»WK¶¤e/i*Ç¤a�ãpä

4
�

�� �»W]K 2 1cos
4 2

�
�

ab�a
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/£¤]����é�C�K��hs�0C�]��i*^�¿^���KWN]Æ

éi*/� 
 WNK¶¤s¤�-a-s¤-� zë0C�C�]ÍsS� measurementQ���

k�Ø V�zëab
4
�
âmhs��,]��FKÆé�sºNa-e/�UeÑÒ�

measurementQ�¤�-]£�SC��'(VU�a^��SRT���i*/��
NV¯¬�ii�U�åC<]£�S'(V��SRT¤ê-s¤�-�Zãi*

/���£¤e�-V×�/»W�&�V§�]-�¾�����iK��VÍae

s-ïñ�N/Ñmi*/� 
 C<U/�-]£�S'(V�/-s¤�-Q�¤JRK�t^�"/��]�
Jð¾¶sa�RNesV�# 3�0C�Q�s��¤ZÍ�À³QôpS,£¤�
)� 2.1.30 
 

 
 

� 2.1.3 
3��0C�Q�s�À³ 

 
 
 # 1�0C�i zë0C�C��,Q«¬R����C�]ÍsS� zë]èRS

4
�
âmhs�# 2�0C�Q�sSC<Q�������é�C�K��# 2�0C

�QG`R�Ñmi*/���TiKÔTi�À³-B¢i*/�# 2�0C�]�
��NSRT��C�]ÍsSK�¤À³U/�-K´¹esab*tb�/-R
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S�# 2�0C�QG`R�C�]ÍsS# 3�0C�iC<Q�¤���»W�#
3�0C�K# 1�WN-B¢¾0C�,Q zë�,]RS.¾�# 3�0C�K#

2�WN-K
4
�
âmhsSs/ab�=���é�C�KG`R��K���NS

RT¤�UeÑÒ�# 2�0C�QG`R�C�K zë�,�0CQiU/-s¤#
3�C<� eigenstate]Ke�Sses�ïðKEa]�# 1�0C�i�zë�,�
0CQiU/-s¤C<� eigenstateQ«´R�Kºi*/�)�R# 2�0C�Q
zë�,]RSC<UNäW¤Ø��N/i*Ç¤0WNe�]��¤ 1ÕB¢C<
Q�¤�] 1ÍÊ�C<Q�����]��]Ä�Ss�'(V��SRT��Ñm
i*/�����iKjÓôpbNes£¤e�¤s¤>de
[��NV����

i*/� 
 

  [Coffee Break]� Z1��"If it were possible"VÔiK 

 
 1944!·�� Eyring, Walter, Kimball�"Quantum Chemistry"� 6k]z�£¤e÷
YV*/� 

"If it were possible to perform the experiment with a single photon we could not 
possibly obtain the complete diffraction pattern; at most one gain of the emulsion on the 
plate would be sensitized." 

��Æ�-�e&�i*/ photon�>de.//sQYU���i*/V���i�
Ò¯�-7e��ÊÌabx*s-¡¢/�-V*/� "if it were possible"�"were"
K"if I were a bird"e¶-B
] subjunctive moodi*^�^�]*^W¤�es;<
QgÂRSs/�"we could not obtain"�"could"�øe/`ó�iKes�-K�ba
i)-�ÇV�NQl"-s¤-½¾�6�K`ó�-RSlU/�-s¤�Vm

RsPÀi*/0subjunctive���i*/���Æab��a/£¤]�1944!]K
1�� photon]ÍsS�À³Q�¤�-K�"if it were possible"-s¤��Q�s/µ
¶iª¾D>�e�--×ÑNSs��i*/�RaR�PEiK�sÑ\/ photon 
counting�-ëÑN/��Q�sS�1�� photon�C<��e¾�¤�-V´¹/�
À³nS�YóK*^V�s��â� 
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2.2� 234�5F�QÄ��)� � Stern-Gerlach Experiment 
 
 ��iK 1922!]·O�N� Stern- Gerlach]£/Õ)��234�5F�C<
�À³Q�-]RSoh��-QôpS,/�Stern- Gerlach�À³]£�S�Ag
)�V234�5F�QÄ�Ss/�-�UeÑÒ�Ag)�K2o�'(QÄ�S
s/-s¤�-V��N��PE�ïð��O]£/-�Ag)�����ÖK

2 2 6 2 6 10 2 6 101 2 2 3 3 3 4 4 4 5s s p s p d s p d si*^�pq·¸�Á-] 1��5s��QÄ�Ss
/���S�Ag)�V234�5F�QÄ�Ss/-s¤�-K�5s��V234
�5F�QÄ�Ss/-s¤�--B¢�-i*/��¤s¤�-]ÍsSKº�-

�i spin]ÍsS�sU/k]Ú^ÛRYU/V�Cx���-K*T^�K-eb
es� 
 Õ�©2QÄ�
Fi�Õ�rÌWw]"RS�Ä�
F]Zs1tQ*mS.¾
-W�tab Ag�)�VÃ´RS¹/�Ô;] Ag)��Y��,Q yë-R£
¤�WRS��Y��,]Æé��,);] zë-R£¤0]2»Qam/�Ag)

�V mag) âm�6t��234�5F�QÄ�Ss/-U/- mag( )z B� ) âm�

potentialQlm/�)234�5F�Kå*�þi*^6t�-�,QÄ�Ss/�2
34�5F���,K2o�X�iK SLab NL],a�S÷]-/�6t�K2

��6t�-�2LÓ��ö-��izpbN/�0��i mag( )z) K234�5F�

�z���BK2¼½�i*/���i�s/2oV�R�� 2.2.1�(a)�£¤]�
i��i*Nä2¼½�K zëw¶�i�B¢i*/)2»�y].m/Ñºa�g
K*/V0���»W Ag)�K2»]£^�Qlmes� 
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(a) homogeneous magnetic field � � (b) inhomogeneous magnetic field 
 

� 2.2.1 
u2»-Du2» 

 
 
RaR��R�� 2.2.1�(b)�£¤]�1Í�LVv�SsNä�2¼½�K zëw�
»1]£^ 
  0B B kz� �        (2.2.1) 
�£¤]��U/�)2»K2o�Á-iK NLab SLí,a�S÷]-/���
S� 2.2.1(b)�»W]K 0k 0 i*/0��£¤e2»QDu2»)inhomogeneous 
magnetic field0-s¤���Du2»�a].aN� Ag)�K� 

  � � � �0mag mag z
E B kz" � � �)      (2.2.2) 

âm� potential energyQÄÍ�Ag)�]w¾�K�� potential energyQ z]ÍsSl
�R�x�Q�p���i*/ab 

  � �mag
mag mag z

E
F k

z
�"

� � �
�

)      (2.2.3) 

-O�N/�Ag)�V¶�£¤e�Qlm/aK Ag�Y��,�y]� 2.2.2�£
¤]ÔV��Q.sS.mä AgVùÍa��1V�¾e/�i�a/i*Ç¤� 
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� 2.2.2  Stern-GerlachÀ³��Ö 

 
 
Tº�¶¤s¤Ø ]e/�a������r»abúûRS,£¤�)a0�R�
Ag)�V234�5F�QÄ�SsemNä�âZs1]�T��V´¹/i*Ç

¤�)� 2.2.3(a)0 )b0�R� Ag)�V mag) �234�5F�QÄ�Ss�-U/

-W� z��K 

  � �mag mag cos
z
�) ) �       (2.2.4) 

iO�N/���i�KÕ)��234�5F���,- zë-�eUJ�i*/�
Ä�
Fi""bNS����ab´S¹� Ag)�KCVCV��,Q,sSs/

Kºi*/���S mag) �C®CVCV��,Q,sSs/���S��Óë z-�

eUJ��KsÇsÇeR-e^� cos� K+1ab�1Ti�Ó�sÇsÇeRQ-/

-ôpbN/�WNi�ÔV���w]Kcos 1� �� ] CU/ � �mag magz
� �) ) ab

cos 1� �� ] CU/ � �mag magz
� �) ) Ti��±] Ag�&�V¾�Í¾�-]e/i
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*Ç¤�)� 2.2.3(b)�0 
 
 

 
 

(a)                                (b) 
� 2.2.3 

���]£/úû 
 

 
RaR�Stern-Gerlach�À³Kw÷(a)�(b)sºN�úû-�6t¾7e�Ss��À
³iKe9-ÔV��wa@ab��ö� 2Í�Ì]�,�T��VHaR��W�
aÓ]Kª® Ag)�K¹Sses�-V�a���)� 2.2.40 
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� 2.2.4 

Stern-Gerlach�À³�Ø  
 
 
��À³abz�£¤e�-V�a/� 
)10 Ag)�K234�5F�QÄ�Ss/� 
)20 W�234�5F�� z��KWt]YU/ 2Í�R�sºNa 1ÍiRa
*^�es� 
)30 Ag)��Ã�§��ÔV��Ti��ö�Du2»�6t� k�2Í��T

��X��öe¶ab � �mag z
) �6t�QÀ³±]ì�/�-V´¹/�Ø K 

  � �mag Bz
� 1) )  

i*�����i B) K Bohr magnetoni� 

  24
B 9.284 10  J/T

2 e

e
m

�� � �
�)      (2.2.5) 

iO�N/� eK�����i�T� em K���(�i*/� 
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 ��À³Ø KÀ]È7i*/�Ag)�KCVCV��,Q,sSs/Kºe�

]234�5F�� z��K B�) T�K B�) �sºNa�RRaÖ^�es�*/»

W]KDu2»��,]��)parallel0i*^�*/»W]Kq��)antiparallel0
i*/�W�aÓ-s¤�-K*^�es� 
 �S�Stern-Gerlach�À³QG]·��"�2��Du2»Q�s/À³Q��S
,/�# 1�Du2»Qw-B¢£¤] zë�,]am/�Ag)�K parallel�
antiparallel� 2Í]�aN/�-KwYR�-.^i*/�W�¤Ò parallel����
,QÖ^´RS# 2�Du2»]GU�)� 2.2.50 
 

 
� 2.2.5 

Stern-Gerlach�À³Q 2Õ�mS�¤)W� 10 
 

 
)÷E]ë¤-�# 1�Du2»QG`��Ag)��Y��,K yëabJRºNS
s/���TTiKôp]¾s�i�NQ´�a��,i yë�,]Y�U/£¤z
÷R�wi# 2�Du2»]GU-ôp/�0# 2�Du2»�# 1���-B¢¾z
ë�,]am/-R£¤�# 2�Du2»��Ç]KÔV����^]�Ag)� 1
�i�DfU/£¤e�ÎFÏ�QÖt�# 2�Du2»QG/ Ag)� 1� 1�]
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ÍsSW��{V�a/£¤]RS.¾���£¤e�ÖiÀ³R�»W�Ag)�
K#2�Du2»]£�S¶¤e/i*Ç¤aI��À³�Ø Kz�£¤]ôpN
äúC´¹£¤�# 1�Du2»QG����234�5F�� z��V zë] parallel
����,QÖ^´RS# 2�À³QR�Ñmi*/��Nb Ag)��234�5
F�� z��K�C®�# 2�Du2»]ÍsS� paralleli*/�i*/ab�# 2
�Du2»]ÍsSKUUS� Ag)�V parallel��,]�¾Kºi*/�À³Ø 
KT�R¾W¤e�Ss/���»W�ïðK Ag)��Y��,Q 100%�Eab
R�iú�U/�-V´¹/� 
 z�À³iK�# 2�Du2»Q� �� âmÕtRS�Du2»��,Q z� ë��
,-U/���»W# 1�Du2»QG�� Ag)�K# 2�Du2»]£�S¶¤
e/i*Ç¤aI# 2�Du2»��,K�W�Du2»QG`R� Ag)��23
4�5F�� z��] antiparallel-e/�UeÑÒ�ªS� Ag)�K�# 2�Du
2»]�RS antiparallel��,]�/Kºi*/�À³iKEa]W¤e�Ss/�
��»W]�ïðK 100%�EabR�QÄ�SØ QúCU/�-V´¹/� 
 	�]��-�d eÀ³-RS�# 2�Du2»��,Q zëabî�i��i
�esJ��âmhmS,/�)� 2.2.60wY� 2Í�À³�£¤]� zë�,]a
m�# 1�Du2»]£�S parallel-e����âmQÖ^´RS# 2�Du2»
]GU���»W�# 2�Du2»]A/ Ag)��234�5F�� z��K�#
2�Du2»]ÍsS paralleli� antiparalleli�es�paralleli� antiparalleli�
esab¶�aaÓ��,]�¾i*Ç¤aIRaRW¤s¤�-K�parallela
antiparallela�2Í�¤Ò�sºNa]Raebes-s¤ Stern-Gerlach�À³Ø 
-|}U/�WNi��y¶¤ôpSssa�abe¾e�SRT¤�À³Q(�S

,/-�*/»W]K parallel]e^�*/»W]K antiparallel-e/�iK¶¤s
¤»W] paralleli*^�¶¤s¤»W antiparallel]e/�i*Ç¤a�parallel]e
/a antiparallel]e/aK¶�£¤eð#iìT/�i*Ç¤a� 
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� 2.2.6 

 Stern-Gerlach�À³Q 2Õ�mS�¤)W� 20 
 

 
 
 ��»W��ð�&���tyQì�/Á��#-ë¤��K´�es�i*/�
# 2�Du2»]£�S parallel]e/a antiparallel]e/aK�À³Q(�S,/
Ti�abes���£¤]�1� 1��&�]ÍsS�Ø QúCU/�-K´¹
esV��ñ]½é�&�]ÍsSÀ³Q�pä�parallel]e/&��é��WK

2cos
2
�
-e/���S antiparallel]e/&���WK 2sin

2
�
i*/� 

 ��À³ab�234�5F��2»�,����T�±e�rRQ5�/�-V

´¹/�parallel]e��&�]ÍsSK B) ��T� antiparallel]e��&�]Ís

SK B�) �234�5F�)2»�,���0QÄ�Ss/Ñmi*/ab�WNû

N�R]d,QamS��r-RSK 
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2 2

mag

B

cos sin
2 2

cos

B B� � �

�

� �) ) )

) �
     (2.2.6) 

V�bN/���Ø KÀ]x*s�UeÑÒ��rRK����i�úû)²(2.2.4)0
-Z8U/��ð�&��KçQúCU/�-K´¹esV)WNQì�/Á��#

Kesab0é½¾�&�]ÍsS��rRQì�/�-K´¹S�WNK����

úû-Z8U/�i*/� 
 wY�À³i�# 2�Du2»V# 1�WN-��i*/»W) 0�� 0-q��

i*/»W) �� � 0]K�&��KçØ �UeÑÒ2»�,�234�5F��
C<]�U/Ø Q 100%�EabR�iúCU/�-V´¹/���»W�&�K
C<]�RS eigenstate]*/-s¤�Ô;]2»�,�234�5F�QC<U/
À³Q=>� AiOU�-]R£¤�parallel.£ antiparallelWNûN�»W�

eigenstateQ parallel, .£ antiparallel, i�R�eigenvalueQWNûN parallel� .£ antiparallel� -

OU�-]R£¤�W¤U/-²(2.1.1)-B¢¾ 

  parallel parallel parallel

antiparallel antiparallel antiparallel

A
A
, � ,

, � ,

�

�
     (2.2.7) 

-s¤²i&�VC< A� eigenstatei*/�-Q�U� 
 Z���V0i��i�esk]K 100%�EabR�Q��SKC<Ø QúC
U/�-K´¹es�UeÑÒ²(2.2.7)�£¤] 
 operator (wavefunction) = eigenvalue � wavefunction 
-s¤�]KOU�-V´¹es��¤s¤»W]K�C<R�å�rê�RQôp

/�-V´¹/�wavefunction ,i��SO�N/&�]ÍsS�operator AiO�
N/Á����rR A/ 0K 

  *A A d/ 0� , ,2 3       (2.2.8) 

i5�bN/��rR)average value T�K mean value0K�T��ÅÆR)expectation 
value0-�ëÑN/� 
 wY�À³�gÂQ�¤JRd¾ôp/��] 3��Du2»Q�s�À³Qô
pS,£¤)� 2.2.70� 
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� 2.2.7  Stern-Gerlach�À³Q 3Õ�mS�¤ 

 
 
# 1.£# 2�Du2»K� 2.2.5-ª¾B¢-U/�# 2�Du2»]£�S
parallel-e����Q# 3�Du2»]GU�i*/V�# 3�Du2»��,K#
1-B¢¾ zë-U/�À³Ø K¶¤e/i*Ç¤aI# 1�Du2»i parallel

]e�����¤Ò�# 2�Du2»]£^ parallel]e������WK 2cos
2
�
i

*/�B¢ôpi�#3�Du2»]£�Sparallel]e/����WK 2 2cos cos
2 2
�

� �
� 

antiparallel]e/����WK 2 2cos sin
2 2
�

� �
-e/Kºi�À³Ø �Ea]W¤e

�Ss/�-]a¾�# 3�Du2») zë�,0QGRS�a���-K�*/�
W�&�]ÍsSK234�5F�� z��V zë]���¿^Vq��-s¤�-
i*/��NK¶¤s¤�-i*Ç¤aIïðK�# 1�Du2»i234�5F�

� z��Vzë]��)UeÑÒ � �mag Bz
� �) ) 0e��âmQÖ^´RSÀ³R�K

ºi*/�WNe�]¶¤RS	�±] zë]q��)UeÑÒ � �mag Bz
� �) ) 0��

�V*/�i*Ç¤aI 
 ��À³¿ÀK�åC<]£�S'(V�/ê-s¤������
[iK_¢b
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Nes£¤e�-V*/�-Q�RSs/������
[iK�C<U/�-]£

�S'(V�/-s¤�-Kôpe¾S£s�Je¾-�C<nS�Yó]��SW

��,],a�Ss/�-QïðK¹Ñes�RaR������
[iKC<U/

�-]£�S'(V��SRT¤�i*/�FK�C<U/�-]£�S��S'(

V<T/-�ës�/� 
 ¯��iïðV¦1R£¤-RSs/����FK����-K���£¤]D×
öe��i*/����]¬NfR9i¹�H�]-�SK��Kx¾b¤a�RN

esV�¦1UNä-SÍ�e¾x*s��i*/���x*s���
[Q��]

FR�¤iKesa� 
 
�Exercise2.2.1 
 0 4 4x a�|}içsSs/&�� wavefunctionV 

  � � � �x Nx a x� �-  

iO�N/-U/� 

)10 � � � �
0

* 1
a

x x dx �2- -  

-e/£¤] NQì<"£���£¤eÞ¥Qðª�)normalization0-ss�NQ
ðª�<é)normalization factor0-ë¤� 
 
)20wi<�R�&�]ÍsS�z]�UÁ��QC<R�k�100 % �EabR
�iØ VìT/acaQ{Â"£�ìT/»WK eigenvalueQ�ìTbes»WK
averageQ5�£� 
  a)  xMN)operator = x0 

  b)  Kç�)operator = i
x
�

�
�

� 0 

  c)  KçÉÔþÕ�)operator = 
2 2

22m x
�

�
�

�  0 

 
n�p3 

  (1) � �22 2

0

1
a

N x a x dx� �2  

�NQ�sS 

  2
5

30N
a

�  
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���K?g�Àé�Q�sS 

  5

30iN e
a

��  

-O�N/��� phase factor ie �]ON/�K¶¤-�S�Gñ�»WKgRÒpe
s�Ñ'Ñ'xYeRQ-/� �es�i 0�� �»WQ-�S 

  5

30N
a

�     

-U/�VFGi*/V� �� � -RS 

  5

30N
a

� �  

-RS�£sR�T��?g��iK NK~Ïé-e/V�W¤e�S�s��¤]
aTÑes� 
 
)20 

  a0 � �x x- K � �x- �<éR]Kebes���S xMNK 100%�EabR�iKì

Tbes� 

  
� �23

5
0

30average value

2

a

x a x dx
a
a

� �

�

2
 

  b) � � � �5

30 2i x i x a
x a
�

� � � � �
�

� �-  

��K � �x- �<éR]Ke�Sses���SKç�K 100%�EabR�iKìT

bes���Q�>U/�-]£^ 
  average value 0�  
Q�/� 
 
  c)  B
]�>U/�-]£^� 

  
2

2 2

5average value
4
h
ma

�
�

 

Q�/� 
 
�Problem 2.2.1 
 0 4 4x a�|}içsSs/&�� wavefunctionV 



��������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 2: Page 20 

  � � sin xx N
a

�
�-  

iO�N/-U/� 
  (1)  normalization factorNQ5�£� 
  (2)  z�Á��QC<R�k�100%�EabR�i��SØ VìT/acaQ
{Â"£�ìT/»WK eigenvalueQ�ìTbes»WK averageQ5�£� 
  a) xMN 
  b) Kç� 
  c) KçÉÔþÕ� 
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CHAPTER 03 
 

Schrödinger��² 
 

 
 ����].m/��-��¯±e��²KSchrödinger��²i*/�Schrödinger
��²��Kæçèé)wavefunction0-ëÑN/���¬iK�Schrödinger��²
�ai�kÓQ�é-RS]Tes��]ÍsS'(U/����kÓ]7¼Res

Schrödinger��²)time independent Schrödinger equation0��K<ñ���æçèé
)stationary state wavefunction0-ëÑN/� 
 
 
3.1� Zz6�æ���² 
 
 ������K]A/�]�����].m/æ���²Q�sRS.�¤��
3.1.1]�U£¤]�2Í�<ÌÓ]Î�]�bN���KçQôpS,£¤� 
 

 
 

� 3.1.1 
xyQ!<R���Kç 

 
 

��Î�+Öab��+�UeÑÒ.�Q � �,U x t -U/���i xKÎ��,�MN

i tKkÓi*/�������U-.^ � �,U x t Kz�£¤eæç��²iO�N/� 
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  � � � �2 2

2 2 2

, ,1U x t U x t
x v t

� �
�

� �
     (3.1.1) 

��i vKæ�§�i*/� � �,U x t  Kz�£¤e�[��QX�U� 

  
� �
� �
0, 0

, 0

U t

U L t

�

�
       (3.1.2) 

²(3.1.1)K��é�ö�]£�S�¾�-V´¹/�UeÑÒ� � �,U x t  K�xâm�

èé � �X x - tâm�èé � �T t -��iO�N/-;<U/�UeÑÒ 

  � � � � � �,U x t X x T t�       (3.1.3) 

²(3.1.3)Q²(3.1.1)]�AU/�-]£^z²Q�/� 

  
� �

� �
� �

� �2 2

2 2 2

1 1d X x d T t
X x dx v T t dt

�     (3.1.4) 

��K x�,�èé���K t�,�èéi*/� x- t-K.¡s]¸re�éi*
/ab���-��-K¸r]�^�/�WNbV�Rs-s¤�-K������

�]*/<é]�Rs-s¤�-Q�RSs/���<éQ;] k-.�¤� 

  
� �

� �2

2

1 d X x
k

X x dx
�       (3.1.5) 

  
� �

� �2

2 2

1 d T t
k

v T t dt
�       (3.1.6) 

�Nb�²abz�£¤el���²V�bN/� 

  � � � �
2

2 0
d X x

kX x
dx

� �       (3.1.7) 

  � � � �
2

2
2 0

d T t
kv T t

dt
� �       (3.1.8) 

�NbKsºN�Z�é�l���²i*/abY�]�m/� 
 ��-��k�RK�-£^�W�x��p	y�besÑmi*/�WNiTº

0k 0 -ôpS{ÂRS,£¤���»WÀé)real0�<é 5Q�s 2k � 5 -O�N
/�²(3.1.7)��K 

  � � 1 2
x xX x c e c e�� �5 5       (3.1.9) 
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��i�[��²(3.1.2)Qôp/� � �T t Vî�]e/�-Kesab 

  
� �
� �
0 0

0

X

X L

�

�
       (3.1.10) 

-.m/�²(3.1.9)V����QX¨U/��]K 1 2 0c c� � iemNäebesV�

WNK � �X x V x�s�/1iî�-s¤�-�UeÑÒ� � �,U x t V x�s�/1i

î�-s¤Ñmi�gÂ�es�i*/��¤s¤���-QÜÝi trivial solution
-s¤ëôiOU� 
 z] 0k � �»WQ{ÂRS,£¤�²(3.1.7)��K 

  � � 1 2X x c x c� �        (3.1.11) 

i*/V��[��²(3.1.10)Qô6U/-(K^ 1 2 0c c� � -s¤ trivial solutionRa
�bNes� 
 	�] 0k / -ôpS{ÂRS,£¤�= real�<é5Q�sS 2k � �5 -.�¤�
²(3.1.5)��K 

  � � 1 2

cos sin

i x i xX x c e c e
A x B x

�� �

� �

5 5

5 5
     (3.1.12) 

-e/� � � 0X x �  -s¤�[��ab 0A � Q�/� � � 0X L �  -s¤��abK 

  sin 0B L �5        (3.1.13) 

Q�/��R 0B � i*Nä � � 0X x � -e�SRTs�(K^ trivial solutionRa�b

Nes���S sin 0L �5 iemNäebes�UeÑÒ 

  L n�5 �   � �1, 2,  3, ...n �     (3.1.14) 

)Problem 3.1.1.£ Problem 3.1.2Q��0�a¾RS�� � �X x K 

  � � sin n xX x B
L
�

�  � �1, 2,  3, ...n �     (3.1.15) 

�£¤]5T/�B¢£¤]RS � �T t Q5�S,£¤�²(3.1.8)K 

  � � � �
2

2 2
2 0

d T t
v T t

dt
5� �       (3.1.16) 
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���K 

  � � cos sinn nT t D t E t� �* *      (3.1.17) 

��i n
n vv
L

� �
�* 5 i*/� � �T t  ]èU/�[��Kesab�D.£EQ�N

Wwì�/�-K´¹es���S � �,U x t Kz�£¤]e/� 

  

� � � � � �

� �

� �

,

sin cos sin

sin cos sin

n n

n n

U x t X x T t

n xB D t E t
L

n x F t G t
L

�

� �� �� �
� �
� �� �� �
� �

� * *

� * *

  ( 1, 2, 3, ...)n �   (3.1.18) 

cos sinn nF t G t�* * K � �cosA t* �� -O�N�F 1Í 1Í�n]ÍsS A(��R��

^�/�iWNb��é� subscript-RS nQÍm� 

  � � � �, sin cosn n n n
n xU x t A t
L
� * �� �      (3.1.19) 

V 1Í��-e/�ØÙ�Zµ�-RSK 

  � � � �, ,n
n

U x t U x t��       (3.1.20) 

Q�/� 
 
�Problem 3.1.1 
 ²(3.1.14).£²(3.1.15)iK 0n � Q�sS*/�´�a� 
 
�Problem 3.1.2 
 ²(3.1.14).£²(3.1.15)iK n�A�RQ�sS*/�´�a� 
 
 
3.2� kÓ]7¼Res Schrödinger��² 
 
 Schrödinger equationK����].sS��-��¯±e��²i*/V�WNQ
*/�¯±e)�ab³´U/-s¤�-K´¹es�WNK Newton�# 2�#)(
�×~§�=�0Q³´U/�-V´¹es�-°Ss/�W¤s¤Ñmi Schrödinger 
equationK�����].m/�¯±e;<-,e�N/Ut��i*/� 
 ��£¤]�Schrödinger��²K³´U/�-K´¹esV���;<K��-
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�bRse�-e9-e¾¡¢/�-V´¹Nä½J���]�rÍa�RNes�

WNi�����].m/ 1z6�æ���²(3.1.1)Q�sSôpS,£¤��â�

��iK � �,U x t ��^]Õ�_`Æ��,)-	�6Æ�0Q�s/�-]U/� 

  � � � �2 2

2 2 2

, ,1x t x t
x v t

� , � ,
�

� �
      (3.2.1) 

wYR�£¤]��²K�é�ö]£�S�¾�-V´¹/���»W � �,x t, Q xâ

m�èé- t]èU/ø.ç�²-��iOU�-V´¹/� x�èéK��iK

� �X x -.s�V���iKÕ�_`Æ��-)-	�-Æ�0Q�sS � �x- -.

�¤�UeÑÒ 

  � � � �, i tx t x e *-, �       (3.2.2) 

²(3.2.2)Q²(3.2.1)]�AU/- 

  � � � �
2 2

2 2 0
x

x
x v

- * -
�

� �
�

      (3.2.3) 

Q�/���i de Broglie�Á(æ�ôpQ³AU/�&��ªÉÔþÕ�K�kinetic 

energy 
2

2
p
m
- potential energy � �U x -�jiO�N/� 

  � �
2

2
pE U x
m

� �        (3.2.4) 

²(3.2.4)Q p]ÍsS�¾- 

  � �6 72p m E U x� �       (3.2.5) 

de Broglie�²]£/-�Kç� pQÄÍ&��æ/�K 

  
� �6 72

h h
p m E U x

� � �
�

      (3.2.6) 

iO�N/���i�J.çé-.çé�èA² 
  2�* �
  
.£§� v-.çé
 -�èA² 
  v �
�  

Q�s/-²(3.2.3)�
2

2v
*
Kz�£¤]O�N/� 
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� �6 72 2

2 2 2

24 m E U x
v

�
� �

�
* �

�
     (3.2.7) 

��i 

  
2
h
�

��  

-.s�� 
 ²(3.2.7)Q²(3.2.3)]�AU/-z²Q�/� 

  � � � � � � � �
22

22
d x

U x x E x
m dx

� � �
� -

- -     (3.2.8) 

 
nLgp3 
 ²(3.2.1)ab²(3.2.7)Ti�Ói�§�åvê-.çéå
 ê��«V°Ss/�i
ÓüÑes£¤]LgRSµRs�e.����-]ÍsSK�Chapter 01�� 1.5.1
Vl]rÍa�RNes� 
 
 �NVZz6�k]ÍsS� time independent Schrödinger equationi*^�(�m�

&�V potential � �U x ��-iKçU/Q
QOU²i*/���fXiK � �x- �g

ÂK*sTsiK*/V�*/gÂiK�²(3.2.2)��U£¤]�Á(æ�.�Q�

RSs/Ñmi� � �x- Kæçèé)wavefunction0-[äN/�Ui]YU�£¤]�

²(3.2.8)K time independente²i*^�W�� � �x- K stationary state wavefunction-

ëÑN/�kÓ]7¼R� Schrödinger equation]ÍsSKRäb¾�i�sR£¤� 
 Schrödinger equation (3.2.8)K�RäRäz�£¤e!QR��²-RSOP�N/� 

  � � � �H x E x�- -        (3.2.9) 

�âR 

  � �
2 2

22
dH U x

m dx
� � �

�       (3.2.10) 

UeÑÒ=>�H�!QèéV � �x- i*^�W�!QRVEi*/�)��!QR�

�²KUi]²(2.1.1)i.e¢,���i*/�0HK�!QR-RSÉÔþÕ�Q
zp/=>�i�Hamiltonian operator-[äN/� 
 ��iKZz6�MNRaôpea��V�hz6�»W�ª¾B
i*/�Ue
ÑÒ� 
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  � � � �, , , ,H x y z E x y z�- -      (3.2.11) 

  
� �

� �

2 2 2 2

2 2 2

2
2

, ,
2

, ,
2

H U x y z
m x y z

U x y z
m

� �� � �
� � � � �� �� � �� �

� � 8 �

�

�
    (3.2.12) 

 ��¬�i]YU�£¤]� Schrödinger equationK��±]³´�N�/��
iKes�-Q=�1iRS.t�s�wiYU��-K���±eæç��²] de 
Broglie�Á(æ�ôpQÖ^AN/�-]£�S� Schrödinger equationVe9-e
¾��-�bR¾×p/�-Qg�R�âm���i*/�-Qñ�S.t�s�

Schrödinger equationK�Schrödinger]£�Sës´�N�kKøe/;�iRaea
��V�PEiK��-��¯±e²-RS>�bNSs/� 
 

  [Coffee Break] HückelV89â Schrödinger]ÍsS�: 

 
 Erwin Schrödinger Kº�M´R�;�]�RS¶���E_QÄ�Ss��i*
Ç¤aIPhysics Today� 1976! 12"�]Bloch equationiQ7eBlochV"Heisenberg 
and the early days of quantum mechanics"-s¤óQd"Ss/V�W�a]*/�óV
x*s�*� HückelV�W�CkK Debye-Hückel��]Ö^�9isSTâ Hückel
�����TiKåþRSsea����SchrödingerQÒRaRS�º�9â-s¤
:VØ��NSs/� 
 

Gar Manches rechnet Erwin schon 
Mit seiner Wellenfunktion 
Nur wissen möchte man gerne wohl 
Was man sich dabei vorstell'n soll. 

 
�NQh/-�SchrödingerZð�º� wavefunction�gÂU/�-V�bes�-i
ã9is�bRs-s¤�-Vû�Í¾�BlochKw]Ø�R� Hückel�Ë	×Ý�
:�ÜlQ©,Ss/V� ¯ÝlK��]©,S�b.¤� 
 sºN]RS����£¤e�y3i SchrödingerQÒRaR� HückelV��i
Schrödinger equationQ�sS Hückel molecular orbitale/��Q��R��Kx*s�
��(�����Q(�Ss�CkKZ�VW¤s¤�-Q�¤e¶-×�S�s

ea��i*Ç¤V� 
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CHAPTER 04 
 

����].m/�¯±e)�-;< 
 
 ��Ti��si���K�������s]KÔTi-K7e��ÌÍV� i
*/�-Q´-e¾�a�S¹�i*Ç¤���¬iK�����].m/�¯±e

ÌÍQZ��;<-RS³AR�W�;<ab³aN/s¾Ía�<�]ÍsSôp

S,£¤�W�Ö^ÐsK��´�].sSs¾Ía���Q³AR�W���ab

³aN/�-Q��±]ôp/��-°Ss/���]³AR�;<�FK��V÷

Rsa¶¤aK	�±]KÀ³-ùUS,S|}V*/a¶¤a-s¤�-Q{Â

RS��S�a/�-i*/���iKÀ³��-TiQYU/�-K´¹esV�

��i³AU/;<K�����V�RSab�
�]Ñ�/åþi�´�|}�

h´�NSses�-âmQYUS.�¤� 
 Wt¯¬i�sU/�-K�Ui]�¬Ti]Ì QYU��-i*/�̄ ¬iK�

WNbQ�¤Z���âR��£^Kæ½]Ö^Ð¤�-Q©,/� 
 
 
4.1� æçèé 
 
 �����
[iK&��KçK Newton���²i÷Y�N/Ñmi�*/k�
].m/&��MNK�WN£^���k��MN-§�V�aNä�ª]÷Y´¹

/�RaR�����iÐ¤���)����e¶�£¤e-�e&�iK�W¤s

¤¿V�^r�e¾e/�-Q�Chapter 2ioh�Àãi��ShS¹����iz
]YU/;<V³A�N/� 
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;< 13 
 
 ����iÐ¤&����K�MN ,  ,  x y z.£kÓ t�èéi*/-�Ç�åæ

çèéê � �, , ,x y z t- ]£�S�ª]÷Y�N/���&�V+Ö ,  ,  x y z�k� t].

sSl-«�dxdydza]h´�N/E�K � � � �, , , * , , ,x y z t x y z t dxdydz- - izpbN

/���i � �, , , *x y z t- K � �, , ,x y z t- )Zµ]~Ïé0�~Ï��Q�U� 

 
 
 æçèé�o�VE�QOU-s¤�-ab�æçèé]s¾Ía��cVÍmb
N/�TºôpSs/ª�Ó�¶�a]W�&�Qh´UE�K 1i*/ab�

� � � �, , , * , , ,x y z t x y z t- -  Q�ÓMN��é�ª;i��R�RK 1iemNäebe

s�UeÑÒ� 

  � � � �, , , * , , , 1x y z t x y z t d �2- - 3      (4.1.1) 

��i 
  d dxdydz�3  

Kl-«�i*^���K � �, , ,x y z t- VÖ^�/�;ª«]ÍsS�¤�UeÑÒ�

>]ñbesc^ � �, , ,x y z t- K ,  ,  x y z�ª;i<��NSs/-ôpS£¾� 

  d dx dy dz
$ $ $

�$ �$ �$

�2 2 2 23       (4.1.2a) 

��-i*/�B¢�Ó:;i��RMNVLMN� ,  ,  r � �iO�NSs/-U/- 
  2 sind r drd d�3 � � �  
i*^ 

  
2

2

0 0 0

sind r dr d d
$

�2 2 2 2
� �

3 � � �      (4.1.2b) 

-e/� 
 ²(4.1.1)�£¤]�o�RS��U/- 1]e/£¤e wavefunctionQåðª��
NSs/)normalized0ê-s¤ëôiOU��R��*/ wavefunction - �o�Q�
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�R�-�Ç 1iKesV*/Qc�R-e��-U/�W�kK*/<é NQvm
S�N- -RSðª�U/�-V´¹/�UeÑÒ 

  � � � �* 1N N d �2 - - 3       (4.1.3) 

£^ 

  2

1 * d
N

� 2- - 3        (4.1.4) 

��£¤]RSì�� NQðª�8�)normalization factor0-ë¤� 
 -]a¾6[e�-K�wavefunctionK�W�o�Q��R�k]Qc�R]eb
emNäsmes-s¤�-i*/���£¤e��V>�i*/��]KèéVZ

øiaÍ��iemNäebes��� 3Í����UeÑÒåZøê�å��ê�å�
�>ê-s¤��V���èéQ�Eyring, Walter, Kimball�"Quantum Chemistry")p.260
iKåclass Q]2U/ê-s¤ëôiORSs/�RaR��ëôK*T^ popular
iKes£¤i*/�Zµ]K"well behaved"-s¤½J*sTs�QÄ��ëôiO
PRSs/� 
 
 
n§¨p3 
 - V Schrödinger��²QX�U-s¤�-Qôp/-�- K 2Xl�V>�-s
¤���� -e�S¹/�RäRä�9��i- � 1Xl�V���-s����
V*�bNSs/V���-Qës�s��i*Ç¤�å1Xl�V��i*Nä 2
Xl�V>�i*/ê-e9-e¾ôpSs/�i*Ç¤�RaR��ôp�K÷E

iKes�é��9��Qh/-�å*/èéVl�>�i*Nä��i*/V��

�i*�S�l�>�-Kcbesê-s¤�-VYUbNSs/�é��
[iK

W¤s¤�-]eÇ¤V�Á�(���
[iK�W9e].aReèéK´S¹e

s-s¤�i*Ç¤a�RäRäl�>�-s¤�-Q��-s¤�-iÖt@pS

RT�Ss/�WRSG]�- V��i*Nä 1X�l����i*/-s¤±¤]
6Tá]ôpSs/£¤i*/�é�±]K.aRs1V�¾�9*/V�À(±]

K��+�*sTs�i��RS.sSgRÒpes-s¤�-�£¤â�well 
behaved-s¤*sTseëô�������*sTseÌÍQOUëô-RSKê
Ce�a�RNes� 
 
�Exercise 4.1.1 
 z��èéK��±�  �X]��N��;i well behavedi*/aca� 
 

 (1) 9 :0,  xe� $  
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���Zø����F 2xe� K��>���S well behavedi*/� 
 

 (2) 9 :,  xe� �$ $  

��� 2xe� K x# �$i·$RSRT�S��D>����S well behavediKes� 
 

 (3) 9 :2

,  xe� �$ $  

���Zø����aÍ��>���S well behavedi*/� 
 

 (4) 9 :1sin 1,  1x� �  

���½øèéi*/�i well behavediKes� 
 
�Problem 4.1.1 
 z��èéK��±X]��N��;i well behaved aca� 

 (1) 9 :0, 2ixe �  

 (2) 9 :0,  xxe� $  

 (3) 9 :1 0,  
x

$  

 (4) 9 :sinh 0,  x $  

 (5) 9 :2 sinh 0,  xe x� $  

 
�Problem 4.1.2 
 z��èéK��±X]��N�:;i<��NSs/�ðª�"£ 

 (1) 9 : � �sin 0, , 1, 2, ...n x a n
a

�
�

� 

 (2) 9 :
2

2exp ,  
2
x
a

� �
� �$ $� �

� �
 

 (3) 9 :0,  xxe� $  

 



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 4: Page 5 

 
4.2� ����±=>� 
 
 
;< 23 
 
 *b\/C<>�eÁ��]�RS��)linear0aÍÉþ���)Hermitian0e
=>�V�D+mbN/� 
 
 

Á��-=>�)operator0-��DQ�MN ,  ,  x y z-Kç� ,  ,  x y zp p p ]ÍsS�U

-O 4.2.1.£O 4.2.2�£¤]e/� 
 
 

O 4.2.1 
Á��-=>�-��D )103MN 

 

Á�� =>� 

x  x) xQvm/0 

y  y) yQvm/0 

z  z) zQvm/0 
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O 4.2.2 
Á��-=>�-��D )203Kç� 

 

Á�� =>� 

xp  i
x
�

�
�

�
 

yp  i
y
�

�
�

�
 

zp  i
z
�

�
�

�
 

 
 

����iK�UUS�Á��K ,  ,  ,  ,  ,  x y zx y z p p p i��SOU�-V´¹/���

S�w��DOQ�sSUUS�Á��]ÍsS�=>�Q5�/�-V´¹/�ã

pä
2
xp K� 

  
2

2
2i i

x x x
� � �� �� �� � � �� �� �� � �� �� �

� � �  

]�DU/�B
]RS�ãpäJKç� ,  ,  x y zL L L ]ÍsSKO 4.2.3�£¤]e/� 
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O 4.2.3 
Á��-=>�-��D )303JKç� 

 

 
Á�� 

 

 
=>� 

 

x z yL yp zp� �  i y z
z y

� �� �
� �� �� �� �
�

 

y x zL zp xp� �  i z x
x z
� �� �� �� �� �� �

�  

z y xL xp yp� �  i x y
y x

� �� �
� �� �� �� �
�

 
 

 
 e.�Á��QOU=>�K lineariaÍHermitiani*/�operator AV��)linear0
i*/-s¤�-K 

  � �A A A� � �- ; - ;       (4.2.1a) 

  � �A c cA�- -        (4.2.1b) 

� 2Í�'(V�]X��N/�-i*/���i- .£;K?g� wavefunction�
cK?g�<éi*/� 
 
 
n¢p3 
 linearies operatorKsÇsÇ*/V�ãpäèéQo�U/-s¤ operatorV
W�Zãi*/�W�£¤e operatorQ Sq-s¤÷�iOU- 

  
� � 2 2

2 2

2Sq

Sq Sq

� � � �

� � �

- ; - ; -;

- ; - ;
 

-s¤Ñmi²(4.2.1a)K�^r�es��b]�²(4.2.1b)V�^r�es�-��*
i*/� 
 
 Z�Éþ��� )Hermitian0 -s¤�K� 

  � �* * * * *A d A d A d� �2 2 2- ; 3 ; - 3 ; - 3     (4.2.2) 
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-e/ operator A��-i*/���i��K�é�ª;]ÍsS�¤� 
 w�O]�R�UUS� operatorK Hermitiani*/�iKWNQ¶¤(�Së�
U/aI�sSs�»WK����Q�¤�-]£�Së�´¹/�ãpä

momentum operator i
x
�

�
�

� QôpS,£¤�*/ wavefunction - .£;]ÍsS 

  � � ** *i dx i i dx
x x

-- ; - ; ;
�$ �$

�$

�$
�$ �$

� �� �� � � � �� �� �� �2 2� � �    (4.2.3) 

-OU�-V´¹/� *- - ���VQci*/��]K)UeÑÒ wavefunctionV
well-behavedi*/��]K0- K1$�Lciî�-ebemNäsmes�;]Í
sS�B¢�-Vëp/���S���#Z{Kî�-e�Spp/�ØÙ 

  * * * *i dx i dx i dx
x x x

- ; ; - ; -
�$ �$ �$

�$ �$ �$

� � �� � � � � �� � � � �� � � � � �� � �� � � � � �2 2 2� � �  (4.2.4) 

-e^��K� momentum operatorV Hermitiani*/�-Vë��N�� 
 ����i�s/ operator�6��)�ÒÇ9ªSiKes0K Hermitiani*^�
W�'(]ÍsS�R¾�sU/�-V� i*/V�W��]�;< 3-;< 4�
2Í�d e;<]ÍsSYU£¤� 
 
 
;< 33 
 
 */k]ÍsS�operator A] CU/Á��QC<U/k�sÍ� 100%�Eab
R�iB¢Ø aV�bN/k 
  A a�- -        (4.2.5) 
-OU���»W- K operator A�!Qèé)eigenfunction0-ss�aQ operator A
�!QR)eigenvalue0-ë¤� 
 
 
 Zµ]K�1Í� operator AVs¾Ía� eigenfunction.£ eigenvalueQÄÍ�
VFGi*/�Ui]ïðK Section 2.1iC�V parallel eigenstate]*/»W-
perpendicular eigenstate]*/»W-Q�sR����»W]K 2Í� eigenfunctionV
*��Ñmi*/���£¤]�Zµ]�eigenfunction( eigenvalueV~é�*/�
i�z�£¤] subscriptQÍmS]�U/� 
  n nA a�- -        (4.2.6) 
 7e��!Qèé]�U/!QRVB¢»W�*/���£¤e��Qå��
)degeneracy0V*/ê-aå��RSs/)degenerate0ê-s¤ëôiOU���
��-s¤��V(�ase��i�������BiK�RäRä��V*/»W
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�Ö^Ðs]QãTU��i*/�-KWt.s.s�ba-e�Ss¾i*Ç

¤� 
 
 
;< 43 
 wavefunction - i÷Y´¹/k]ÍsS�operator A]�DU/Á��QC<U/
»W�100%�EabR�iKØ VìTbes�-V*/���»W]K�Á��

��rR)average valueT�K mean value0 A K 

  *A A d� 2- - 3       (4.2.7) 

iO�N/�e.����K A]�U/ÅÆR)expectation value0-�ëÑN/� 
 
 
��iYU� average value]ÍsSK�Ui] Section 2.2i�R¾YU��-e�i�
�NWw���KD i*Ç¤� 
 �S�Á��] CU/ operatorK Hermitiani*/-s¤�-QUi]YU�Ñ
mi*/V��� Hermitian operator]èRSd e'(QWt]T-�S.�¤� 
 
 
<�3 
 
 1Í� Hermitian operator� eigenvalueKÀé)real0i*/� 
 
 
në�p3 
 AQ Hermitian operator�- QW� eigenfunction-R�T�aQ eigenvalue-U/� 
  A a�- -        (4.2.8) 
�� complex conjugateQÖ/� 
  * * * *A a�- -        (4.2.9) 
�N£^ 

  * d *A a d�2 2- - 3 - - 3       (4.2.10) 

T� 

  * * * *A d a d�2 2- - 3 -- 3      (4.2.11) 
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AV Hermitiani*/ab�� 2ÍK�R¾emNäsmes�UeÑÒ *a a� i*

/����-KaV reali*/�-Q�U�Wwië��^� 
 
 �¤ 1Í�d e<�Qz]�U� 
 
 
<�3 
 
 Hermitian operator� eigenfunctionK.¡s]é?RSs/� 
 
 
në�p3 

 Hermitian operator A� eigenfunction n- .£ m- Qôp/�eigenvalueQWNûN

na .£ ma -U/� 

  n n n

m m m

A a
A a

�
�

- -
- -

       (4.2.12) 

²(4.2.12)� 1®y�²]�ab *m- Qvm�ª�Ó]ÍsS��U/�F�2®y�

²� complex conjugateQ-��²]�ab n- QvmSB¢¾��U/� 

  
* *

* * * *

m n n m n

n m m n m

A d a d

A d a d

�

�

2 2
2 2

- - 3 - - 3

- - 3 - - 3
     (4.2.13) 

�ðØt>QRS 

  � �* * * * *m n n m n m m nA d A d a a d� � �2 2 2- - 3 - - 3 - - 3   (4.2.14) 

operator AK Hermitiani*/abw²���Kî�i*/���S 

  � �* * 0n m m na a d� �2- - 3      (4.2.15) 

��i n- - m- -V�Rs»W-�R¾es»W-Q�mSôpS,/��Rn m�

i*Nä�ðª���£^������{K 1i*/���S 
  *n na a�        (4.2.16) 
Q�/��NKåHermitian operator� eigenvalueV reali*/ê-s¤wY�<�Q
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����ië�R��-]e/� 

 z]n m% �»WQôpS,/��R� n ma a% i*Nä)UeÑÒ n- - m- -V�

�RSsemNä0 

  * 0m nd �2- - 3        (4.2.17) 

n- - m- -�Ó]²(4.2.17)�£¤eèAV*/k� n- - m- -Ké?RSs/

)orthogonal0-s¤���£¤]�Je¾-���RSses»W]K�Hermitian 
operator� eigenfunctionK.¡s] orthogonali*/�-Vë��N�� 
 	�]��V*/»W�UeÑÒ´�a� eigenvalueV�Rs»WQôp/�Éø

����2Í� eigenfunction 1- - 2- -VBZ� eigenvalue 1a QÄÍ-R£¤�Ue

ÑÒ 

  1 1 1

2 1 2

A a
A a

�
�

- -
- -

       (4.2.18) 

�S� 1- - 2- -���ØW�QôpS,£¤� 

  1 1 2 2c c� �� - -        (4.2.19) 
����T� operator A� eigenfunctioni*^�W� eigenvalueK 1a i*/�WNK 

  

� �1 1 2 2

1 1 2 2

1 1 1 1 2 2

1

A

A A c c
c A c
a c a c
a

� �

� �
� �
�

� - -
- -
- -

�

      (4.2.20) 

ab�bai*/� 

 ª¾B¢ôpi� 1- - 2- -abw-K7e������ØWQ¥Nä�WN�F

eigenvalue 1a QÄÍ�-V�a/�W�i 1- - 2- ���ØW-RS 2Í�7e��

wavefunction 1� .£ 2� Q� 1� - 2� Vé?U/£¤]�UeÑÒ 

  1 2* 0d �2� � 3        (4.2.21) 

V�^rÍ£¤]«ù-�#i*/� 

 iK� «±]¶¤U/aQôpS,£¤�Éø���]� 1� K 1- W�TT-R�
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2� K 1- - 2- -�z]�U£¤e��ØW-U/� 

  1 1

2 2 1c
�
� �

� -
� - -

       (4.2.22) 

1� - 2� -KsºN�ðª��NSs/-ôp/�cV5�Ut<éi*/�c  K� 1�

- 2� -Vé?U/-s¤��ab5�/� 

  � �1 2 1 2 1 1 2* * * 0d c d d c� � � � �2 2 2� � 3 - - - 3 - - 3    (4.2.23) 

UeÑÒ��R� 

  1 2*c d� �2- - 3        (4.2.24) 

�£¤]«Uä 1� - 2� Q orthogonal]e/£¤]ì�/�-V´¹/�-V�a�

����Ö^ÐsK�Schmidt orthogonalization-ëÑN�����Q�sS�Zµ]
n����R� wavefunction��abn��.¡s] orthogonale wavefunctionQ¥
/�-V´¹/�a¾RS��-p��V*��]"£�Hermitian operator�
wavefunctionQ.¡s] orthogonal]U/�-V´¹/�WNûN� wavefunctionV
ðª�)normalized0�NSsS�.¡s]é?)orthogonal0RSs/ wavefunction
��Qðªé?k)orthonormal set0-s¤ëôiOU� 
 
�Exercise 4.2.1 

 1 1�- � 2 x- � K0 1x4 4 �|}Xié?RSses�Schmidt�é?����Q�

sS orthonormal setQ¥N� 
 
 n�p3 
  1 1 1� �� -  

2 2 1c x c� � � �� - -  
-U/���S 

  � �

1 2

1

0

0 *

1
2

dx

x c dx

c

�

� �

� �

2

2

� �
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��S 

  2
1
2

x� ��  

�Ni 1� - 2� K.¡s]é?R���KWNûN]ÍsS normalizationQ�pä£

s�) 1� KUi] normalize�NSs/0W�Ø -RSz� setQ�/� 

  1 1��  

2
112
2

x� �� �� �
� �

�   

)Wwi��Ñ^) 
 
 
 1Í� Hermitian operator� eigenfunction�UUS��abe/ orthonormal set�d
 e>ü-RSz�<�V*/� 
 
 
 
<�3 
 
 ?g�èéK�*/ Hermitian operator� eigenfunction��i*/ orthonormal set
i��´¹/�UeÑÒ� 

  1 1 2 2
1

...i ic c c, � � � �� - - -      (4.2.25) 

�âR��i�?g�èé,-WNQ��U/ orthonormal set KB¢�Ó:;i<�
�NSsSB¢�[��QQRSs/�-V� i*/� 
 
 
në�p3 
 ��£¤]��´¹/-s¤�-Që�U/]K���Aé 1 2,  ,  ...c c �UUSV5

T/�-Q�"ä£aÇ¤�w²]�ab *j- QamSª�Ói��U/-z²]£

^ jc V5T/�UeÑÒ� 

  * *j i i jj
i

d c d c- 3 - - 3, � ��2 2    )Wwië��Ñ^0� 
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 ²(4.2.25)�£¤]?g�èéQ��´¹/ wavefunction ��Q�ªk)complete 
set0-ë¤�Zµ]*/ wavefunction��V complete seti*/a¶¤a�ë�K�
ºaRsV�GñK�*/ Hermitian operator�!Qèé�UUS��K complete set
QeRSs/-ôpbNSs/� 
 
�Problem 4.2.1 
 �R� operator AV 

  * * *A d A d� �2 2- ; 3 ; - 3  

QX�"ä AK anti-Hermitian)qÉþ���0i*/-ë¤� 

 ,  ,  
x y z
� � �
� � �

KWNûN anti-Hermitian operatori*/�-Që�"£� 

 
�Problem 4.2.2 

 KçÉÔþÕ�=>�
2 2

22m x
�

�
�

�
K Hermitiani*/�-Që�"£�)²F�3�

���Q 2ÕÚ^Û"ä£s0 
 
�Problem 4.2.3 

 z]�U�{]ÍsS� � �f x  K operator A� eigenfunctioni*/�eigenvalueQ

5�£���i*.£aK<éi*/� 
 

 A f xb g  

(a) 
2

2

d
dx  

cos x*  

(b) 
d
dt  

� �exp i t*  

(c) 
2

2 2 3d d
dx dx

� �
 

� �exp ax  

(d) y
�
�  

� �2 expx ay  

 
�Problem 4.2.4 
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 � �� �� �cos cos cosax by cz K Laplacian operator 
2 2 2

2
2 2 2x y z

� � �
8 � � �

� � �
� eigenfunctioni

*/�-Q�"�T� eigenvalueQ5�£� 
 
�Problem 4.2.5 
 z��{]�U operatorQ A-U/k� 2A Q5�£� 

 (a) 
2

2

d
dx

 

 (b) d x
dx

�  

 (c) 
2

2 2 1d dx
dx dx

� �  

 Hint3=>Kèé � �f x ]¥�U/�-]Lg� 

 
�Problem 4.2.6 

 2
1 2,  x x� �- - �K0 1x4 4 �|}ié?RSses�Schmidt� orthogonalization

���Q�sS orthonormale wavefunction��Q5�£� 
 
�Problem 4.2.7 

 (a) d dx x
dx dx

� �� �� �� �� �
� �� �

Q5�£� 

 (b) d dx x
dx dx

� �� �� �� �� �
� �� �

Q5�£� 

 
�Problem 4.2.8 

 (a) ,  A BV¶9e operatori�)lineari� nonlineari�0 � � � �2 2A B B A� � � V

�^rÍ�-Që�"£� 

 (b) ¶�£¤e����-i � �2 2 22A B A AB B� � � � V�^rÍa� 

 
�Problem 4.2.9 
 z� operatorK lineara�T�K nonlineara� 
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 (a) 
2

2
23 dx

dx
 

 (b) dx2  

 (c) exp  
 
�Problem 4.2.10 
 ²(4.2.1a)K�^rÍV�²(4.2.1b)K�^r�es operator�ãQ*�£� 
 
�Problem 4.2.11 
 2Í� lineare operator��K lineara non-linearaI 
 
�Problem 4.2.12 
 Laplace transform operator LK 

  � � � � � �
0

expLf x px f x dx
$

� �2      (4.2.26) 

-<��N/� 
 (a) LK lineara non-lineara� 

 (b) � � 1f x � �»W�²(4.2.27)Q5�£� 

 (c) � � � �expf x ax� �»W)�âRa p/ -U/0�²(4.2.27)Q5�£� 

 

  [Coffee Break]� Hermitian operator]èU/ joke 

 
 "A Random Walk in Science")The Institute of Physics, 19730-ë¤¯�"Physics Term 
Easy"-s¤bcH]£/-"Hermitian Operator"�gÂ-RS"Recluse surgeon"-<�
�NSs/��NQhSUß�p/
â��b�Kae^�ÜÝ�V*/-ëp/�

�pesHKé�QØsSh/-¡aÇ¤�recluse-s¤ëôK hermit-B¢gÂi
*/�operator-s¤ëôK����BiK=>�i*/V�W�Ê¶9egÂ]à
ÑNSs/aQé�iiUNä��bc�gÂV�a/i*Ç¤� 
 
 



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 4: Page 17 

4.3� Schrödinger ��² 
 
 
;< 53 
 

 wavefunction � �, , ,x y z t, �kÓ7¼'Kz� time-dependent Schrödinger equation]

£�S��N/� 

  H i
t
�

, � ,
�

�        (4.3.1) 

��iHK 

  � �
2

2 , ,
2

H V x y z
m

� � 8 �
�       (4.3.2) 

i*^ Hamiltonian operator-ë¤�V x y z t, , ,b g  K potentialQ�U�T� 

  
2 2 2

2
2 2 2x y z

� � �
8 � � �

� � �
      (4.3.3) 

 
 

 >de»W-RS�potential V x y z t, , ,b gVkÓQ*bÑ]]Tes»WQôpS,
£¤�W�£¤e potential�ãKé½¾*/�ãpä 

 1.  2Í��� 1q - 2q V�ö röNS¼EU/»W3 1 2

04
q qV
r

�
��

  

 2.  CÔ<é k�CÔV��+Ö£^ xâm�ä�N�»W3 21
2

V kx�   

 3.  (�m�Á«Vax£^ hâmw�]¼EU/»W3V mgh�   
��ã�£¤]V VkÓQ]Tes»W]K�Section 3.1i���£¤e�é�ö�
��Qê�´¹/�UeÑÒ 

  � � � � � �, , , , ,x y z t x y z t- �, �      (4.3.4) 

�£¤], x y z t, , ,b gQ�ÓMNx y z, , �,�èé- x y z, ,b g-kÓ t�,�èé� tb g-�

�iOU�²(4.3.4)Q²(4.3.1)]�AR�x�Q- �x y z t, ,b g b gi�/-� 
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� � � � � �

� �1 1, ,
, ,

d t
H x y z i

x y z t dt
� �

�
-

- �
    (4.3.5) 

��KMN�,�èé���KkÓ�,�èéi*/�WNV.¡s]�Rs-s¤

�-KWNûNV*/<é]�R¾emNäsmes�-Q�RSs/�W�<éQ

E-.�¤�U/- 

  � � � �, , , ,H x y z E x y z�- -      (4.3.6) 

  � � � �1d t
E t

dt i
�

�
�

�       (4.3.7) 

²(4.3.6)K�time-independent Schrödinger equation-ëÑNSsS�ïðKUi]Section 
3.2i.e¢,���i*/���»W�separation constant EK�Hamiltonian operator 
H� eigenvaluei*^�energy� dimensionQÄÍ� 
 Z��²(4.3.7)��K 

  � � constant exp iEtt � �� � �� �
� ��

�  

i*/V���»W� tb gV 

  � �t tb g b g* � 1 
-e/£¤]w²� constantQ«ù- 

  � � exp iEtt � �� �� �
� ��

�       (4.3.8) 

-e/�ØÙ 

  � � � �, , , , , exp iEtx y z t x y z � �, � �� �
� ��

-     (4.3.9) 

��S 

  � � � � � � � �, , , * , , , , , * , ,x y z t x y z t x y z x y z- -, , �    (4.3.10) 

ab�E���KkÓ]7¼Res�-V�a/� 

 tQ�é-RS]�, x y z t, , ,b g�� tQ]Tes- x y z, ,b g��¶Òb� wavefunction

-[äNSs/V�K�t^]�QÍm�s»W]K- x y z, ,b gQ"stationary-state 

wavefunction"-s¤ëôiOU� 
 ôpSs/k� potentialVzpbNNä�time dependent Schrödinger equation (4.3.1)

T�K time independent Schrödinger equation (4.3.6)Q�sS wavefunction, x y z t, , ,b gT
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�K- x y z, ,b gQì�/�-V´¹/��R� potential V VkÓ t�èéi*Nä time 

dependent Schrödinger equationQàÑ'/Q�es�RaR�potentialVkÓ�èéi
es»W]K�wavefunctionQkÓ]7¼R��-RS��kÓ]7¼Res�-R
S��sºNi�OU�-V´¹/���*�^�ôp�K����¤ÒK£¾�a

besa�RNes��¤JR��Sab=sQGRSsÇsÇ-ôpS,/�-]

R�s� 
 
 
4.4� =>��?@èA 
 
 2Í� operator A- BV�*/èé- ] AB-s¤�i¥�R�k��NKTº BQ
- ]¥�R�W�Ø ]G] AQ¥�U/-s¤gÂi*/���£¤e operator-
Gñ��é-�üsK�operator�»WK�Ò]ÚQAN@p/�-K´¹es�
-i*/��R� 
  AB BA�- -        (4.4.1) 
i*Nä A- BK commutable)�?@>��FK�>@�0i*/-ë¤�q�]��R 
  AB BA%  

i*Nä A- BK noncommutable)��>@�0i*/-ë¤�ãpä dA
dx

� �B x� )x

Qvm/0-U/- 

  d dAB x x
dx dx

� � �
-- - -       (4.4.2) 

Z� 

  dBA x
dx

�
--        (4.4.3) 

��S A- BK noncommutablei*/�2Í� operator�?@èAK�RäRä
commutator 
  A B AB BA, � �        (4.4.4) 
i��SO�N/�w�ã�»WK 

  , 1d x
dx

� � �� � !
       (4.4.5a) 

T�K 

  , 1dx
dx

� � � �� � !
       (4.4.5b) 

-s¤�-]e/�²(4.4.5)£^ 
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  ,x i i
x
�� �� �� �� !

� �  

UeÑÒ 

  9 :, xx p i� �  

��£¤]MN-Kç�QOU=>�V.¡s]>@ies-s¤�-K�ñ]d

 egÂQÄÍV����-]ÍsSK Section 4.5i�R¾YU£¤� 
 ?@>�e=>�]ÍsSKz�d e<�V*/� 
 
 
<�3 
 
 �R� 2Í� Hermitian operator A.£ BV>@i*Nä�x&]�G�
eigenfunctionV¼EU/� 
 
 
 
në�p3 
 operator A� eigenfunctionQ- �eigenvalueQa-U/� 
  A a�- -        (4.4.6) 
T� 
  AB BA�  
i*/ab 
  AB BA Ba aB� � �- - - -      (4.4.7) 
UeÑÒ 
  A B a B- -b g b g�  
£^B- �T� operator A� eigenfunctioni*^W�k� eigenvalueKB¢¾ai*
/� 
 �NabyKa-s¤ eigenvalueQÄÍ wavefunction]��V*/»W-��Ve
s»W-]�mSôp/� V*/� 
 Tº��Ves»WQôp/���»WB- Kø]- �<éRiemNäsme
s�W�<éQb-.¾- 
  B b�- -        (4.4.8) 
-e/�UeÑÒ�bK operator B� eigenvaluei*/�WRS- K operator A- B
]�Ge eigenfunctioni*/� 
 z]��V*/»WQôp/�Éø����A� eigenvalue�¤Ò 1a - 2a � 2ÍV
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��RSW�RKai*/-R£¤���»W� eigenfunctionQ 1� .£ 2� -U/�

UeÑÒ 

  1 1 1 1

2 2 2 2

A a a
A a a

� �
� �

� � �
� � �

       (4.4.9) 

operator AK��-ôpSs/ab 1� .£ 2� �?g� linear combination-RS

1 1 2 2c c�� � Q- -U/- 

  

� �1 1 2 2

1 1 2 2

1 1 2 2

A A c c
c A c A
c a c a
a

� �

� �

� �

�

- � �
� �
� �

-

      (4.4.10) 

�N£^- �T� eigenvalue aQÄÍ A� eigenfunctioni*/�-V�a/���i

1c .£ 2c Q¶¤«ùa-s¤- B b�- - V�^rÍ£¤]U/���£¤e 1c .£
 2c Q«ù�-V>�i*Nä��V*/»W�<�Vë��N��-]e/� 
  «±]¶¤(�S 1c .£ 2c Q5�/aQWt]�U�B b�- - £^ 
  1 1 2 2 1 1 2 2c B c B bc bc� � �� � � �  

�ab 1 *� T�K 2 *� QamS��U/- 

  
� �

� �
11 1 12 2

21 1 22 2

0

0

B b c B c

B c B b c

� � �

� � �
      (4.4.11) 

��i 

  *nm n mB B d� 2� � 3  � �, 1, 2m n �     (4.4.12) 

-<�R����i!QRbKb�i*/ab� 1 2,  c c .£b� 3ÍVb�éi*/�
²(4.4.11)��r��²ab�²±] 1c � 2c Q5�/- 

  

12

22
1

11 12

21 22

0
0

B
B b

c
B b B
B B b

�
�

�
�

      (4.4.13) 
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11

21
2

11 12

21 22

0
0

B b
B

c
B b B
B B b

�

�
�

�

      (4.4.14) 

w� 2Í�²i��R����Ð²)determinant0Vî�ies-U/-���Kî
�i*/ab� 1 2 0c c� � -s¤ trivial solutionRa�bNes���SgÂ�*/�
V�bN/��]K��� determinantVî�iemNäsmes�UeÑÒ 

  11 12

21 22

0
B b B
B B b
�

�
�

      (4.4.15) 

��£¤e²Q½!��²)secular equation0-ë¤�²(4.4.15)Kb]èU/ 2z�
�²i*/�iWNab 2Í�b��Q5��WNûN�bQ²(4.4.11)]�ARS�

1c - 2c ]èU/�r��²Q¥/�W¤U/-�r��²� 2Í�²Vª¾B¢²]
e�SRT¤�b�éV 2Íi²V 1ÍRaesab´a�¤ 1Í��Ves-�m
es�W�i- Vðª��NSs/-s¤�� 

  2 2
1 2 1 1 2 2* * 1c c c c c c� � � �      (4.4.16) 

Q~pS 1c - 2c Q5�/���iYU���K�é��ëôiK��Ð)matrix0 

  11 12

21 22

B B
B B

� �
� �
 !

 

Q�J�U/�-s¤�-i*^�������BisÇsÇe1]Ú^ÛR�sb

N/6[eé�±Ò�i*/� 

 -]a¾��¤s����i�A a�- - .£ B b�- - -e/£¤e- Q 1� - 2� �

��ØW-RS5�/�-V´¹�Ñmi*/� 
 
�Exercise 4.4.1 

 �;0 24 � 4 �i operator 
2

2

d
d�
K��R� eigenfunction 1

1 sinm�- �
�

-

2
1 cosm�- �
�

QÄÍ�operator di
d�
K

2

2

d
d�
-�G� eigenfunctionQÄÒ�/a¶¤

aQ{ÂR��R�ÄÒ�/»W]K eigenfunction- eigenvalueQ5�£� 
 
n�p3 
 Tº�?@èAQiU/� 
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2

2 , 0d di
d d

� �
�� �

 !� �
 

 i*/ab<�]£^x&]�G� eigenfunctionK¼EU/�z] operator di
d�
]Í

sS� eigenvalue- eigenfunctionQ5�/�²(4.4.12)���Ð ÏKWt�£¤]e
/� 

  
2

11
0

1 sin sin 0dB m i m d
d

� �2
�

� � �
� �

 

  
2

22
0

1 cos cos 0dB m i m d
d

� �2
�

� � �
� �

 

  
2

12
0

1 sin cosdB m i m d im
d

� � �2
�

� � �
� �

 

  
2

21
0

1 cos sindB m i m d im
d

� �2
�

� � �
� �

 

a¾RS²(4.4.15)� secular determinantK 

  0
b im
im b
� �� �

�� �� � !
 

-e/�UeÑÒ 
  2 2 0b m� �  

�NQ�sSb m� � .£b m� � Q�/�UeÑÒ�operator di
d�
]ÍsS�

eigenvalueK �m.£�m-s¤�-]e/�z]WNûN� eigenvalue�»W]Í
sS eigenfunctionQ5�£¤� 
 
(i)b m� � �»W 
 ²(4.4.11)K¶Òb� 
  1 2 0mc imc� � �  
-e/���S 
  1 2c ic� �  
  1 2* *c ic� �  
�� 2Í�²Q�ðvmS 
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  1 1 2 2* *c c c c�  
normalization condition (4.4.16) 
  1 1 2 2* * 1c c c c� �  
-WÑ"S 

  1 1
1*
2

c c �  

  1
1
2

c �  

  2
1
2

c i�  

UeÑÒ!QRm]�DU/!QèéK 

  � �1 sin cos
2

m i m�� �  

-e/� 
 
(ii)b m� � �»W 
 ²(4.4.11)K¶Òb� 
  1 2 0mc imc� �  
w-B¢£¤]RS 

  1
1
2

c �  

  2
1
2

c i� �  

UeÑÒ�!QR m� ]�DU/!QèéK 

  � �1 sin cos
2

m i m�� �  

-e/�Ø QT-�/-z�£¤]e/� 
 
 

wavefunction 
2

2

d
d�
]ÍsS�!QR 

di
d�
]ÍsS�!QR 

� �1 sin cos
2

m i m�� �  2m�  m�  

� �1 sin cos
2

m i m�� �  2m�  m�  
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 ?@>�e 2Í� Hermitian operator]èRSKG]z�d e<�V*/� 
 
 
 
<�3 
 

 �R� 2Í�=>� A-B�!Qèé-RS orthonormale wavefunction��6 7i-

V�bN/ebä A-B-K.¡s]?@>�i*/� 
 
 
në�p3  

 i- K A.£ B�!Qèéi*/ab 

  i i i

i i i

A a
B b

�
�

- -
- -

 

*/?g� wavefunction;Q i- i��R£¤� 

  i i
i
c��; -  

�N]=>� A B, Q¥��"/� 

  
9 :

� �

� �

,

0

i i
i

i i i i i i
i

A B

AB BA c

c a b b a

� �

� � �

�

�

;

-

-

 

UeÑÒ� 

  9 :, 0A B �      )ë��Ñ^0 

 
 G]z�<�K�ñ]D�øR�6ts��i*/� 
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<�3 
 

 =>� A-BV?@>�i*^�aÍ Hermitiani*/-U/�T�� i- .£ j-

K operator A� eigenfunctioni*^�W�»W� eigenvalueQWNûN ia .£ ja -

U/�UeÑÒ� 

  i i i

j j j

A a
A a

�

�

- -
- -

 

��»W� ia - ja -V�R¾esc^�� *i jB d2- - 3Kî�i*/� 

 
 
në�p3 

  * d *i j j i jBA a B d�2 2- - 3 - - 3  

Z�� 

  

9 :
� �� �

*

* ( , 0)

* * (   Hermitaian)

* *

* ( Hermitian operator eigenvalue  real)

i j

i j

j i

i i j

i i j

BA d

AB d A B

B A d A

a B d

a B d

- - 3

- - 3

- - 3

- - 3

- - 3

� �

�

�

�

2
2
2

2
2

�

�

�

K

� K

 

��S 

  � � * 0i j i ja a B d� �2- - 3  

UeÑÒ� i ja a% ebä * 0i jB d �2- - 3 i*/� 

        )ë��Ñ^0 
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�Problem 4.4.1 
 z�?@èéQë�"£� 
 a) AB C A C B A B C, , ,� �      (4.4.17) 
 b) A BC A B C B A C, , ,� �      (4.4.18) 
 
�Problem 4.4.2 

 z]�U operator�� A-B]ÍsS commutator A B, Q5�£�)¥�U/��

K wavefunctioni*^�C® well-behavedi*/-ôp/�0 
 
 

 
 
A 
 

 
B  
 

(a) 
d
dx

 
2

2 2d d
dx dx

�  

(b) x  
d
dx

 

(c) 
x
�
�

 
y
�
�

 

(d) 
2

2

d
dx

 x  

(e) 
2

2

d x
dx

�  2d x
dx

�  

 
 

  [Coffee Break] Commutator]èU/ joke 

 
 �]�Ø�R�"A Random Walk in Science"-s¤¯�a�"Physics terms made 
easy"]£/-"Commutator"�gÂ-RS"A student who drives to school"-zpbNS
s/���bc�a/aeI 
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4.5� Á���BkC<3DE<')� 
 
 .¡s]>@ies operator]�DU/ 2Í�Á��QBk]C<U/»W�C<
�äbÍtQôpS,/� 
 

 
<�3 
 
 2Í�Á��a.£b]�DU/Hermitian operator A.£ B� commutatorQ iC
-.¾�UeÑÒ 

  9 :,A B iC�  

��»W�*/ normalized wavefunction - iO�N/&��HW]ÍsS� A�C<
R a.£ B�C<R b�N�0g�6t� a	 .£ b	 Kz²�£¤]�c�N
/� 

  1 *
2

a b C d< 2	 	 - - 3  

 
 
��<��ë�Kz�£¤]RSe�N/�wYR�£¤]�2Í� operator A.£
 B]ÍsS 

  9 :,A B iC�        (4.5.1) 

-.¾��é� iQÍm��K�9 :, xx p i� �-��°'Qôp�Ti��-i*/��

�i*/ wavefunction - Qôp/V�- K�ºR� A( B� eigenfunction-Kcbe
s�a.£bQ¸r]C<U/»W��rR A .£ B K 

  
*

*

A A d

B B d

�

�

2
2

- - 3

- - 3
      (4.5.2) 

C<R�äbÍtQôp/k��rRab�äbÍtQôp/�V�#i*/�W�

iz�£¤e operator-RS"A.£"BQ<�U/� 

  
A A A

B B B

" � �

" � �
       (4.5.3) 

A" - B" -�?@èAV A- B-�WN-B¢i*/�-Kz�£¤]RSÉø]
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�a/�) A" .£ B" Køe/éi*/ab�¶9e operator-�>@i*/�0 

  

9 :
9 :
9 :

, ,

, , , ,

,

A B A A B B

A B A B A B A B

A B
iC

" " � � � � � !
� � � � � � � � � � !  !  !
�

�

   (4.5.4) 

�S�z�£¤e�� I Qôp/� 

  � �
2

I A i B d� " � "2 & - 3       (4.5.5) 

��i&K?g�Àé�C® 
  0I <         (4.5.6) 
i*/�F�²(4.5.5)� integrandKz�£¤egÂi*/� 

  
� � � �6 7 � �6 7

� �6 7 � �6 7

2
*

*

A i B A i B A i B

A i B A i B

" � " � " � " " � "

� " � " " � "

& - & - & -

& - & -
  (4.5.7) 

 
n¢p3 
 ��K"integral"����èéK"integrand"i*/�¶¤� integrand Q integral -B
¢â-×�Ss/��9V½s£¤e�i�LgRSµRs� 
 
 operator A.£ BK Hermitiani*/)eßebWNbKÁ��] CU/ab0
��S²(4.5.7)� integralKz�£¤]e/� 

  

� �� � � �� �
� �� � � �
� �� �

* * * *

* *

*

I A A i B d i B A i B d

A A i B d i B A i B d

A i B A i B d

� " " � " � " " � "

� " " � " � " " � "

� " � " " � "

2 2
2 2

2

& - & - 3 - & - 3

& - & - 3 - & - 3

- & & - 3

 (4.5.8) 

 
n¢p3 

 Hermitian operator]èU/²(4.2.2)Q��R�²i*/ � �* *A d A d�2 2- ; 3 - ; 3 Q

�sSs/���²� Hermitian operator�<�²-�,e�N/�0 
 
 G]� I Qz�£¤]��U/� 
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� � � � � � � �6 7
� � � � 9 :

� � � �

2 22

2 22

2 22

*

,

I A B i A B i B A d

A B i A B

A C B

� " � " � " " � " "

� " � " � " "

� " � � "

2- & & & - 3

& &

& &

  (4.5.9) 

�NK&-s¤ real�é]ÍsS� 2z��²i*/�&�R]£bº²(4.5.6)V�
^rÍ��]K�UeÑÒ�²(4.5.9)V÷i*/��]K 2 z��²(4.5.9)�ï�²
VAiemNäebes� 

  � � � �2 2 24 0C A B� " " 4      (4.5.10) 

UeÑÒ 

  � � � � 22 2 1
4

A B C" " <       (4.5.11) 

��i����rRK²(4.5.3)Q�sSz�£¤]O�N/� 

  

� � � �22

22

2 22

22

2

2

A A A

A A A A

A A A

A A

" � �

� � �

� � �

� �

 

�NK A2�C<R�UeÑÒÁ��a2�C<]èU/N�0gi*/�����¨

Q a	 -OU� a	 KC<Ra�äbÍtQOU��i root mean square deviation-ëÑ
N/� 

  22a A A� �	       (4.5.12) 

-.¾- 

  � � � �2 2A a" � 	  

B
] 

  22b B B� �	       (4.5.13) 

-.¾- 

  � � � �2 2B b" � 	  

-e/�a¾RS�z²Q�/� 
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  1
2

a b C<	 	        (4.5.14) 

��£¤]RS<�Vë��N����²KÁ��a-bQBkC<U/»W�DE
<'Q�U��i�Zµ]åDE<')�ê-ëÑNSs/� 
 DE<')�� «ã�¤Òi��-�d e��K�+Ö-Kç��C<]èU

/��i*/���»W�A x� ) xKå xQvm/ê-s¤ operator0� xB p� ) xp K

x�,�Kç� operator0-.¾-�Ui]�sR�£¤] 

  9 :, xx p i� �        (4.5.15) 

i²(4.5.1)��-e/�C � ��UeÑÒ�CK�-s¤éQvm/-s¤ operatori

*/ab�C®W�ÅÆRK C � �i*/�a¾RS 

 

 

  1
2xx p < �	 	        (4.5.16) 

 
 
-s¤�£¾�bN��� Heisenberg �DE<')�)uncertainty principle0V�b
N/� 
 �¤ 1Íd e uncertainty principle-RSz�²V*/� 
 

 

  1
2

E t < �	 	        (4.5.17) 

 
 
UeÑÒ�ÉÔþÕ�E-kÓ t�BkC<]DE<'V*/-s¤�-i*/��
�²�³´Kz�£¤]RSe�N/� 
 Tº�ÉÔþÕ� EQzp/=>�Q5�emNäsmes�kÓ]7¼Res
Schrödinger equation (3.2.11)-kÓ]7¼U/ Schrödinger equation (4.3.1)-�ùúab 

  E i
t
�

#
�

�        (4.5.18) 

-s¤�DV�bN/�kÓQzp/=>�-s¤��Kes�RaR�¶abWN

Q t-.¾�-]R£¤�W¤U/-E- t-�?@èAK²(4.4.5)Q�sS 
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  9 :, ,E t i t i
t
�� �� �� �� !

� �       (4.5.19) 

-e/�a¾RS²(4.5.17)V�bN/� 
 Z��²(4.5.17)Kz�£¤]ôpS�³´U/�-V´¹/� 

  
2

2
xpE
m

�  

£^ 

  x
x

pE p
m

	 � 	  

i*/V���i xp
m
K§�i*/ab

x
t

	
	
-.m/���S 

  x
xE p
t

�
		 	
	

 

UeÑÒ 
  xE t x p�	 	 	 	  
 
a¾RS²(4.5.16)-�ùúab²(4.5.17)V�bN/� 
 

  [Coffee Break]� Heisenberg�FG�HI 

 
 DE<')�-�]Dq�7Q¿R� Heisenberg KW�Ê������Biéð
�MN���Q¿R���i*^��HabhNä�
�£¤]�×p/V�W�

Heisenberg�����������-Q´��bes-as¤�[i�UF
F6�
i����+QÖ�U/�-]ñ R�-a�¡QósSsS�¢£]¤��ÒS�

�¤JRi¥Q¤U-�Çâ��-s¤óQ¦¾-�(�4^��H�HÓâ���

a-s¤fR,Q¡¢�"/���-��£]¤Ò��-i*�Q7e�ÆV�m�

-s¤�-K(K^�H-Kü¤-s¤�-a� 
 He)���������QÐ���-iQ7e Egil A. HylleraasV�"Reminiscences 
from Early Quantum Mechanics of Two-Electron Atoms"-s¤×s´óQ Reviews of 
Modern Physics� Vol. 35, p.421 (1963)]�sSs/���ó�a] Heisenberg��-
Vd�Ss/�x*s�iW���QªSWt]§¨U/� 
 

 Heisenberg, perhaps the most wonderful of Sommerfeld's "Wunderkinder" had not 
succeeded in acquiring a doctor's degree in Munich. The main reason for this misfortune 
is said to be some unnecessary stubbornness, together with a complete lack of 
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knowledge of the theory of the lead accumulator. Max Born obviously did not pay so 
much attention to the lead accumulator, so in a very short time Heisenberg found 
himself a doctor of Georgia Augusta University of Göttingen. Then he felt a deep desire 
for complete freedom and went to Norway, walking in the mountains for several weeks 
entirely alone and with no connection with his family. This might have cost him his life.  
One day, when trying to pass a stream, he fell into the water and had a very narrow 
escape. Back in some hotel he wrote his famous paper. How much the cold bath may 
have contributed to clearing his mind, I cannot tell. 

 
�Problem 4.5.1 
 Heisenberg� uncertainty principleK�*/×ôÀ³�4sþQ�sS³´RSs/
»WV£¾9��i,ambN/�ãpä Eyring, Walter, Kimball �"Quantum 
Chemistry"iK�<l©i+Ö-Kç�QÊCU/»WQÐ�Ss/�����Q�
sR�w÷�Ø -ùúRS,£�>]²(4.5.16)�Ø -¶¤7e/aI 
 
�Problem 4.5.2 
 z��»W�2Í�Á��KBk]÷E]C<>�aca��[QYUSïñ"£� 
 (a) MN-KçÉÔþÕ� 
 (b) xMN- y�,�Kç� 
 (c) xMN- yMN 
 (d) x�,�Kç�- y�,�Kç� 
 
�Problem 4.5.3 
 (a) ���+ÖV 100 pm WX�Z�i�a�Ss/»W�§��DE<'Q5

�£� 
 (b) ���§�V1 mm/sWX�Z�i�a�Ss/»W�+Ö�DE<'Q5�

£� 
 
�Problem 4.5.4 
 (a) ��F�+ÖV 100 pm WX�Z�i�a�Ss/»W�§��DE<'

Q5�£� 
 (b) ��F�§�V1 mm/sWX�Z�i�a�Ss/»W�+Ö�DE<'Q

5�£� 
 
�Problem 4.5.5 
 ÉÔþÕ��DE<�V�æéø+i a) 11000 cm� �b) 11 cm� �c) 3 110  cm� � �»
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W�WNûN]ÍsS�kÓ�DE<'Q5�£� 
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CHAPTER 05 
 

JKç� 
 
 �����
[i��|}���Kç(y«�ÕtKçQ�º/k]JKç�Vd
 eÁ��i*/V������
[iKJKç�K£^d i*/�>]����

����í�D��xQôp/-���-��¯±e��Ëi*/ÎÏ)��æçè

éQ�º/»W�JKç�Kd iaÍ�¯±eÁ��i*/� 
 �¤s¤�-i������¦1]�JKç���KQªmSG/Ñm]Ksae
s�RaR�RäRä�Á�±	5��VK�t^Res¤Ò]((�Rsé²Qs

¢¾be¾SKsmes�i���*�^i�����¦1V«]e�SRT¤�

��V½s�-�¿Ài*/�T*������x*�Q��U/���	ò�èA

VJKç���K-�ëp£¤���Q`�/-��K2]F]e/ab�e9-a

RSV9ä�S¦1RS�bs�s� 
 e.�JKç�]èRSK�.s.s�ba]RSs¾V�����T�K���
��9���½¾i�À]d eÓüsQ¬RSs/�¯¬i�ÐsK�6u].s

S�Ê�9��-°Ss/V�@e1K�tÒ9-.�pS�æ½]Ö^Ð�Ss

/Í�^i*/�Ê�9��-ùUeVbLgd¾�sRSµRs-®�Ss/� 
 
 
5.1� JKç�=>��?@èA 
 
 JKç�=>�KUi]Chapter 4i³AR��Í���]=ORS.¾� 

  

x

y

z

L i y z
z y

L i z x
x z

L i x y
y x

� �� �
� � �� �� �� �

� �� �� � �� �� �� �
� �� �

� � �� �� �� �

�

�

�

      (5.1.1) 

,  ,  x y zL L L Q��-U/vector � �, ,x y zL L L Q L-�¾�-]R£¤�UeÑÒ 

  x y zL L L� � �L i j k       (5.1.2) 

,  ,  x y zL L L e¶�Ó�?@èAQiU£¤�?g�èé- x y z, ,b g]�ãpä� xL - yL �
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�Q¥�RS,/� 

  
� �

� �

2

2 2 2 2
2 2

2

x yL L i y z z x
z y x z

i y yz xy z zx
x z x z y x y z

� �� � � �� �� � � �� �� �� � � �� �� �
� �� � � � �

� � � � � �� �� � � � � � � �� �

�

�

- --

- - - - -
 

  
� �

� �

2

2 2 2 2
2 2

2

y xL L i z x y z
x z z y

i x xz xy z yz
y z y z x y x z

� �� � � �� �� � � �� �� �� � � �� �� �
� �� � � � �

� � � � � �� �� � � � � � � �� �

�

�

- --

- - - - -
 

��S 

  

� � � �

� �

2
x y y x

z

L L L L i y x
x y

i i x y
y x

i L

� �� �
� � � �� �� �� �

� �� �
� � �� �� �� �
�

�

� �

�

- --

-

-

 

- K?gi*/ab x y y x zL L L L i L� � � iemNäebes�Ê��,W"]ÍsS�

B
i*�S�commutatorQ�sS�¾-z²�£¤]e/� 

  

9 :

,

,

,

x y z

y z x

z x y

L L i L

L L i L

L L i L

� � � !
� � � !

�

�

�

�

       (5.1.3) 

 
 
�Problem 5.1.1 

  2 2 2 2
x y zL L L� � �L       (5.1.4) 

-R�k� 2L K ,  ,  x y zL L L �sºN-�commutable�UeÑÒ 

  2 2 2, , ,x y zL L L� � � � � �� � !  !  !L L L      (5.1.5) 

-e/�-Që�"£� 
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Hint3operator ,  ,  A B C]ÍsSZµ±]�^rÍz²Q�s/-�#i*/� 
 
  A B C A B C C A B A C B C� � � � � � �, , ,b g b g    (5.1.6) 
  AB C ABC ACB ACB CAB A B C A C B, , ,� � � � � �   (5.1.7) 
 
 
5.2� JKç�=>��LMN]£/OP 
 
 é?MN ,  ,  x y z��^]LMN polar coordinate ,  ,  r � �VRäRä�sbN/� 
  

 
� 5.2.1 
LMN 

 
 
xMNÓ��@K�� 5.2.1ab��bae£¤] 

  
sin cos
sin sin
cos

x r
y r
z r

�
�
�

� �
� �
�

       (5.2.1) 

-e/�è��@K 

  

2 2 2 2

2 2 2
cos

tan

r x y z
z

x y z
y
x

� � �

�
� �

�

�

�

      (5.2.2) 
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�Nb£^z�èAV�bN/� 

  

2 2 2

2 2 2

2 2 2

sin cos

sin sin

cos

x y zr x
x x r

x y zr y
y y r

x y zr z
z z r

� � ��
� � �

� �

� � ��
� � �

� �

� � ��
� � �

� �

� �

� �

�

    (5.2.3) 

  

1 cos cos cos
sin
1 cos cos sin

sin
1 cos sin

sin

x x r

y y r

z z r

� �
� �

� � �
� �

� �
� � �
� �

� � �
� � �

� � � �
�

� � � �
�

� � �
�

     (5.2.4) 

  

2

2

2

tan sincos
sin

tan coscos
sin

tancos 0

x x r

y y r

z z

� �
� � �

� �
� �

� �
� �
� �

� �
� �

� � ��
�

� � ��
�

� ��

     (5.2.5) 

��S  

  
1 1 sinsin cos cos cos

sin

r
x x r x x

r r r

� � � � � � �
� � �

� � � � � � �
� � �

� � �
� � �

� �
� �

�� � � �
� � �

   (5.2.6) 

  
1 1 cossin sin cos sin

sin

r
y y r y y

r r r

� � � � � � �
� � �

� � � � � � �
� � �

� � �
� � �

� �
� �

�� � � �
� � �

   (5.2.7) 

  
1cos sin

r
z z r z z

r r

� � � � � � �
� � �

� � � � � � �
� �

� �
� �

� �
� �

� �
�

     (5.2.8) 

�Nb�²Q²(5.1.1)]�AU/�-]£�Sz�²Q�/� 
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sin cot cos

cos cot sin

x

y

z

L i

L i

L i

� �� �
� � � �� �� �� �

� �� �
� � �� �� �� �

�
� �

�

�

�

�

� � �
� �

� � �
� �

�

    (5.2.9) 

T� 

  
2

2 2
2 2

1 1sin
sin sin

�
� � � � �

= >� � �� �� � �? @� �� � �� �A B
L �    (5.2.10) 

 
�Problem 5.2.1 
 ²(5.2.9)²QEa�£� 
 
�Problem 5.2.2 
 ²(5.2.9).£²(5.2.10)Q�sS²(5.1.5)� commutation relationV�^rÍ�-Q
Ea�£� 
 
 
5.3� JKç�=>��!Qèé-!QR 
 

 JKç�=>� , ,x y zL L L K.¡s]>@iesab��NbUUS]�Ge!Qè

éKZµ]K¼ERes�RaR�²(5.1.5)ih�£¤]� , ,x y zL L L KsºN� 2L -

>@i*/ab��Nb 3Í�¤Ò�sºNa 1Í- 2L -��Ge!QèéK¼EU

/� , ,x y zL L L �a�¶NQ«9i�ss�i���iK zL Q«ù�-]R£¤�Ue

ÑÒ� 

  2, 0zL� � � !L        (5.3.1) 

]ÙyRS� zL -
2L x&]�Ge!QèéQ<�R£¤���!QèéQ ,mY� -OU

�-]U/�WRS 2L ]�U/!QRQ k�-R� zL ]ÍsS�!QRQ mk -U/�
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UeÑÒ 

  2
, ,m mY k Y�L � � �        (5.3.2) 

  , ,z m m mL Y k Y�� �        (5.3.3) 

²(5.3.2)Q�téRS 

  � �2 2 2
, ,x y z m mL L L Y k Y� � �� � �      (5.3.4) 

T��²(5.3.3)]G] zL Q¥�RS 

  2 2
, ,z m m mL Y k Y�� �        (5.3.5) 

�ðØt>QRS 

  � � � �2 2 2
, ,x y m m mL L Y k k Y� � �� � �      (5.3.6) 

a¾RS� ,mY� K
2L � zL .£

2 2
x yL L� �!Qèé]e�Ss/�-V�a/� xL .

£ yL KsºN�Hermitiani*/abW�!QRKreali*/���S 2 2
x yL L� �!

QRKA]Kebes�UeÑÒ 

  2
mk k<�         (5.3.7) 

�S���i�R¾�operator L�.£ L�Q<�U/� 

  x y

x y

L L iL
L L iL

�

�

� �

� �
       (5.3.8) 

�N- zL -�?@èA£^z²Q�/� 

  9 : 9 :, , ,z z x z yL L L L i L L� � �� �  !      (5.3.9) 

  9 : 9 :, , ,z z x z yL L L L i L L� � �� �  !      (5.3.10) 

²(5.1.3)�?@èA-²(5.3.9)£^ 

  � �z zL L L L� �� � �       (5.3.11) 

,mY� ]²(5.3.11)�x�Q¥�U/� 
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� �

� �
, ,

,

z m z m

m m

L L Y L L Y

k L Y
� �

�

� �

� �
� �

�

�

�
      (5.3.12) 

���-ab�)a0 ,mL Y� � K zL �!Qèéi*^�W�!QRK mk � �i*/a�T

�K�)b0 ,mL Y� � Kî�i*/a��sºNai*/-sp/� 

 B¢£¤]�²(5.3.10)£^ 

  � �z zL L L L� �� � �       (5.3.13) 

��x�Q ,mY� ]¥�U/� 

  
� �

� �
, ,

,

z m z m

m m

L L Y L L Y

k L Y
� �

�

� �

� �
� �

�

�

�
      (5.3.14) 

��S�)a0 ,mL Y� � K zL �!QèéiW�!QRK mk � �i*/a�T�K�)b0 ,mL Y� �

Kî�i*/a��sºNai*/� 

 wYR�£¤] zL K
2L ->@i*/���S ,mL Y� � � ,mL Y� � ��sºN�

2L �!Q

èéi*^�W�!QRK k�i*/��¤s¤�-i�
2L - zL �!Qèé�kÐV

¼EU/���i 2L ]èU/!QRKUUS k�i*^� zL ]èU/!QRK 
  ..., 2 , , , , 2 , ...m m m m mk k k k k� � � �� � � �     (5.3.15) 
i*/���kÐKx-i¯^p/�-s¤�K�²(5.3.7)V�U£¤] zL ]ÍsS

�!QR�o�K k�£^�-�sabi*/�W�i� zL �!QR�tcQ minmk �W

�k�!QèéQ
min,mY� -R£¤�UeÑÒ 

  
min min min, ,z m m mL Y k Y�� � )m�tc0     (5.3.16) 

B
]� zL �!QR�wcQ maxmk �W�k�!QèéQ
max,mY� -R£¤� 

  
max max max, ,z m m mL Y k Y�� � )m�wc0    (5.3.17) 

 �S���wc�!Qèé
max,mY� ] L�Q¥�R���� max,mL Y� � Qôp£¤�wYR
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�£¤])a0
max,mL Y� � K zL �!Qèéi*^W�!QRK maxmk � �i*/a�T�K

)b0
max,mL Y� � Kî�i*/a��sºNai*/�

maxmk V zL �!QR�	6-ì��

�i*/ab�WN£^�6te�
maxmk � �V!QR-e/KºKes�UeÑÒ)a0

K*^�es���S)b0V�^r�emNäebes�UeÑÒ 

  
max, 0mL Y� ��        (5.3.18) 

ª¾B¢£¤]RS 

  
min, 0mL Y� ��        (5.3.19) 

Q�/� 
 z]²(5.3.18)] L�Q¥�U/� 
 

  

� �� �
� �6 7

� �
� �
� �

max max

max

max

max

max max max

, ,

2 2
,

2 2
,

2 2
,

2
,

i

 

0

m x y x y m

x y x y y x m

x y z m

z z m

m m m

L L Y L L L iL Y

L L i L L L L Y

L L L Y

L L Y

k k k Y

� � � � �

� � � �

� � �

� � �

� � �

�

L

� �

�

�

�

� �

�

�

�

   (5.3.20) 

��iwab3�y�²iK²(5.1.3)Q�sSs/���S 

  
max max

2
m mk k k� �� �       (5.3.21) 

ª¾B¢£¤]�²(5.3.19)] L�Q¥�U/� 

  

� �� �
� �6 7

� �
� �
� �

min min

min

min

min

min min min

, ,

2 2
,

2 2
,

2 2
,

2
,

    

0

m x y x y m

x y x y y x m

x y z m

z z m

m m m

L L Y L iL L iL Y

L L i L L L L Y

L L L Y

L L Y

k k k Y

� � � � �

� � � �

� � �

� � �

� � �

�

L

� �

�

�

�

� �

�

�

�

   (5.3.22) 

�N£^ 
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min min

2
m mk k k� �� �       (5.3.23) 

²(5.3.21)-²(5.3.23)£^ 

  
max max min min

2 2
m m m mk k k k� � �� �      (5.3.24) 

UeÑÒ 

  � �� �max min max min
0m m m mk k k k� � � ��      (5.3.25) 

max minm mk k0 -;<R�Ñmi*/abw²�2®y�°±XVî�]e/�-Kes�

��S 

  
max minm mk k� �        (5.3.26) 

²(5.3.15)]ÙyU/-�
max minm mk k� K��QéRi*/�-V�a/���QéQ2�

-.�¤���i
1 30 ,1, , 2, ...
2 2

�� � i*/���S�²(5.3.26)Q�sS 

  max

min

m

m

k

k

�

� �

��
��

       (5.3.27) 

Q�/� mk �RK�w²i��N�wc-tc�Ó]*/Ñmi�C® 

  � �mk m m� � 4 4 �� � �       (5.3.28) 

�VQéebäm�Qéi*^� �V�Qéebäm��Qé-s¤�-]e/�G
]�²(5.3.21)T�K²(5.3.23)£^ 

  � � 21k � �� � � �  

Q�/�a¾RS�²(5.3.2).£²(5.3.3)� k�.£ mk V5T��Ñmi*/�T

-�/-� 

  � �2 2
, ,1m mY Y� �L � �� � �       (5.3.29) 

  , ,z m mL Y m Y�� ��        (5.3.30) 

��Ø K�?@èA�,]£�S�bN���i*/���S�JKç�-B
e
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?@èAQ�U¶9e=>�]ÍsS�B
eØ V�bN/��ñ]�¯±i�a

Í�d e²i*/ab�w� 2Í�²K÷`RS.¾�-V� i*/� 
 
 
5.4� JKç�=>��¥� 
 
 ²(5.3.30)�UeÑÒ 

  , ,z m mL Y m Y�� ��        (5.4.1) 

K� ,mY� ]�U/ zL �¥�Q�R���i*/�iK� xL ( yL )T�K L�( L�0Q

¥�R�b¶¤e/i*Ç¤aIWNKTâ5�Sses�iWtiôpS,/� 

 ²(5.3.14)i�R�£¤]� ,mL Y� � K zL �!Qèéi*^�W�!QRKmVá�N

/	B�R��i*/»WQ�sS � �1m � �i*/�)²(5.3.14)� mk Km�i*/�-

KUi]�R��0 zL ]ÍsS�!QRVm�i*/£¤eèéQ ,mY� -<�RS¹�

Ñmi*/ab�!QRV � �1m� �i*/£¤eèéK , 1mY �� T�KW�<éRi*/�

��S��<éQ N�-.sS 

  , , 1m mL Y N Y� � ��� �   � �m % ��     (5.4.2) 

-e/�N�K� ,mY� )C® , 1mY �� �0Vðª��NSsemNäebes-s¤��a

b5�/�W���]�²(5.4.2)�x�i�W� complex conjugateQ-^ª�Ó]Í
sS��U/� 

  � � � �* * * *
, , , ,d dm m m mL Y L Y N N Y Y N N� � � � � �� �2 2� � � �3 3    (5.4.3) 

xL .£ yL K Hermitiani*/�-Q�sSw�²Q�téU� 
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� � � �
� �6 7 � �6 7

� �6 7 � �6 7
� �6 7

**
, ,

*

, ,

** * * * *
, , , ,

2 2 *
, ,* * * * * *

m m

x y m x y m

m x x y m m y x y m

m x y x y y x m

N N L Y L Y d

L iL Y L iL Y d

Y L L iL Y d i Y L L iL Y d

Y L L i L L L L Y d

� � � ��

� � �

� � � �

� � � �

2
2

2 2
2

� �

� �

� � � �

� �

3

3

3 3

3

 (5.4.4) 

��²� complex conjugateQÖ/ � 

  

� �6 7
6 7

� �6 7
� � � �6 7

* * 2 2
, ,

* 2 2
, ,

2 2

2

1

1 1

m x y x y y x m

m z z m

N N Y L L i L L L L Y d

Y L L Y d

m m

m m

� � � � � �

� � �

� � � �

� � � �

2
2 L

� �

� ��

� � �

� � �

3

3
   (5.4.5) 

a¾RS 

  � � � � � �,1 1 exp mN m m iC� � � � � �� � �     (5.4.6) 

T�K 

  � � � � � �, , , 11 1 expm m mL Y m m i YC� �� � � �� � �� � �    (5.4.7) 

��i ,mC � K?g�Àéi*^�²(5.4.5)abì�/�-K´¹es�²(5.4.2)i²

(5.3.19)Qô6RSmV	B�R�UeÑÒ�m � ���kQ�ÁRS*/�RaR�
²(5.4.7)���Km � ��iî�]e/�i�²(5.3.19)Q²]RSs/�-]e/� 
 ª¾B
]RS 

  � � � � � �, , , 11 1 expm m mL Y m m i Y	� �� � � �� � �� � �    (5.4.8) 

V�bN/V�WNK���=s]RS.�¤)Problem 5.4.10���i ,m	� K?g�

Àéi*/� 

 ²(5.4.7).£²(5.4.8)]ON/Àé� ,mC � - ,m	� K?g�Àéi*/ab�¶¤s

¤±¤]ì�S�ss�¶¤ì�S�ss�i���iKUUS� ��m]ÍsS

, 0mC �� � , 0m	 �� -.¾�-]U/�W¤U/-�²(5.4.7)-²(5.4.8)QT-�S 

  � � � �, , 11 1m mL Y m m Y1 1� � � 1� �� � �     (5.4.9) 
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-O"/� 

 ��£¤]�UUS� �.£m]ÍsS , 0mC �� .£ , 0m	 �� -.sSAé N�-

N�QÀé]-���K�>�es¾Ía�«¬�¤Ò� 1 Í]U�es���fX
iK�?g�ÀéQî�-.s��i*/ab��ÒÇ9�WNiaTÑesÑmi

*/�RaR�z] ,mY� �èé�Q «±]5�/fXiK���-Kd i*^�

ae^ÒR9-ôpSs¾� V*/� 
 
�Problem 5.4.1 
 ²(5.4.8)Q³´"£� 
 
 
5.5� Sèé 
 

 ,mY� Q<�U/JKç�=>�(5.2.9).£(5.2.10)KsºN��polar coordinate ]

.sS� rZ<�Sxwi����èé]¥�RS�NQB¢Sxw�èé]�@U

/��¤s¤�-i ,mY� KSèé spherical function-ëÑN/�iK ,mY� � «±e�

Q5�S,£¤� 

 ,mY� K�-��èéi*/�i�z�£¤]�âm�èé � �,mD� � -�âm�èé

� �m. � ��iO�N/-;<U/� 

  � � � � � �, ,,m m mY � D .� �� � � �      (5.5.1) 

WRS 

  � � � �, ,, ,z m mL Y m Y�� ��� � � �      (5.5.2) 

].sS���� zL ] polar coordinateQ�s�²(5.2.9) 

  zL i
�
�

� �
�

�        (5.5.3) 

Q�s/� 

  � � � �6 7 � � � �6 7, ,m m m mi m� � � �
�
�

� D . � D .
� � �� �    (5.5.4) 
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UeÑÒ 

  � � � �m mim� �
�
�

. � .
�

      (5.5.5) 

��l���²��K 

  � � � �expm N im. �� �       (5.5.6) 

i*/� NKðª����£^5�/� � �m. � KZøiemNäebesab� 

  � � � �2m m. � . �� � �       (5.5.7) 

T�K 
  � �2imime e �� � ��        (5.5.8) 
UeÑÒ 
  2 1i me ��         (5.5.9) 
�NKmVQé�k�,�^rÍ�normalization condition£^ 

  � � � �
2 2

* 2

0 0

1m m d N d. . � �2 2
� �

� � � �      (5.5.10) 

UeÑÒ 

  1
2

N �
�

 

a¾RS � �m. � K 

  � � 1
2

im
m e. � ��

�
      (5.5.11) 

-5T��� 

 z] � �,mD� � ��Q5�S,£¤�²(5.2.9)£^ 

  cotiL e i�

� �� �
� �� �� �� �
� � �

� �
     (5.5.12) 

i*/V��NQ 

  � � � �, ,
1,

2
iY e� D �

� � � �
�� � �

�
     (5.5.13) 

]¥�U/�UeÑÒ 

  � �,cot 0ii e� �� �
� D �� �� �� �

�
� �

�� �
� �

     (5.5.14) 
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�N£^ 

  � � � �, ,cot 0d
d

� � �
�

D � D �� � � ��      (5.5.15) 

T�K 

  
� �
� �

,

,

cos
sin

d
d

D
�

D
� �

� �

�
� � �
� �

      (5.5.16) 

x�Q��RS 

  � �,ln ln sin constantD � �� � �� �      (5.5.17) 

T�K 

  � �, , sinND � �
� � � �� �       (5.5.18) 

��i�normalization factor ,N� �Q5�/]*�^�polar coordinate].m/l-«�

K 
  2 sind r drd d�3 � � �       (5.5.19) 
i*/�-]LyRS 

  2
2

, 0

1 sin sin d
N

� 2 �

� �

�

� � �       (5.5.20) 

-e/���i����Q�s� 

  

2 2 2 2 1

0
0 0

2 1 2 1

0 0

sin sin sin cos 2 cos sin

2 sin 2 sin

d d

d d

�

� �

� � �

� �

2 2

2 2

� � �

� �

�

� �

� �
�

� �

� � � � � � � �

� � � �
 

-e/V�1�y���- 2�y�# 2{QQ�RS 

  2 1 2 1

0 0

2sin sin
2 1

d d� ��
�2 2� ��

�

� �

� � � �      (5.5.21) 

ØÙ�normalization factor (5.5.20)K 

  2 1
2

, 0

1 2 sin
2 1

d
N

��
� 2 �

� �

�
�

�

� �      (5.5.22) 

-e/V���²]²(5.5.21)QG] 1�� ÕÚ^ÛRS�s/�W¤U/�-]£�S 
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  � �� �
� �� �� �

� �
� �

2

2
, 0

2 2 !2 2 2 2 41 sin
2 1 2 1 2 3 2 1 !

d
N

� � (((
� �

� � � ((( �2
�

� �

�� � �
� � � �

�

� �   (5.5.23) 

,N� �Kw²�èé���¨]�o�U/- 1]e/´ba� phase factorQvm���

i*/V���iKW� phase factorQ��ab��³���] � �1� �
-.¾�ØÙ�

²(5.5.18)K 

  � � � � � �
,

2 1 ! 11 sin
2 2 !
�

D � � � �
� � �

�
�

� �     (5.5.24) 

��£¤]RS� � �,mD� �  �¤Ò�m�	6e»W� � �,D� � � ��V5T���mV �

£^-�s»W]K� � �, ,Y� � � �  ab�T�S L�Q´Õa¥�RSsmä£s�Ue

ÑÒ�²(5.4.9)]� L�� polar coordinate]£/O�Q�sS 

  
� � � �

� � � � � �

, ,

, 1

, cot ,

1 1 ,

i
m m

m

L Y e i Y

m m Y

�
�

�

� �� �
� � �� �� �� �

� � � �

� �

�

�

� � �

�� � � � �
� �

� �

   (5.5.25) 

Q�sNä£s�����i � �, ,mY� � � .£ � �,mD� � �Zµ²Q5�/�-K>�i

*^�½¾�9��)ãpä Condon, Shortley "The Theory of Atomic Spectra", page 520
]zpbNSs/�RaR�Zµ²Q5�/�Ks��axYi�*/ab��RÇ

�-m� «±eRQANSwY���i5�S,/�VFa�RNes�Wt]o
h�ãQ�W¤� 
 
�Exercise 5.5.1 

 � �0,0D � .£ � �0,0 ,Y � � Q5�£� 

 
n�p3 
 ²(5.5.24)i 0�� -.sS 

  � �0,0
1
2

D ��  

��S 
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  � � � �0,0 0,0
1 1,
2 4

Y � D �� � �
� �

 

 
�Exercise 5.5.2 

 � �1,mD �  .£ � �1, ,mY � � Q 1,  0,  1m � � ]ÍsS5�£� 

 
n�p3 
 ²(5.5.24)] 1�� Q�ARS 

  � �1,1
3 sin
4

D � �� �  

��S 

  � �1,1
3 1, sin
4 2

iY e� � �� � �
�

 

z]�²(5.5.25)Q�sS 

  � �1,0
3 1cot sin 2 ,
4 2

i ie i e Y� � �� �� �
� � � �� �� �� �� �� �� �

� �� � � �
� � �

 

UeÑÒ 

  � �1,0
3 1, cos
2 2

Y �� � �
�

 

T�K 

  � �1,0
3 cos
2

D �� �  

� �1, 1 ,Y � � � .£ � �1, 1�D � Q5�/��]wi5�� � �1,0 ,Y � � ]G] L�Q¥�U/� 

  � �1, 1
3 1cot cos 2 ,
2 2

ie i Y�
�

� �� �
� � �� �� �� �

� � � � �
� � �

 

UeÑÒ 

  � �1, 1
3 1, sin
4 2

iY e�
� � �� � �

�
 

T�K 

  � �1, 1
3 sin
4�D �� �  

��£¤]RS5�� � �,mD� � Q� 1,  2,  3�� ]ÍsSO 5.5.1]T-�S.¾�G]�
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Í��� � �, ,mY� � � ]ÍsS�O 5.5.2]T-�S.¾� 

�Nb�èéK�NabsÇsÇe-�Çi´S¹/�-]e/V�>]�

�Q�sU/&]-�SKÎÏ)��æçèéi´/]à¤�-]e/� 
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O 5.5.1  � �,mD �� � «±OP) 0,1, 2, 3�� 0 

 
� � 0 

� �0,0
1
2

D ��  

 

� �1 

� �1,0
3 cos
2

D �� �  

� �1, 1
3 sin

21D � �� �  

 

� � 2 

� � � �2
2,0

5 3cos 1
2 2

D � �� �  

� �2, 1
15 sin cos
21D � �� � �  

� � 2
2, 2

15 sin
41D �� �  

 

3��  

� � � �3 2
3,0

7 2cos 3sin cos
2 2

D � �� � � �  

� � � �2
3, 1

21 sin 5cos 1
4 21D � ��� � �  

� � 2
3, 2

105 sin cos
41D �� � �  

� � 3
3, 3

35 sin
4 21D � �� �  
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O 5.5.2  � �, ,mY � �� � «±OP) 0, 1, 2, 3�� 0 

 
� � 0 

� �0,0
1,

4
Y �� �

�
 

 

� �1 

� �1,0
3 3, cos

4 4
zY
r

� �� � �
� �

 

� � � �1, 1
3 3, sin exp

82 2
x iyY i
r1
1

� 1 �� �� � � �
��

 

 

� � 2 

� � � �
2

2
2,0 2

5 5 3 1, 3cos 1
164

zY
r
�

� � �� � �
��

 

� � � � � �
2, 1 2

15 15, sin cos exp
82 2
z x iy

Y i
r1

1
� 1 �� �� � � � �

��
 

� � � � � �2
2

2, 2 2

15 15, sin exp 2
324 2

x iy
Y i

r1

1
� 1 �� � � �

��
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� � 3 

� � � � � �2 2
3 2

3,0 3

5 37 7, 2cos 3sin cos
164

z z r
Y

r
�

� � �� � � � �
��

 

� � � � � �
� �� �2 2

2
3, 1 3

521 21, sin 5cos 1 exp
648

x iy z r
Y i

r1

1 �
� � 1 �� �� � � � �

��
 

� � � � � �2
2

3, 2 3

105 105, sin cos exp 2
324 2

z x iy
Y i

r1

1
� 1 �� � � � �

��
 

� � � � � �3
3

3, 3 3

35 35, sin exp 3
648

x iy
Y i

r1

1
� 1 �� �� � � �

��
 

 
 
 
 
�Problem 5.5.1 

 � �2, ,mY � � .£ � �2,mD � QUUS�>�em]ÍsS5�£� 

 
�Problem 5.5.2 

 � �3, ,mY � � .£ � �3,mD � QUUS�>�em]ÍsS5�£� 

 
�Problem 5.5.3 
 z�=>Q�p� 
a) 

  
� �
� �
� �

1,1

1,0

1, 1

,

,

,

x

x

x

L Y

L Y

L Y �

�

�

�

� �

� �

� �
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b) 

  

� �
� �
� �

1,1

1,0

1, 1

,

,

,

y

y

y

L Y

L Y

L Y �

�

�

�

� �

� �

� �

 

 
�Problem 5.5.4 

 ,  ,  x y zp p p Qz�£¤]<�U/� 

  

� � � �6 7

� � � �6 7
� �

1,1 1, 1

1,1 1, 1

1,0

1 , ,
2

1 , ,
2

,

x

y

z

p Y Y

p i Y Y

p Y

� � � �

� � � �

� �

�

�

� � �

� �

�

 

)��i ,  ,  x y zp p p KWNûNèé ,  ,  x y z-B�i*/�-QEa�£�0 

  
x

x y z y

z

p
p
p

� �
� �� � ! � �
� � !

� � �  

�=>Q�esØ K ,  ,  x y zp p p Q�sSO"� 

 
 
�Problem 5.5.5 

 � � � � � �1,1 1,0 1, 1, ,  , ,  ,Y Y Y �� � � � � � K 2L �!Qèéi.¡s]��RSs/� 2L - xL -

K>@i*^)²(5.1.5)0F�¶Òb�Éþ���=>�i*/ab�Section 4.4i

�sR�<�]£^� 2L .£ xL �x&]�Ge eigenfunctionV¼EU/���

eigenfunctionQ � � � � � �1,1 1,0 1, 1, ,  , ,  ,Y Y Y �� � � � � � ���ØW-RSOÑ"�)²F�3

Section 4.4i�sR��-�.£ Exercise 4.4.1Q�ô]RS 3z� matrix��J�
Q�pä£s�Problem 5.5.3�Ø �� 0 
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�Problem 5.5.6 

 w��K-B
]ôpS� 2L .£ yL �x&]�Ge eigenfunctionQ5�£�)L

g3��»WAéV~Ïé-e/�i normalization�»W3QÍm/�-0 
 
 
 

  [Coffee Break]� æçèé� phase factor]èU/TEUV�eÓüs 

 

 � �,mD� � � «±e�iLgUUt�-V 2 Í*/�1 ÍK²(5.5.24)ab�a/£

¤]� � �,D� � �  K � �1� �
-s¤ phase factorQÄÍ£¤]<��NSs/-s¤�-i

*/�UeÑÒ��VÈé�k � �,D� � � ]KA�x�VÍ¾�-]e/��¤ 1ÍKm

V÷�»W-A�»W-�èAi*/�Zµ²��i5�/�-Kµ¶R�V� 

  � � � � � �, ,1 m
m m�D � � D� �� �  

-s¤èA]*/�UeÑÒmVÈé�»W]K � �,mD� � - � �, m�D� � -Kx�Vq�

]e/Ñmi*/�¶¤RS�¤s¤ phase factor VÍ¾�i*Ç¤aIWNK²

(5.4.7)(²(5.4.8)i phase factor� ,mC � ( ,m	� Qî�-.s��-�Ø e�i*/��

(m�R]aaÑbº²(5.4.9)Q�s/-U/-�¶¤RS�w�£¤e phase factor
V� -e�S¹/���£¤e phase�-^�K��¾�Condon- ShortleyVxÈ
]¿/7�i*/"The Theory of Atomic Structure"i-�Ss/��i*^�RäRä
Condon-Shortley� phase-ëÑN/� 
 Z��ª¾7e�� phase factor QÖ/�-K>�iK*/�ãpä�

� � � �, ,m m�D � D� �� � ]e/£¤]²(5.4.7).£²(5.4.8)� ,mC � ( ,m	� Qì�/�-K´

¹/�RaR�W�»W]K�WNûN� �.£m]ÍsS7e�� phase factor
Q�semNäsmes�i�²(5.4.9)V~Te�-e^xY]×p/� 
 �����9���½¾V��Ìi8¥±eÓüsQ¬RSs/�ãpä L1�¥

�]ÍsSK²(5.4.9)��Q·�RSseVb� � � � �, ,, ,m mY Y ��� �� � � �  -RSs/»
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WVRäRä*/�i*/�ãpä�Eyring, Walter, Kimball��"Quantum Chemistry"

iK�page 47 i�� lecture note-B¢¾ � �,D� � � ] � �1� �
-s¤ phase factorQÍmS

s/]�aaÑbº�ÈÉe�-] page 59�OiK�� factorV�aNSs/�W

RSF�page 58 ]K � � � �, ,m m�D � D� �� � -s¤|}R�²�pzpSs/��¤s¤

�-i�page 59�OiK �VÈé�mV÷�Èé�{�x�VÓü�SzpbNSs
/���ÓüsK�sÇsÇe1]d eÓüsQØt×�U�-]e/�iLgQ

 U/� 
 ���K�d 'Q£^K�t^�"/��] «±eãQ*�S,£¤���
lecture note iÖ^w�� Condon-Shortley !-�Eyring, Walter, Kimball �"Quantum 
Chemistry"i�sbNSs/ Eyring-Walter-Kimball !);]W¤7nm�0-Q�

� �1,mD �  � 3Í�èéiùUS,£¤� 

 
 

 
 

Condon-Shortley! 
 

Eyring-Walter-Kimball! 

� �1, 1�D �  3 sin
4

� �  3 sin
4

� �  

� �1,0D �  3 cos
2

� �  3 cos
2

� �  

� �1, 1�D �  3 sin
4

� �  3 sin
4

� �  

 
 

 ��£¤]� � �1, 1�D �  ].sS 2Í�!Þix�Vq�]e�Ss/�Jð¾¶s

a�RNesV�WNûN�!Þ]ÍsSSèé � �1, ,mY � � Q�ttRS,£¤� 
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Condon-Shortley! 
 

 
Eyring-Walter-Kimball! 

� �1, 1 ,Y � � �  3 sin
8

ie� ��
�

 3 sin
8

ie� ��
�

 

� �1,0 ,Y � �  3 cos
4

� �
�

 3 cos
4

� �
�

 

� �1, 1 ,Y � � �  3 sin
8

ie�� ��
�

 3 sin
8

ie�� ��
�

 

 

�� 2Í�!Þi � �1,0 ,Y � � K¶Òb�B¢²iO�N/ab���²] L�Q¥�U/

�-]£�S�²(5.4.9)UeÑÒ 

  � � � �1,0 1,1, 2 ,L Y Y� � �� � � �  

V�^rÍa¶¤aQ{ÂRS,£¤� L�KUi]²(5.5.12)i 

  cotiL e i�

� �� �
� �� �� �� �
� � �

� �
 

-e/�-V�a�Ss/�iWNQ�s/� 
 iKÀ<]�>RS,£¤� 

  

� �

� �

1,0
3, cot cos

4

3 cos
4
3 sin
2

32 sin
8

i

i

i

i

L Y e i

de
d

e

e

�

� �� �
� �� �� �� �

�

� �

� �

�

�

�

�

�

�

�

�

� � � �
� � �

�
� �

�

�
�

 

UeÑÒ�Condon-Shortley� phaseQ�s/c^ 

  � � � �1,0 1,1, 2 ,L Y Y� � �� � � �  

�²V�^rÍ� 
 RaR�Eyring-Walter-Kimball!� phaseQ�s/-� L��¥�K 

  � � � �1,0 1,1, 2 ,L Y Y� � � �� � � �  
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-<�RemNäsmes�-V�a/��NK²(5.4.9)�Zµ²-|}U/�Ue
ÑÒ�²(5.4.9)V �(m�R]aaÑbº�^rÍ�KCondon-Shortley!�,i*/�
�R� Eyring-Walter-Kimball !� phase Q�s/eb�²(5.4.9))UeÑÒ�Eyring, 
Walter, Kimball���iK p.46�²(3.133)0Kàpes�i*/� 
 Jð¾¶s£¤e3�U/V��ñ]£¾*/Óüs�ã-RS)�� 3Í� pè
é��-Q�K-R£¤�)��æçèé].sS 1�� � 3Í�æçèéK p��-
ëÑN/�)���-]ÍsSK Chapter 9i�R¾�sU/�0�� 3Í� p��-

RS� � �1,1 ,Y � � � � �1,0 ,Y � � �.£ � �1, 1 ,Y � � � � 3 ÍV*/V��¤Ò � �1,1 ,Y � � -

� �1, 1 ,Y � � � K~Ïé-e�Ss/�wavefunctionV~Ïéi�Z,]]gRÒpesV�

ïðKRäRäÀé� wavefunctionQàs�s3]e/)W¤U/-ãpä�V0]

�¾ke¶]�#i*/�e¶��[i0�WNi � �1,1 ,Y � � - � �1, 1 ,Y � � � -���ØW

Q-�SÀé� wavefunctionQ¥/�-V£¾*/��¤RS¥bN� wavefunction

K 1ÍKèé x-��¤ 1ÍKèé y-B¢�]e/�iWNbQ xp .£ yp -7n

m/� � �1,0 ,Y � �  K�-�-Àéièé z-B¢�e�i zp -7nmbNSs/�

wavefunction QÀé-U/£¤e linear combination �Ö^�KwYR�
Condon-Shortley!- Eyring-Walter-Kimball!i7e^z�£¤]e/�-KY�]�
a/i*Ç¤� 
 
 

 
 

Condon-Shortley! 
 

Eyring-Walter-Kimball! 

xp  � � � �6 71, 1 1, 1
1 , ,
2

Y Y� �� �� � � � � � � �6 71, 1 1, 1
1 , ,
2
Y Y� ��� � � �  

yp  � � � �6 71, 1 1, 1
1 , ,
2
i Y Y� ��� � � � � � � �6 71, 1 1, 1

1 , ,
2
i Y Y� �� �� � � �

zp  � �1,0 ,Y � �  � �1,0 ,Y � �  

 
 
��£¤] phase�Ö^�]£�S linear combination��V7e/Ñmi*/V��
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��-]3VÍaº]ã�åþ&V¸¡s/�iLgV� i*/� 
 ��£¤eÓüsK�Eyring�9��WÁ]�ae^¸¡*/�9���ÓüsQ
*�S*b¹RQU/3ÄÒKºesV�Óü��²]�+sS��isÇsÇe

|}]»¼RSã��(åþ&V½s�i�LgQ½×U/gÂiÓüs�*/9

��QWt]¾ÐRS.¾� 
 
 E L. Pauling, E. G. Wilson, Jr., "Introduction to Quantum Mechanics With Application 

to Chemistry", (1935), page 134. 
 E W. Kauzman, "Quantum Chemistry" (1957), page 730. 
 E A. K. Chandra, "Introduction to Quantum Chemistry" (1974), page 41. 
 E L. I. Schiff, "Quantum Mechanics" 2nd edition (1955), page 73. 
 E D. A. McQuarrie, "Quantum Chemistry" (1983), page 216. 
 
 Z��z]*�/9��iK�÷Rs phase factor VÖbNSs/�i��@RS
Ø Q�sS6¿)-×¤� 
 
 E E. U. Condon, G. H. Shortley "The Theory of Atomic Spectra" (1935), page 52. 
 E A. S. Davydov, "Quantum Mechanics" (English Translation) (1965), page 22. 
 E C. J. Ballhausen, "Introduction to Ligand Field Theory" (1962), page 19. 
 
	�]Ø�R� Ballhausen�¯� 19k�ÀLiK�>] phase�Ö^�]ÍsSLg
QRemNäsmes�-z�£¤]YUSs/� 

A very important point is the choice of phase for the spherical harmonics 

� �, ,mY� � � . We shall always use the Condon-Shortley "natural choice of phase"; a 

factor of �1 for positive odd values of m. Thus, � � � � � �, ,, 1 ,m
m mY Y �� �� �� � � � . 

This is a point to be carefully checked every time a formula from a different book 
is used; many hours of work have been spent in order to find mistakes in signs due 
to such errors. 

ª¾��G^i*/��Zð�Ballhausen-B¢¾����-i�sy]*�Ss/�
��£¤e�³Q�bRS,/-�Óü�� phaseQ�3i9��]�sSs/HK�
.Wb¾ 1Õ�Z�i�>QResi�¶�a�¯ab�RS¹��i*Ç¤-Ra
×pes� 
 Condon, Shortley���ÒÇ9 phase�Ö^�]£/Þ%V*/�-KdðÁ�RS
sS�wY���� 53k�ÀLiz�£¤]YUSs/� 

This question of phase choice has caused some confusion with regard to the 
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relative phases of the matrix components of angular momentum and of 
electrostatic interaction. See the discussion by Ufford and Shortley, Phys. Rev. Vol. 
42, 167 (1932). 

wiØ�R�9��WÁi�sÇsÇ-ÓüsV*/�i§�]3Qnme¾SK

smes�ãpä�P. W. Atkins�"Molecular Quantum Mechanics")second edition0i
K page 66�OiK Condon-Shortley�÷Rs phaseVÖbNSs/�RaR�UßW

��i page 75 i xp - yp Q<�U/»W]K Eyring-Walter-Kimball !�Óü��

phase ]�+¾<�²Q�ÒsSs/�½����&KZ�i�>U/�-eR]
$ðe¯ab�"H�S¹��i*Ç¤�WNi�9e.aRe�-V×��SRT

¤�i*/��Nb�ãab�a/£¤] phase]èRSKTºÓü�Ss/-×�
SZ�iÂ�s¾Ti�>RS,/�-V6[i*/� 
 
 
 

[Let’s play with Mathematica]� Sèé�Mathematica]£/OP 

 

 Mathematica]KSèé � �, ,mY � �� V SphericalHarmonicY-s¤X�èé-RS<�

�NSs/�i�#i*/�ãpä� � �1, ,mY � �  Q 1m � � ab 1m � � TiUUS�

F�R£¤-s¤k]KWt�£¤]U/� 
 
Do[Print[SphericalHarmonicY[1,m,theta,phi]],{m,-1,+1}] 
 
éÒ]Wt�£¤eØ V�bN/�wab 1, 0, 1m � � � �i*/� 
 
 -I phi       3 
E       Sqrt[----] Sin[theta] 
            2 Pi 
----------------------------- 
             2 
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    3 
Sqrt[--] Cos[theta] 
    Pi 
------------------- 
      2 
 
 
   I phi       3 
-(E      Sqrt[----] Sin[theta]) 
             2 Pi 
------------------------------- 
            2 
 
w��Mathematica V´�R�²�gÂK�ba-K×¤V�Í�����Ø QG
ñ�²iOU-z�£¤]e/� 

3 sin
2
2

ie� � �
�  

3

2
�

�cos

 

3 sin
2
2

ie �� �
�  

 
 ��Ø V÷Rs�-KO 5.5.2 -ùúU/Ti�e¾�bai*/�¤NRs�
-] Condon-Shortley� phaseQ�sSs/� 
 w�ãab��a/-×¤V�MathematicaiKZ®�é�Ó� eQ6Æ��åEê
i�T��uv���QåPiê-s¤X�<é-RS<�RSs/� 
 
 
5.6� JKç��W� 
 
 ��i�sR�JKç�K 1Í�&�)ãpä��0]ÍsS*/RQÄ�Ss/�
�RkV 2Í�&�ab��Ss/-U/-�WNûN�&�]ÍsSJKç�V<
��N/V���»W�kª«-RS�JKç�K¶¤e/i*Ç¤a�WNQ�/
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]KWNûN�JKç�QW�RS,Näss�JKç��W���KK�½��k

�)�(��QÐ¤»W�T�KZ��k�)�].m/��JKç�-�EFJK

ç�)�i�sU/0� ¡¥�e¶s�/1�sbN/�¯�iK�2Í�JKç
��W���KQ�sU/� 

 2Í�JKç�å*�þ 1L- 2L Qôp£¤� 1L]ÍsSK
2

1L �!QRV

� � 2
1 1 1�� � � � 1zL �!QRV 1m �i*/-U/� 2L ]ÍsS�B
]�

2
2L �!QRV

� � 2
2 2 1�� � � � 2zL �!QRV 2m �i*/-U/� 1L���� 2L ���WNûN]Ís

SK�²(5.1.3)�?@èAV�^rÍ�-KC®i*/� 

  

9 :

1 1 1

1 1 1

1 1 1

,

,

,

x y z

y z x

z x y

L L i L

L L i L

L L i L

� � � !
� � � !

�

�

�

�

       (5.6.1) 

  

9 :

2 2 2

2 2 2

2 2 2

,

,

,

x y z

y z x

z x y

L L i L

L L i L

L L i L

� � � !
� � � !

�

�

�

�

      (5.6.2) 

ªJKç�)total angular momentum0 LQ<�U/� 
  1 2� �L L L        (5.6.3) 
��i LKC®�²(5.1.2)i<�R�£¤] 3Í����W�abe/å*�þi*
/� 

  x y zL L L� � �L i j k       (5.6.4) 

²(5.6.3)-²(5.6.4)£^ 

  
1 2

1 2

1 2

x x x

y y y

z z z

L L L
L L L
L L L

� �
� �

� �

       (5.6.5) 

2L ]ÍsSK²(5.6.4)£^ 

  
2

2 2 2
x y zL L L

� (

� � �

L L L
      (5.6.6) 

Z��²(5.6.3)£^ 
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� � � �2

1 2 1 2

2 2
1 2 1 2 2 1

� � ( �

� � � �

L L L L L

L L L L L L
     (5.6.7) 

1L- 2L KC®.¡s] commutablei*/�)Z��&�]ÍsS�=>VÊ��&�

]KÃäes0��S�²(5.6.7)K 

  � �
2 2 2

1 2 1 2

2 2
1 2 1 2 1 2 1 2

2

2 x x y y z zL L L L L L

� � �

� � � � �

L L L L L

L L
    (5.6.8) 

Wt�ªJKç���� xL � yL � zL ]ÍsS��²(5.1.3)�£¤eGñ�?@èAV

�^rÍ�-Q�W¤�ãpä xL - yL ]ÍsSK 

  

1 2 1 2

1 1 2 2 1 2

1 1 1 2 2 1 2 2

, ,

, ,

, , , ,

x y x x y y

x y y x y y

x y x y x y x y

L L L L L L

L L L L L L

L L L L L L L L

� � � �� � � !  !
� � � �� � � � !  !
� � � � � � � �� � � � !  !  !  !

  (5.6.9) 

��i�UUS� 1L���VUUS� 2L ���-?@>�i*/ab�²(5.6.9)� 3

�y�# 2{-# 3{Kî�i*/���S 

  
1 1 2 2

1 2

, , ,x y x y x y

z z

z

L L L L L L

i L i L
i L

� � � � � �� � !  !  !
� �
�

� �
�

     (5.6.10) 

Ê���]ÍsS�ª¾B
��>V�^rÍ�UeÑÒ�)²(5.6.10)Q�T-�S0 

  

9 :

,

,

,

x y z

y z x

z x y

L L i L

L L i L

L L i L

� � � !
� � � !

�

�

�

�

       (5.6.11) 

�£¤]��²±]K²(5.1.3)-ª¾B¢²VªJKç�]ÍsS��^rÍ�-V
��N�� 
 ª¾B
] 

  2 2 2, , , 0x y zL L L� � � � � �� � � !  !  !L L L      (5.6.12) 

V�^rÍV�ë�K���=s-RS.�¤�)Problem 5.6.10 
 ²(5.6.12)V�^rÍab� 2L -� L� 1Í���)ãpä zL 0�x��=>�]
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ÍsS�G� eigenfunctionV¼EU/�-V�a/�)Section 4.4�<�Q�0Section 
5.3�ö�K?@èA�,Q�sS>�â���-]ÙyU/-ª¾B
eÒ�t]
£^� 2L - zL �!QRQì<U/�-V´¹/�²(5.3.29).£²(5.3.30)iK 1Í

�&�]ÍsS� 2L �!QRQ � � 21�� � � � zL �!QRQm�-R�V���iK�>

]ªJKç�-s¤�-QK�t^-�U��]� �.£m��^]6Æ�� L.

£M Q�s/�-]U/�UeÑÒ�=>� 2L ]ÍsS�!QRK � � 21L L � � �=

>� zL ]ÍsS�!QRKM �-U/�-]R£¤�)B¢ L-s¤÷�V=>�]
àÑN�^!QRQOU��é]àÑN�^RSs/VÞ%Res£¤LgR£

¤�0 
 �S�ïðV��i�ba]R�s�-K )10ªJKç����é L(M V�
�&�]ÍsS���é 1� � 1m � 2� � 2m -¶¤s¤èA]*/a�-s¤�-�.
£)20ªJKç�]ÍsS�!QèéV��&�]ÍsS�!Qèé-¶¤s¤
èA]*/a�-s¤�-� 2Ìi*/� 
 Wt�notationQÉ¶�U/��]!QèéQOU�]�bracket notationQ�s/
�-]R£¤�bracket notationi eigenfunctionQOU]K�W�kW�kiÄW�£
sO÷Qì�Nä£s����iKWtz�£¤eO÷�Q�s/�-]R£¤�

operator 2L ]ÍsS� eigenvalueV � � 21�� � � �operator zL ]ÍsS� eigenvalueVm�

)���-QWt¯�iKÉø���]�ø]���éV ��mi*/-s¤�-]
U/�2Í���é�XU��ÚKw]YU�Úi*/�-]ì�S.¾0i*

/£¤e eigenfunctionQ ,m� -s¤÷�iOR��NQ ket-[ù�WRS� ,m� �

complex conjugateQ ,m� -OR��NQ bra-[ù�Section 5.3i��£¤e

wavefunctionKSèé-RSO�N�Zµ] � �, ,mY� � � -�¾�-Q�sR�V���

iK wavefunction� «±eèé�K�K-Res�)��£¤e bracket notation�
#ÌK�d e�i*/��éV subscript-RSiKe¾�K�t^��N/�-i
*/�RaReVb���é�XU��Ú-aèé�e¶]ÍsS�W�Ä�tÒ

9-<�Res-´��-a�abes-s¤D��K*/0 
 ��£¤e bracket notationQ�s/-��&�]ÍsS� eigenfunctionKz�£¤
]e/� 

  2
1L .£ 1zL � eigenfunction3 1 1,m�  
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  2
2L .£ 2zL � eigenfunction3 2 2,m�  

 5�/Utªk]ÍsS� eigenfunction3 ,L M  

 
 �S�z�£¤e?@èAVY�]�bN/�)Problem 5.6.20 

  
2 2 2 2 2

1 1 1 1

2 2 2 2 2
2 2 2 2

, , , , 0

, , , , 0

x y z

x y z

L L L

L L L

� � � � � � � �� � � � !  !  !  !
� � � � � � � �� � � � !  !  !  !

L L L L L

L L L L L
   (5.6.13) 

��?@èA£^� 2
1L �

2
2L �

2L �.£ zL � 4Í� operatorUUS]�Ge

eigenfunctionV*/�-V�a/����-£^ eigenfunction ,L M Q�O�U/�

�éQ 2Í4(RS 1 2, , ,L M� � �£¤e�iOU�-]R£¤�&� 1]ÍsS�

�ªk 1 1,m� �UUS-�&� 2]ÍsS��ªk 2 2,m� �UUS-�*b\/>

�e� 1 1 2 2, ,m m� � Kªk)2Í�&�k0]ÍsS��ªk-e/Ñmi*/ab�

ªk� eigenfunction 1 2, , ,L M� � Q�Nb� complete seti��U/�-V´¹/� 

  � �1 2 1 2 1 2 1 1 2 2, , , , , , ; , , ,L M c L M m m m m��� � � � � �   (5.6.14) 

� �1 2 1 2, , , ; ,c L M m m� � K��Aéi*/�²(5.6.14)���KwYR�£¤] 2
1L ]Ís

S� eigenfunctioni eigenvalueK � � 2
1 1 1�� � � �T�Bk]� 2

2L ]ÍsS�

eigenfunctioni eigenvalueK � � 2
2 2 1�� � � ���S�²(5.6.14)���].sSK 1� � 2�

K�����B¢RRaÖ^�es���S²(5.6.4)�ÅjK 1m .£ 2m ]ÍsSe

�N/�)��Aé � �1 2 1 2, , , ; ,c L M m m� � ���±�ai 1m - 2m �,Q;�±�F��

-]�mS�s��KW�£¤eÑmi*/0G]�²(5.6.5)� 3®y�²Q�s� 
  1 2m m M� �        (5.6.15) 
i*/�-VY�]ë�´¹£¤)Problem 5.6.30�ªk]ÍsS�

eigenfunction 1 2, , ,L M� � Q5�/]K²(5.6.14)�Aé � �1 2 1 2, , , ; ,c L M m m� � VUUS
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� i*/���AéK�Clebsch-Gordan coefficient-aWigner coefficiente¶-[ä
N)��x&Q½J7e��gÂi�sSs/»W�*/0�½¾�9��( handbook
e¶]OVzpbNSs/�½¾��6��6^�>Û;FÏ�� library program�
a]���AéQ5�/��V%VÆ¨�NSs/�À��fXiK�Nb�OQ

�s/�V�#i*/V�9Ç�»iK�WNûN�»W�»W]Z�i5�S,/

�-V� i*Ç¤��âR���AéQ5�/�-K��iK�Ñº�Tº�-^

*pº L- 1� � 2� -�èAQ5�/�-Qôp£¤� 
 Zµ�]A/�]�=s-RS� 1 21, 2� �� � -s¤ «ã]ÍsSôpS,£¤�

>�e 1m �RK 1 1, 0, 1m � � � � 3Í�>�e 2m �RK 2 2, 1, 0, 1, 2m � � � � � � 5Í�
�R�ªk� quantum numberQ 1� � 2� � 1m � 2m iOU-U/-�>�e�,W"K
3 5 15� � G^*/�-]e/�RaRwYR�£¤]�ªk� quantum numberK 1� �

2� � L�M i��SOU�-]R�Ñmi*/���O÷�].sS�(K^B¢
15G^�>�e�,W"V*/�-]e/��Nb 15G^�>�e�,W"]Ís
S²(5.6.15)�M QO]RS,£¤� 
 

 
 
 2m  

  +2 +1 0 �1 �2 

 +1 +3 +2 +1 0 �1 

1m  0 +2 +1 0 �1 �2 

 -1 +1 0 �1 �2 �3 

 
 
 ��Oab��M �ON/´�QO]U/-z�£¤]e/� 
 

M �R +3 +2 +1 0 �1 �2 �3 

´� 1 2 3 3 3 2 1 

 
 ��Oab�a/£¤]�M �	6RK 3i*/�M K L- L� �R

� �, 1, 2, ...,M L L L L� � � � QÖ/Ñmi*/ab�L�	6RK 3-s¤�-V�a/�

3L � ]ÍsSK 3, 2,1, 0, 1, 2, 3M � � � � � 7Í�RQÖ^�/�w÷�Oab 3L � �

7Í��QØtg/-�¿^Kz�OiO�N/� 
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M �R +2 +1 0 �1 �2 

´� 1 2 2 2 1 

 
¿�Ss/M �ai	6RK 2i*/��NK 2L � ���iemNäebes�

2L � ]ÍsSK 2,1, 0, 1, 2M � � � � 5Í���V*/�i��NbQ=w�Oa
bgRØ¾-�¿^Kz�O�£¤]e/� 
 

M �R +1 0 �1 

´� 1 1 1 

 
�NK�ba]� 1L � � 3Í��� 1, 0, 1M � � ] CU/�Ww��-ab

1 21, 2� �� � �W�-RS 3, 2,1L � �RV�bN/�-V�a��� 
 Ww��-QZµ±]Ö^Ð�S,£¤� 1� - 2� �W�iK 12 1�� G^� 1m -

22 1�� G^� 2m ��,W"i � �� �1 22 1 2 1� �� � G^�>�'V*/� 1m �	6RK 1� �

2m �	6RK 2� i*/ab�M�	6RK 1 2�� � i*/�M K L- L� �RQÖ/ Ñ
mi*/ab�L�	6RK(K^ 1 2�� � i*/�2®y]6teM �RK 1 2 1� �� �
i*/V��NVPN/»WK 2G^*/�UeÑÒ)a0 1 1 2 21,m m� � �� � .£)b0

1 1 2 2, 1m m� � �� � �>�'V*/���S�)a0�)b02Í� linear combinationV

1 2 1 2, 1L M� � � � �� � � � -s¤��-� 1 2 1 21, 1L M� � � � � �� � � � -s¤��Q¥/

�-]e/���£¤eö�Q�mSs¾-� L�>�eRK 1 2�� � � 1 2 1� �� � �

1 2 2� �� � �...� 1 2 b� �� � -s¤�-]e/��âR��i 1 2 b� �� � K L�	-RQ

�U�bQì<U/��]����éK � �� �1 22 1 2 1� �� � i*/-s¤�-]LyU/� 

 1 2L k� � �� � -s¤��]ÍsSK � �1 22 1k� � �� � ��>�eM �RV*/��

�S 

  � �6 7 � �� �1 2 1 2
0

2 1 2 1 2 1
b

k
k

�

� � � � � �� � � � �  

V�^rÍ���S 

  � � � �� �1 2 1 2
0 0

2 2 1 2 2 1 2 1
b b

k k
k

� �

� � � � � �� �� � � �  

  � �� � � � � �� �1 2 1 21 2 2 1 1 2 1 2 1b b b� � � � � � � �� � � �  
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UeÑÒ 

  � �2
1 2 1 22 4 0b b� � � �� � � �      (5.6.16) 

��oz��²��K 
  12b � �         (5.6.17a) 
.£ 
  22b � �         (5.6.17b) 
i*/�²(5.6.17a)�¨]ÍsSK L�	-RK 
  min 2 1L � �� �        (5.6.18a) 
T��²(5.6.17b)�¨]ÍsSK 
  min 1 2L � �� �  
�R� 1 2�� � eb min 0L � i´�DÄW�es�RaR��R 1 2%� � �»W�²(5.6.18)
� 2Í�²�¤Ò�¶ÒbaKA�é-e^�L�R-RSK·�´¹es���S� 

  min 1 2L � �� �        (5.6.19) 

-ôp'/Q�es� 
 ØÙ�w�ö�QT-�/-� 1� - 2� � 2Í�JKç��W�i�bN/ LK 

  1 2 1 2 1 2 1 2, 1, 2, ...,L � � � � � � �� � � � � � � �    (5.6.20) 

-s¤�-]e/�	��Ø K�ñ]d i��Nab���s/�-]e/

Kºi*/�³´���KÈNSRT�S�Ø âmKÉpS.¾� V*/� 
 
 

  [Coffee Break]� bra- ket 

 
 bra.£ ket-s¤ëôKå°±êQgÂU/ bracket-s¤øÝab¥bN��
�i*/�bra- ketQ�s/ notationK���S�"braket notation"iKe¾"bracket 
notation"i*/�-]LgR£¤� 
 
�Exercise 5.6.1 
 1 21, 3� �� � �W�i�bN/UUS���Q keti�"� 
nfp 
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4,4 , 4,3 , 4,2 , 4,1 , 4,0 , 4, 1 , 4, 2 , 4, 3 , 4, 4 ,

3,3 , 3,2 , 3,1 , 3,0 , 3, 1 , 3, 2 , 3, 3 ,

2,2 , 2,1 , 2,0 , 2, 1 , 2, 2

� � � �

� � �

� �

 

 
�Problem 5.6.1 
 ²(5.6.12)Që�"£� 
 
�Problem 5.6.2 
 ²(5.6.13)Që�"£� 
 
�Problem 5.6.3 
 1 2z z zL L L� � Q²(5.6.14)�x�]¥�U/�-]£^²(5.6.15)Që�"£� 
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CHAPTER 06 
 

XYKç 
 
 
 ��aboh�¬]Ñ��S�s¾Ía�Éøek]ÍsS Schrödinger equation 

  
2

2

2
V E

m
� �
� 8 � �� �

� �

� - -  

Q�sS,£¤�����BiPÀ]»¼U/��KK~Ti*/ab�Wt]YU

/£¤e�û��N�Éøek]ÍsS Schrödinger equation Q�sS,�-�Çi
R£¤Vesa-×¤H�s/a�RNes�RaR�Zh~T]hp/���
[

��¯(KøÊe��i*^��Nab�oh�¬iÐ¤�¯±e�KK�UUS�

~TeP�QøÊek��,W"-RS��U/�]6��]rÍ��i*/�a]

K�½Jé²V(�as]e/��V*/a�RNesV�3Q|aesi�sRS

µRs� 
 Ò��-RS���¬iKXYKçQÖ^Ð¤� 
 
 
6.1� Zz6�Z[&� 
 
 1 ��&�VÁ[ab´� ¡¥�Q�lmº]Zz6�KçQRSs/kQô
p£¤���£¤]�potentialQlmes&���-QZ[&�)free particle0-s
¤ëôiORSs/�potentialVs�/1iî�i*/ab�Schrödinger equationK 

  
2 2

22
d E

m dx
� �

� - -        (6.1.1) 

-e/���i�Zz6�Kç��,Qx�,-R����ix��;K x�$ 4 4 $i
*/�²(6.1.1)�Zµ�K 

  ikx ikxAe Be�� �-   2
2

2mEk �
�

    (6.1.2) 

-e/�-K�²(6.1.2)Q²(6.1.1)]�ARS,Nä�a/�Z�� 
  cos sinikxe kx i kx� �  
]ÙyU/-�²(6.1.2)��Kz²�£¤]O�N/� 
  cos sinC kx D kx� �-       (6.1.3a) 
T�K 

  � �'sinA kx� �- 	       (6.1.3b) 
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-�O�N/�sºN�²i� 2Í�b�é) A-BT�KC-DT�KA'-	0Q
],��NbK�[��£^ì�/�-]e/V�WN]ÍsSKÒ¯�-�TÑR

-R�Tº²(6.1.2)T�K²(6.1.3)��QJð:�S,£¤� 
 Tº�!QR EK¶9eRi�Ö^�/i*Ç¤aI�R� 0E / i*/- kK
imaginary�é-e/�W¤U/-²(6.1.2)�- K x � 1$i·$RSRT¤�W�£¤

eèéK�-Ke^�es���S�energy EK positiveiemNäsmes�-V
Ø��N/��âR� x�|}]ª®�cVes��]�EK positive i*/c^¶
9eRi�Ö^�/�-]LgUUti*/�UeÑÒ�energyK���RSses� 
 z]�����-��DiKç�QôpS,£¤�����iK�Z[]KçRS
s/&��Kç� pKÉÔþÕ�E- 

  
2

21
2 2

pE mv
m

� �  

-s¤èA]*/�T��²(6.1.2)]�R�£¤] 

  
2 2

2
kE
m

�
�  

i*/��Nab�²(6.1.2)T�K²(6.1.3)� wavefunction i��N/Z[&��K
ç�K 
  p k� �         (6.1.4) 
�£¤]O�N/�-V�a/� 
 ���-Q�¤JR�R¾hS,£¤�Tº�w�ö�Qq��r»abY�S,
/-�åKç� pQ�ÍZ[&�� wavefunctionK²(6.1.2)T�K²(6.1.3)iO�N/ê
-ë¤�-V´¹/�z]�²(6.1.2)T�K²(6.1.3)� wavefunctioni��N/&�K�
*/><�åæ/êQÄ�Ss/����-K�>]²(6.1.3)£^�bai*Ç¤�

Zµ]�æ/��æK� 2cos x�
�

 T�K 2sin x�
�
iO�N/�-Q×sËaU/-�

²(6.1.3)iO�N/&��æ/K 2
k

�
�� -s¤�-]e/�UeÑÒ�Kç� p k� �

QÄÍ&��æ/K
2
k

�
�� i*/���SKç�-æ/-K 

  2 hp � ���
� �

 

-s¤èA]*/�-V�a/��NK�Ui]�sR� de Broglie�èA²W��
�i*/� 
 iK��i�²(6.1.2)�Aé A.£ B�gÂQôpS,£¤�;]²(6.1.2)i

0B � -.s���Q-�-.sS 
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  ikxAe� �-  

WN]�Kç�� operator 

  x
dp i
dx

� � �  

Q¥�RS,£¤� 

  x
dp i k
dx

�
� �� � �� �-- -  

��£¤]� �- K momentum operator xp � eigenfunctioni*^�W� eigenvalueK k�

i*/�z]�²(6.1.2)i 0A � -R���Q-�-.t� 

  ikxBe�
� �-  

]B¢¾ momentum operator xp Q¥�RS,/� 

  x
dp i k
dx

�
� �� � � �� �-- -  

��£¤]� �-  K momentum operator� eigenfunctioni*^�W� eigenvalueK k� �

i*/� 

 �- � �- ��¶Òb� momentum operator� eigenfunctioni*/V�eigenvalue�x

�V7e/�UeÑÒ� �- .£ �- KWNûNB¢6t��Kç�QÄ�S.¡s

]è��,]KçRSs/&�� wavefunction] CU/����-K�ñ]d e
�-i*/�-s¤�K����-]£�SïðK�*/Kç�QÄÒ�*/�,]

KçRSs/&�� wavefunctionQéÒ]�ttU�-V´¹/abi*/� 
 Aé A.£B�gÂK�Niae^K�t^R��WNbK&�VÌ´]¥bN
/a�-s¤�-]£�SìT/�UeÑÒ��R&�VþÍab xë�÷��,]
ÎÒ´�NNä 0B � i*/�q�]�xë�A��,]ÎÒ´�NNä 0A � i*/�

� 6.1.1]9²±]�RS*/� 
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� �expA ikx� �-    p k� �  

 
 

 

� �expB ikx� � �-   p k� � �  

 
� 6.1.1 

Z<�,]KçU/&�� wavefunction 
 
 
 A.£ B� «±eRQì<U/�-VTâ¿�Ss/��NK normalization 
conditionabì�/�i*/V�ÀK��]�KV*/�ãpä AQì<U/��] 

  * *dx A A dx
�$ �$

� �
�$ �$

�2 2- -  

Q�>R£¤-U/-�x��;V�$ 4 4 �$x i*/�i��V·$RSRT¤�W

Ni AQì�/�-V´¹es�W�W���¤s¤»WK�èéV well behavedi
es-RS wavefunction]K«äes�VFGi*/V�Z[&��»W]KW¤�
saes�i)Ê] wavefunction-RS«ùÝaVes0*/Ë� trick Q�sS�

�N�Q�^@p/���iïðK�²±]� xMNVãpä
2
Lx � � ab

2
Lx � � T

i/� L�|}]cbNSs/-ôp/��¤RS normalization condition 

  2

2
* 1

L

L
A A dx

�

�
�2  

£^ 

  1A
L

�  

-RS.¾�)B]ÍsS�B
]�¤�0wavefunction Q;]�¤ì�S.sS�Á
��Q�>U/-½¾�»WWNV L]�èA]5T/�ús]�¤e��»WK�
x��;Qc���-V�²±]KONes�-]e/�sÍ�¤T¾s¾Ñmi�
esV�T*6«��9e±¤]RS well behavedies�-�N�QÏÐRSs/� 
 �S�Aé A(B�gÂK�ba-e��V�Zµ�i*/²(6.1.2)K´QgÂU
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/�i*Ç¤a�wavefunction ��Q,Nä� x�÷��,�Kç-A��,�Kç
-VAé A-BiìT/�Wide����-s¤�-V�a/�>de»W-RS
A B� i*Nä 

  � � 2 cosikx ikxA e e A kx�� � �-  

-e^��NK²(6.1.3)i 0D � -.s���] CU/��,t�Kç-�,t�K

ç-VB¢d�idÚW�����UeÑÒ<ñæ-s¤�-]e/� 
 
 
6.2� \]^ potential�a�Z[&�)Zz6�b�a�&�0 
 
 Section 6.1�Ñ/-RS�Ô�K(�m�&�Vxëw 0x � - x L� �Ó]c�S

KçR�/»WQôp/�potentialK0 x L4 4 �|}Xiî��W�|}ÁiK�$i
*/-ôp/�UeÑÒ 

  � �V x � $   L x/  

  � � 0V x �   0 4 4x L 

  � �V x � $   x 4 0 

potentialK� 6.2.1]�U£¤]\]��QRSs/�iå\]^ potentialê-[äN
/���»W��c]ds\]QôpSs/�-]e/�F���iÐ¤�KK�W

t��iYU/b�a�&���K-°Ss/�-ab�RäRäåZz6�b�a

�&�ê-s¤ës�Q�N�¶9e9��i��ºÖ^w�bN/ popular e�K
i*/� 
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� 6.2.1  \]^ potential 
 
 
0 4 4x L�|}XiK�Schrödinger equationKC®²(6.1.1)-B¢¾ 

  
2 2

22
d E

m dx
� �

� - -        (6.2.1) 

-e/��K²(6.1.2).£²(6.1.3)-B
 
  ikx ikxAe Be�� �-        (6.2.2) 
T�K 
  cos sinC kx D kx� �-       (6.2.3a) 
T�K 

  � �'sinA kx� �- 	       (6.2.3b) 

��i kK²(6.1.4)-B
 

  2
2

2mEk �
�

       (6.2.4) 

-��N/���TiK�x��;]�cVes free particle-B¢i*/V���a
byV7e�S¹/�Tº��[��-RS�á�N/:;�y�UeÑÒ 0x � .

£ x L� i � � 0x �- iemNäsmes-s¤ ÒV*/� � �0 0�-  Q²(6.2.3a)]

�AU/- 0C � V�bN/�z] � � 0L �- Q�AU/- 
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  � � sin 0L D kL� �-       (6.2.5) 

²(6.2.5)� 2 Í��� 0D � T�K sin 0kL � �¤Ò� 0D � K�ba] trivial solution

i*/�)UUS�x]ÍsS � � 0x �- -e�SRT¤ab�0��S sin 0kL � iem

Näebes�UeÑÒ 

  kL n� �   � �1,  2,  3,  ...n �      (6.2.6) 

0n � KB¢¾ trivial solutionQzp/�i�sS*/�²(6.2.6)Q²(6.2.4)]�ARS 

  
2 2

28n
h nE
mL

�        (6.2.7) 

Q�/�nKQéi*/abEK--�RRaÖ^�es�UeÑÒ�energyK
���RSs/)quantized0�nK��é)quantum number0-ëÑN/�EK n�è
éi*/�i nQ E� subscript -RSÍmSs/�energy V���RSs/-s¤
�-K�W�W� Planck V;�-RS³AR���i*/V���ih�£¤]� 
Schrödinger equation]�[��Q~ÂU/�-]£^Z®]´S¹/�-Kx*s�
��-�����-i energy V���RSs/-s¤ Planck �;�Våë�ê�N
�ÑmiKes� Schrödinger equation -s¤;�Q·�U/ebäW�abZ®]
energy ����V³aN/�-ë�Ss/âmi*/�1926 !��Æi Schrödinger
Zð�z�£¤]YUSs/� 

"In this communication I wish to show that the usual rules of quantization can be 
replaced by another postulate (the Schrödinger equation) in which there occurs no 
mention of whole numbers. Instead, the introduction of integers arises in the same 
natural way as, for example, in a vibrating string, for which the number of nodes 
is integral. The new conception can be generalized, and I believe that it penetrates 
deeply into the true nature of the quantum rules." 

 

 �S�eigenvalue nE ] CU/ wavefunctionK� 

  � � sin sinn
n xx B kx B
L

� �
�-      (6.2.8) 

i*/V�BK normalization condition 

  � � � �
0

* 1
L

n nx x dx �2- -       (6.2.9) 

£^ì<´¹/�UeÑÒ�²(6.2.8)Q²(6.2.9)]�AU/-� 
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  2

0

* sin 1
L n xB B dx

L
�2

�       (6.2.10) 

<�����K
2
L
]e/ab 

  2*B B
L

�  

��S	 Q?g�Àé-RS 

  2 iB e
L

� 	  

i*/V¶¤«9i�£s	 Qî�-RS 

  2B
L

�         (6.2.11)  

-U/�ØÙ�wavefunctionK 

  � � 2 sin , 0n
n xx x L

L L
�

- � 4 4  � �1, 2,3,...n �   (6.2.12) 

-s¤�-]e/�� 6.2.2] nE � n- �.£ 2
n- Qn�-�s�ab 4Íµ¶]Í

sS��RSs/�nV6t¾e/]ÍNS energyK n�o�]ùãRS6t¾e/
�-�wavefunctionKxyQ]�S 1n � �� node)�0V*/�-V�a/i*Ç¤� 
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� 6.2.2  Zz6� particle in a box]ÍsS � �n x- .£ � �2
n x-  
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 ��iYU�Zz6� particle in a box��KK��^T�ÉF����ý*�þQ
�´U/�]RäRä�sbN/���i�^T�ÉF-Kz]�U£¤eT�ÉF

i*/� 
 
  ethylene  CH2=CH2 
 
  butadiene CH2=CH�CH=CH2 
 
  hexatriene CH2=CH�CH=CH�CH=CH2 
 
  octatetraene CH2=CH�CH=CH�CH=CH�CH=CH2 
 
�����¦1Q���äa^�PfXi���£¤e6te����ý*�þQ�

���±]Ð¤�-Kµ-9¶D>�i*/��ý*�þ-s�S�ÎÏ)�]Ís

S� Bohr modelQÐ��]U�es�Ú-RS�HeabK¢T/½��k�)�
]ÍsSTº�sR�WNab�ÎÏ��e¶�-�e��Q�sR�W��i�w

YR�£¤e6te��í-fX±]¦1RSsaes�-]K�abesKºi

*/�RaR����fXi�¶¤RS�Zë�wY�T�ÉFk��ý*�þ]Í

sSYUS.t�s�̄ (±e�-i�abes�-V*�S�Räb¾KïÓRS

�b�S�âs�s�9e±¤]�ý*�þ��KQÖ^Ð¤�âe�-s¤¡ÉQ

Ía9i�bs�s� 
 w]�R�£¤]�odØWV 1 Í.t]*/£¤eT�ÉFiK�odØW 1
Í]ÍsS 2 �����V��XQZ[]çtÕ�Ss/-ôpSµµgRÒpe
s�ãpä butadieneiK C=C�C=C�/��Zz6�b�aQ 4�����VZ[]
çtÕ�Ss/-ôp/��� 4�����K�energy�Bs��)åorbital,)��0ê

-ë¤0ab�Pauli�)�]��S 1Í���] 2�ºÍ�Y�N/�UeÑÒ� 1-

] 2�� 2- ] 2�A/��¤s¤��V butadiene���-��<e��i�å�Ó�

�)ground state0ê-ë¤�1����V 2- ab 3- ]¦���UeÑÒåÖ×ê�N

���V��-� energy�BsÖ×��)#ZÖ×��T�K	BÖ×��0i*/�
)� 6.2.30 
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-� -�

-�-�

-� -�

�	
��
�����

������
�����  

 
� 6.2.3  butadiene ����Ö�ÔK���]�Y�NSs/���Q�U� 

 
 
 
�� 2 Í���Ó�ÉÔþÕ�g] CU/�2æQ butadiene K��U/�UeÑ
Ò�#Z��Õ�ÉÔþÕ�K�#ZÖ×��-�Ó��-�ÉÔþÕ�g] CU

/��NK� 3- - 2- -�ÉÔþÕ�g]�Rs-ôpS£�W¤i*/�&��(

�-RS���(� em QÖ/-²(6.2.7)£^ 

  � �
2

2 2
3 2 2 3 2

8 e

hE E
m L

� � � �      (6.2.13) 

i*/V� «±]�>RS,£¤���i L�Ö^�V�K-e/� 
 LK C=C�/�135 pm� 2R- C�C�/�154 pm-�j-ôpS�ssV�R
äRäG]x-]WNûNÛÏ)���z�)UeÑÒ C�CZdØW�/�154 pm
���0Q~p���Q L-U/-s¤�°VÖbN/�UeÑÒ���ôpiK 
  135 pm 2 154 pm 154 pm 578 pmL � � � � �  

em .£h�RQ�s� «±]�>U/-� 

  
� �

� � � �

2-34

3 2 231 12 

19

6.626 10  Js 5

8 9.110 10  kg 578 10 m

9.02 10  J

E E
� �

�

� �
� �

� � � �

� �

 

æé]@>U/- 
  4 14.54 10  cm
 �� ��   
-e/�À³iK�butadiene ���K 4 14.61 10  cm�� ]h´�NSs/��9eÉø

e4sþiÀ³RVµµ=P´¹/-KÖ¾µ¶i*/� 
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�Problem 6.2.1 
 hexatriene K���Q 6 �ÄÍ�¯ÆaiÐ�� 1 z6�b�a�&��4sþQ
�s/-�hexatriene # 1 ��ÕK 4 12.8 10  cm�� ]PN/�-V¶<�N/�-Q�

"� 
 
�Problem 6.2.2 
 1z6� particle in a box����]ÍsSx��rR 

  � � � �*n nx x x x d� 2- - 3   

Q5�£� 
 
�Problem 6.2.3 
 ¯ÆiK�a particle in a box� wavefunctionQ�²(6.2.3a)]�+sS5���ª¾
B¢�[��Q²(6.2.2)]ê�U/�-]£�S wavefunction Q5�£�G]WNV
²(6.2.8)-Z8U/�-Q�"� 
 
�Problem 6.2.4 
 T�ÉFKodØW�éV½¾e/]ÍNS���ý*�þV/æ/]_0�U
/�-V�bNSs/����-K ñòi,am/��Q×s´RS,S��a

/i*Ç¤�ãpä×ÙiØ�Ss/ÙÏ�F AK¨$s$QRSs/V�WNKz
]�U£¤]��RSs/odØWQ 5�Ä�Ss/� 

�	
�	


�	


�	


�	��	

�	


 

T�H��Às$��-i*/5��OFKz�]�U£¤]��RSs/odØW
Q 11�Ä�Ss/� 

�	


�	

�	
 �	


�	
 �	
 �	


�	


�	


 
��RSs/odØW�éV4pS$V/æ/]_0�RSs/Ñmi*/� 
 ��ã�£¤]sÇsÇeÖ@�VÍsSsesÊÚeT�ÉF�#Z��Õ�
ÉÔþÕ�QO 6.2.1]�U� 
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O 6.2.1  T�ÉF�#Z��Õ�¥¦ÉÔþÕ� 
 

odØW�é ¥¦ÉÔþÕ�
E
hc
"
) 1cm� ø+0 

1 61,550 

2 46,080 

3 39,750 

4 32,900 

5 29,940 

6 27,470 

7 25,640 

8 24,390 

À³RK  H. H. Jaffe, M. Orchin, "Theory and Applications of Ultraviolet 
Spectroscopy" £^ 

 
 
 
 ��£¤]�odØW�éV4p/]ÍNS��K/æ/]_0�U/P�Q��
��Z[��9^iôp£�odØW�éQ N -RS�z�Úiôp£� 
 (1) ���éK´�a� 
 (2) øØWK´��odØWK´�a� 

 (3) øØW�/�Q C Cr � �odØW�/�Q C Cr � -RS���k�/� LQO"�

��<�w�ãi]�R�£¤]3y�� QAN/��-U/� 
 (4) 	BÉÔþÕ��¥¦K���és¾Íabs¾Íí�¥¦a� 

 (5) ¥¦ÉÔþÕ�Q N � L.£���(� em Q�sSO"� 

 (6) ���æ/�Q�B
]OR�N -�-�èA]ÍsS{Â"£�O 6.2.1�
À³R-�ùúRS{Â"£�)��iå{Â"£ê-s¤ëôQ�s�V´

QR�bssa§�ôpS,£�À³R-�>RQ�âXUS,S�W¤-

aWÑes-aë�S,�-�Çi*T^gÂKes�åþ��ÆiK

Discussion-s¤;*_ÛFV*/VW¤s¤�-Q(�SaRs�C®ZH
ZHV7e�� discussion QU/i*Ç¤���]�'VhbN/��i*
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/�¶¤s¤ discussionQU/aFR,i*/� 
 (7) Ww�{ÂQ±TpS� 10N � �T�ÉF����ý*�þ�æ/Q¶<"

£� 
 
 
 
 
6.3� Qced��\]^ potential 
 
 ��iK�c�d��\]^ potentialQôp�V����iK�W�Ñ/-RSQ
c�d�� potentialQôpS,/�h�Q�p/-�Üe���V�cie¾�Qc
���Raes�-s¤�-i*/�Section 6.2�»W-K�Nâm�üsi*/V�
�bN/ wavefunction ]K6teüsV*/�	�<�e�-K�sÑ\/
åwavefunction �R,´RêV*/�-s¤�-i*^����-���]���i
K��´¹esËð�P�VhbN/�-]e/�sÑä����KK������

	�����bRsD��ZÍi*/-ëp£¤� 
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6.3.1  Qc�d��\]^ potential 
 
 
 
 ÉÔþÕ����K¶�]-�S�ssab�\]�ÓQÉÔþÕ��î�-U
/�W¤U/-�potential�e���VQc-s¤�-]e^�W� potential���

Q 0V -R£¤���-B
�\]K0 x L4 4 �|}]*/-U/�)� 6.3.10UeÑ

Ò 

  
� �
� �
� �

0

0

0 0

0

V x V L x

V x x L

V x V x

� /

� 4 4

� /

 

��£¤ek]ÍsS� Schrödinger equationQ�¾]*��S��³w�� 6.3.1]
�R� 3Í�:; A�B�C]�mSôp£¤�WNûN�:;i� Schrödinger equation
Kz�£¤]e/� 
 

:; A � �0x 4  
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2

2
2
A

A
d k
dx

� �
- -        (6.3.1) 

  � �02
2

2m E V
k

�
�

�
       (6.3.2) 

:; C � �x L<  

  
2

2
2
C

C
d k
dx

� �
- -        (6.3.3) 

:; B � �0 x L4 4  

  
2

2
2 'B

B
d k
dx

� �
- -        (6.3.4) 

  2
2

2' mEk �
�

       (6.3.5) 

�Nb� Schrödinger equationQ�¾]*��SW�ïðK�potential�6t�]£�

S)10 0E V/ �»W-)20 0E V0 �»W-� 2Í�»W]�mSôp/� V*/� 

 

)10 0E V/ �»W 

 ��»W�²(6.3.1)��K 

  'ikx ikx
A Ae A e�� �-  

i*/V�²(6.3.2)� 2k V negative i*/ab kKÊ�é-e/�W�iÀéFQ�
s� k i� F -Öt@p/�UeÑÒ 

  'x x
A Ae A e�� �F F-  

-e/���i x# �$i A- V·$Res��]K 0A � i*/� V*/�UeÑ

Ò 

  ' x
A A e� F-        (6.3.6) 

B
]:; Ci��K 

  'x x
C Ce C e�� �F F-  

i*/V� x# $i·$Res��]K ' 0C � iemNäebes�G]�Wt��
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>��#���]w²�CQu�S LCeF -.¾�)�¤Öt@p/�-]£�SZµ
'KñÑNes�0UeÑÒ 

  � �x L
C Ce� �� F-        (6.3.7) 

Z��:; Bi��K�²(6.2.2)�²(6.2.3a)�²(6.2.3b)�sºN��i�O�N/V
)��iK 0E 0 �»WQôp/�-]U/�0���iK²(6.2.3a)��Q«� 
  sin ' 'cos 'B B k x B k x� �-      (6.3.8) 
-U/���²K²(6.2.3a)-ZhB¢£¤]hp/a�RNesV�̄ (±e�-i

6t¾7e/�UeÑÒ������KiK�- K\]�y 0x � .£ x L� i 0B �-

i*/-s¤��K´�es� A- ( C- VRQÄÍ�-ab�a/£¤]�

wavefunctionK\]�ÁíR,´RSs/��RÇ�6[e��K 0x � .£ x L� i

wavefunction Zð.£W�Ý�V��iemNäsmes�-s¤�-i*/�U
eÑÒ�Tº� 0x � ]S 
  A B�- -         (6.3.9) 

  A Bd d
dx dx

�
- -        (6.3.10) 

V�^rÍ� V*^�G]T� x L� ]S 
  B C�- -        (6.3.11) 

  CB dd
dx dx

�
--        (6.3.12) 

V�^r�emNäebes�²(6.3.9)�²(6.3.12)£^z²Q�/� 
  ' 'A B�         (6.3.13) 
  ' 'A Bk�F        (6.3.14) 
  sin ' 'cos 'C B k L B k L� �       (6.3.15) 
  'cos ' ' 'sin 'C Bk k L B k k L� � �F      (6.3.16) 
²(6.3.13)�²(6.3.16)£^z²Q�/� 

  2 2

2 'tan '
'

kk L
k

� �
�
F

F
      (6.3.17) 

T�K 

  2
2

' '2 tan 2
2

' '1 tan 12

k L k

k L k

�
�

� �� � � �
� �

F

F

      (6.3.18) 

Q�U/- 



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 6: Page 18 

  ' ' ' 'tan tan 1 0
2 2
k L k k k L� �� �� � �� �� �

� �� �F F
     (6.3.19) 

�-RS 

  ' 'tan
2
k L k

� �
F

       (6.3.20) 

  ' 'cot
2
k L k

�
F

       (6.3.21) 

FK 

  
0

2tan
2
mEL E

V E
� �

��
      (6.3.22) 

  
0

2cot
2
mEL E

V E
�

��
      (6.3.23) 

��iWt�Öt@pQU/� 

  2
2
mEL x�
�

       (6.3.24) 

UeÑÒ 

  
2 2

2

2 xE
mL

�
�        (6.3.25) 

�¤U/- 

  
2

2
200

22

E x
mLVE V x

�
� �

�

      (6.3.26) 

-e/�i�²(6.3.22).£²(6.3.23)Kz�£¤]e/� 

  
2

2
20

2

tan

2

xx
mLV x

� �
�

�

      (6.3.27) 

  
2

2
20

2

cot

2

xx
mLV x

�
�

�

      (6.3.28) 

m�L�.£ 0V K»�i*/ab��Nb�²]£�SEK*/á�N�R�,Q

-/�-V�a/�UeÑÒÉÔþÕ�K���RSs/� 
 ²(6.3.27).£²(6.3.28)abx�RQ��±e�i´U�-K´¹esV� «±

em�L�.£ 0V �RVzpbNNäéR±]�¾a�T�K�V0ab�¾�-
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V´¹/� 
 Wt�ã-RS 

  
2

0 220
8
hV
mL

�        (6.3.29) 

�»W]ÍsS�Q5�S,£¤�²(6.2.7)ab�a/£¤]w²�¤Ò
2

28
h
mL
K�c

�d��\]^ potential �»W�ÉÔþÕ��ø+i*/���»W� 4n � �ÉÔ

þÕ�V
2

216
8
h
mL
�n � 5�ÉÔþÕ�V

2

225
8
h
mL
i*/ab���iôp�

2

220
8
h
mL
-

s¤RK 4n � - 5n � � 2 Í�ÉÔþÕ��+�Ó�d��\]QôpSs/Ñmi
*/)�´�� 6.3.2Q��0�²(6.3.29)Q�s/-²(6.3.27).£²(6.3.28)K 

  
2

2 2tan
5
xx
x

� �
� �

      (6.3.30) 

  
2

2 2cot
5
xx
x

�
� �

      (6.3.31) 

-e/� 
 �Q5�/��]�� 6.3.1ai²(6.3.30)���.£��Q x�èé-RS��
�R�?ÌQ5�Ss/�B
]� 6.3.1biK²(6.3.31)]ÍsS����Q�s�
?ÌQ5�Ss/� 
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1 2 3 4 5 6 7 8

-2
-1.5
-1

-0.5
0

0.5
1

1.5
2

y x� tan y x� tany x� tan

y x
x

� �
�

2

2 25�  
 

� 6.3.1a  ²(6.3.30)Q�V0i�¾� 
�V0�?Ì£^��-RS 2.74x � .£ 5.41x � Q�/� 

 
 

1 2 3 4 5 6 7 8
x

-3
-2
-1
0
1
2
3
4

y

y x� cot y x� cot

y x� cot

y x
x

�
�

2

2 25�

 
� 6.3.1b  ²(6.3.31)Q�V0i�¾� 

�V0�?Ì£^��-RS 1.37x � � 4.09x � .£ 6.62x � Q�/� 
 
 
 �V0�?Ìab�Q5�/�Tº�²(6.3.30)��K 
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2

22.74, 3.04
8
hx E
mL

� �  

  
2

25.41, 11.86
8
hx E
mL

� �  

T��²(6.3.31)��K 

  
2

21.37, 0.76
8
hx E
mL

� �  

  
2

24.07, 6.78
8
hx E
mL

� �  

  
2

26.62, 17.76
8
hx E
mL

� �  

Ww�Ø Q��c�d�� potential�»W-ùúRS� 6.3.2]�U� 
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� 6.3.2  �ced��\]^ potential-Qced��\]^ potential 

potentialV .£!QR nE K
2

28
h
mL
�ø+i�RS*/� 

 
 

 	�] wavefunction ]ÍsSYU/�²(6.3.13)�²(6.3.16)���£^�	�±]
K wavefunction-RSz²V5T/� 

  ' x
A A e� F-     x 4 0 

  ' sin ' cos '
'B A k x k x
k

� �� �� �
� �
F-   0 4 4x L   (6.3.32) 

  � �'' sin ' cos ' x L
C

kA k x k x e� �� �� �� �
� �

F-
F

 L x4  

'A Kx��;UUS]ÍsS� normalization conditionab5T/�w²ab�bae
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£¤]� 0x 4 .£x L< �|}i� wavefunction Kî�iKes����-KRä
RäåwavefunctionV potential�ÁíR,´RSs/ê-s¤ëôiOP�N/�²
(6.3.32)Q�sS�À<] wavefunctionQ�sS,S�aÍ�c�d�� potential�»
W)� 6.3.20-ùúRS,/-���åR,´Rê��-K£¾��´¹/Kºi*
/��NK���=s]¿RS.�¤�(Problem 6.3.1) 
 

)20 0E V0 �»W 

 ��»W�²(6.3.2)� 2k K positivee�i kKÀéi*/���S 

A- .£ C- Kz�£¤]e/� 

  sin 'cosA A kx A kx� �-       (6.3.33) 
  sin 'cosC C kx C kx� �-       (6.3.34) 

B- K²(6.3.8)-B¢i£s���i�Aé ,  'A A �.£ ,  'C C Q¶�£¤]«9i�

A- .£ C- K�$ 4 4 �$x �|}i well behavedi*/���SAé]èU/´� 

Ò�es�ÉÔþÕ�Qì�/´� Ò�es�UeÑÒ�ÉÔþÕ�K���RS

ses�&�K 0E V0 �|}X�¶9eÉÔþÕ�Q�Ö^�/-s¤�-]e/� 

 
�Problem 6.3.1 
 ¯�iÉÔþÕ�Q5�� «±e»W]ÍsS�wavefunction Q x�èé-RS
���"£�WNQ�c�d��»W� wavefunction -ùúR�� 6.2.2 -B¢£
¤e�²i�m�)UeÑÒ�� 6.3.2��� 2Í��] wavefunctionQ�tAN/�0 
 
 
6.4� potential�e-îG 
 
 Section 6.2 .£ Section 6.3 �Ñ/-RS�B¢Zz6�XYKçi*/V

0 x L4 4 �|}i�,Qc� potential 0V QÄÒ�W�Ê�x�|}iK potentialQl

mes»WQôp/)� 6.4.10�UeÑÒ Section 6.3iÐ��kV potential�å\]ê
i*/�]�R���iÐ¤�K potential�åeêi*/�x&Kµ-9¶B¢Ö^
ÐsQU/Ñmiu�SYU/µ¶��-�es�RaR=s]�e/i*Ç¤ab

*pSÖ^w�/�-]U/��â�JðÞQ�pS��� potential�e],a�S
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&�VîïU/-s¤ç±e�K]ÍsSôp/� 
 

 

 

 
� 6.4.1  potential�e 

 
 
 �NK�ßà]ùÍa/&��4sþ-ôpbN/����iôp/-¿£K�b
ai*/�UeÑÒ�&�V�-abe]ùÍmbN�k�&�V6ðÄ�Ss�É

ÔþÕ�V potential ÉÔþÕ�£^�6tmNä&�Ke�a]�ß^á�i*Ç
¤�W¤ies»WK&�KeiKÚÛ�N/âmi*/�iK���iK¶¤e/

i*Ç¤aI 
 � 6.4.1]�R�£¤]��³wxëQ A�B�C� 3Í�:;]�m�WNûN�
:;i Schrödinger equationQrS/� 
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  :; A: 
2 2

22
dH

m dx
� �

�    x / 0 

  :; B: 
2 2

022
dH V

m dx
� � �

�   0 4 4x L   (6.4.1) 

  :; C: 
2 2

22
dH

m dx
� �

�    L x/  

�Nb��K�:; A- CiK Section 6.1i�sR�Z[&�-e/�:; Bi�

Z[&�i*^��â E��^] 0E V� -.s��-âmV7e/�UeÑÒ�²

(6.1.2)Q��RSz�£¤]5T/� 

  :; A: 'ikx ikxAe A e�� �-  2mEk �
�

  

  :; B: i ' i ''k x k xBe B e�� �-  
� �02

'
m E V

k
�

�
�

  (6.4.2) 

   :; C: 'ikx ikxCe C e�� �-  2mEk �
�

 

��i����-B
] 0E V/ �»W- 0E V0 �»W]�mSôp/� V*/� 

 Tº� 0E V/ �»WQôp/�-]R£¤� 0 0E V� / i*/ab� 'k K imaginary

-e/�W�i 
  'k i� F  
-RS��Rs real��éFQ³AU/�UeÑÒ 

  :; B: 'x xBe B e�� �F F-  
� �02m V E�

�
�

F   (6.4.3) 

�Nb�²�Aé ,  ',  ,  ',  ,  'A A B B C C K�[��ab5�/�-V´¹/� 
  «±eã-RS�&�V:; A ��-abe]îïU/»WQôp£¤�*/
��KôÚÛ^Z�Ke�a]�ß^á��WNVT��x L� iôÚÛ��^�e

ab|m´�^U/�RaR�¶¤ôpS��:; Ci�-]Y�U/&�K*^�

es���S ' 0C � iemNäebes�
2C  KeQîGU/&���WQ�U�B


]
2A K:; Ai�-]Y�U/&���WQ�U���S

2

2

C
A
K�e��-ab
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e]ùÍa��&�V�eQîGU/E�)transmission probability0Q�U�-]e
/�Wt�NQ5�S,£¤� 
 Tº�:; A�B�C ��[)UeÑÒ 0x � .£ x L� 0i- K��iemNä
ebes� 

  
' '

'L L ikL

A A B B
Be B e Ce�

� � �

� �F F
      (6.4.4) 

T����[i�Ý�V��iemNäebes� 

  
' '

'L L ikL

ikA ikA B B
Be B e ikCe�

� � � �

� � �F F

F F

F F
     (6.4.5) 

b�éK ,  ',  ,  ',  A A B B C� 5Íi*^���²K²(6.4.4)-²(6.4.5)WÑ"S 4Í*/�
��S�WNûN�RQ5�/�-K´¹esV�*/ 1Í��é]�U/ùK5T

/�-]e/�w÷��r��²Q�sS�
C
A
-RSz²Q�/� 

  
� � � �6 72 2

4
ikL L L

C i k
A e ik e ik e�

�
�

� � �F F

F

F F
    (6.4.6) 

�N� complex conjugate *
*

C
A
Q-^�vmWÑ"S�transmission probabilityP-RSz

²Q�/� 

  
� �

2

2 2

0 0

1

1
16 1

L L

C
P

A e e

E E
V V

�
� �

�
�

� �
�� �

� �

F F
     (6.4.7) 

¶as�-K-�a¾-RS6[e�-K��-p 0E V/ i*�S� PKî�ies

-s¤�-i*/�UeÑÒ�&�V*/�WieQîGR�/-s¤�-i*/�

0V E0 i*/ab����iKW¤s¤�-K^�]*^pes����]£�S�

�S�¤s¤�-V×/Ñmi*/V�W�)8K�potential�e�1i wavefunction
V2]î�]ebesi�s¾baR,´RSs/-s¤���i�1iR��-]

*/� 

 z]w-Kq��»W�UeÑÒ� 0E V0 �»WQôp£¤���»W²(6.4.2)� 'k

K÷i*/�- V��i*/-s¤��ab 

  
' '

' '
'ik L ik L ikL

A A B B
Be B e Ce�

� � �

� �
      (6.4.8) 
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T��- �l�V��i*/-s¤��ab 

  
' '

' ' ' '
' ' 'ik L ik L ikL

ikA ikA ik B ik B
ik Be ik B e ikCe�

� � �

� �
     (6.4.9) 

�Nb 4Í���£^z²Q�/� 

  
� � � �6 72 2' '

4 '
'ikL ik L ik L

C kk
A e k k e k k e� �

�
� � �

    (6.4.10) 

��²-W� complex conjugateQvm/�-]£^�transmission probability P-RS
z²Q�/� 

  
� �

2

2 2 2' '

0 0
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1 1
sin '11

4 116 1

ik ik

C
P

k LA e e
E EE E
V VV V

�
� � �

� �� � �� � �� ��� � � �� �

   (6.4.11) 

 	�] 0E V� �»WQôp£¤���»W]K�²(6.4.7).£²(6.4.11)] 0E V� Q

W�TT�AU/Ñm]Ksaes�xYi���ab 0E V� �»W]ÍsS5�/

� V*/��NKÉøi*/ab���=s-RS.�¤�(Problem 6.4.2) 
 

 �Nb�Ø QT-�S����îï]ÍsS 0.1 nmL � � 0 5 eVV �  �»WQã

-RS� 6.4.2]���R�� 
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�Problem 6.4.1 
 ²(6.4.7).£²(6.4.11)QEa�£� 
 
�Problem 6.4.2 

 0E V� �»W]ÍsSîG�E�PQ5�£� 

 
�Problem 6.4.3 

 �c�â�Q�Ò�potentialV 0V i*/£¤eeV*/�(�m�&�V���e

��-abÉÔþÕ�Eie],a�SA�U/�-Qôp/���k�eiKÚÛ

�N/E�)q�Aé0
0

ER
V

� �
� �
� �

Q)a0 0E V/ .£)b0 0E V0 �»W]ÍsS5�

£�Ø K
0

E
V
�èé-RS�U�-� 
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²F�3� 6.4.1].sS�A�B 2Í�:;�,QôpNä£s�q�AéK²(6.4.2)

�÷�i
2'A

A
iO�N/� 

 
 
 
6.5� fg�*/\]^ potential 
 
 Section 6.2- Section 6.3i�d��7e/\]^ potential��KQÐ��V�sº
N�»W�\]�ÓK�i*�����\]�ÓV�iesk]ÍsS� Schrödinger 
equation Q�¾�-Kª«e=s-e/���iKZÍ�ã-RS�Wt]�U£¤
e�fg�*/ potentialQÖ^w�S,£¤�̄ (±]�Rs�-K´�es�Section 
6.2-B¢��i�¾âmi*/ab�e¾�m/�Ki*/� 
 potentialKz�£¤e»WQôp/� 

  
2
Lx�$ 4 4 �   � �V x � $  

  0
2
L x� 4 4 ):; A0 � � 0V x �  

  0
2
Lx4 4 ):; B0 � � 0V x V�  

  
2
L x4 4 $   � �V x � $  

potential�Ì¶Q� 6.5.1]�U� 
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� 6.5.1  fg�*/ potential 
 
 

Schrödinger equation K 0E V/ �»W- 0E V0 �»W-]�mS�aemNäebes

�-KÔTi�sR�G^i*/�Wt� 0E V0 �»W�,QÐ¤�-]U/� 0E V/

�»WK��Zb©,SaRs� 
 Section 6.2.£ Section 6.3Q�sR�Ô-e�SK�:; A.£ B].sS
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K�wavefunctionKz�£¤]e/�-K�bai*Ç¤� 

     :; A: � � � �� �ik L xikx
A x A e e� �� �-      (6.5.1) 

     :; B: � � � �� �'' ik L xik x
B x B e e� �� �-     (6.5.2) 

��i k.£ 'k Kz²izpbN/� 

  2mEk �
�

       (6.5.3) 

  
� �02

'
m E V

k
�

�
�

      (6.5.4) 

²(6.5.1)iK
2
Lx � � i � � 0A x �- -s¤��£^z²Q�/� 

  � � � �'1 1ikL ik LA e B e�� � �       (6.5.5) 

  � � � �i '1 ' 1ikL k LkA e B e�� � �      (6.5.6) 

�NQQ�RS� 

  'cot 'cot
2 2
kL k Lk k� �       (6.5.7) 

Q�/�UeÑÒ� 

  
� � � �0 02 22 2cot cot

2 2
m E V m E V LmE mEL � �

� �
� � � �

 

�NV���R�ÉÔþÕ�EQzp/²i*/��R� L- 0V VzpbNNä��

�±]�T�K�V0±]�¾�-V>�i*/���i 

  2
2
mELx �
�

       (6.5.9) 

-.¾-�²(6.5.8)Kz�£¤]e/� 

  
2 2

2 20 0
2 2cot cot

2 2
L mV L mVx x x x� � � �

� �
    (6.5.10) 

 «±eã-RS 

  
2 2

0 2 2 2

2 4
8
hV

L m mL
� �

�
�       (6.5.11) 

�»WQ-^�²(6.5.10)Q�V0ab�sS,£¤���»W�²(6.5.10)K 
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  2 2cot 1cot 1x x x x� � � �      (6.5.12) 

T�K 

  
2 2tan 1 1

tan
x x
x x
� �

� �       (6.5.13) 

-e/� 
 
 

 
 
 � 6.5.2 ]��²���.£��Qx]ÍsS���RSs/��V0�?Ì
ab��K-éÌWt 3³Ti�Z�i 
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� 6.5.2  ²(6.5.13)��V0]£/�� 
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-5T/�²(6.5.9)Q�s/-� 
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x hE
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       (6.5.14) 

i*/ab�!QR-RSz�Ø V�bN/� 
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2
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� 6.5.3  Ó��be\]^ potential-Ó]fg�*/\]^ potential 
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 ²(6.4.7)KB
e�KQÐ��Atkins�"Molecular Quantum Mechanics"� 43k�²
(3.2.5)-µ9�JR7e�Ss/�¯ lecture note��V÷Rs-�K_¢Ss/�T
��(K^ Atkins�9��� 44k] proton- deuteron]ÍsS�îGE���Vz
pbNSs/V�̄ lecture note�� 6.4.2]�R���]ùUS 1000R�ds)�]

ÍsSK 0E V/ �»W]KîG�E�Kc^e¾î�]�sRi*^�Atkins ��>

Óüs�£¤i*/� 
 
 
6.6� hz6�b�a�&� 
 
 ¯¬iK�Section 6.1ab Section 6.5TiUUS�Zz6� Schrödinger equation]
óQc�S¹�V�	�]�hz6�b�a�Z[&���KQ�sRS.t�s�

�NK Section 6.2i�sR�Zz6�b�a�Z[&��øÊeÑ/iK*/V��
�].m/½¾��K)ãpä�T���±]3«�����²Q³´R�^�XY

Kç]èU/"Y�Q³´R�^U/�K0]D��N�d e�Ki*/�Section 
6.2��sQãÚS�sU/�V£aÇ¤� 
 ��/�VWNûN a� b�.£ ci*/é�«Qôp�W�é�«�aiK
potentialKî��W�eQ]�SÁ-iK potentialV�$i*/-ôp/�UeÑÒ 

  
� �
� �

, , 0  for 0 ,  0 ,  0

, ,   otherwise

V x y z x a y b z c

V x y z

� 4 4 4 4 4 4

� $
   (6.6.1) 

b�X-iK Schrödinger equationKz�£¤]OÑ�N/� 

  � � � �
2 2 2 2

2 2 2 , , , ,
2

x y z E x y z
m x y z

- -
� �� � �

� � � �� �� � �� �

�    (6.6.2) 

 ��h�é�0l���²i*/ Schrödinger equation Q�¾]*�^�Tº�
eigenfunctionK x�,�èé�y�,�èé�.£z�,�èé��-RSOÑ�N
/-;<U/�UeÑÒ 

  � � � � � � � �, ,x y z X x Y y Z z- �      (6.6.3) 

��£¤];<U/-�²(6.6.3)�£¤e�iOÑ�Nes�Qh¤-RSRT¤�
iKesa-@�U/H�s£¤�RaR��R²(6.6.3)����V<�bN��[
��QX¨U/ebäB¢�[��QX�UÊ����K¼ERes�-Vé�±

]��NSs/��NVsÑ\/�é�ö�-ëÑN/��i¯ lecture notei�Ui

]´Õa�sSs/�²(6.6.3)Q²(6.6.2)]�AR�ª«Q � � � � � �X x Y y Z z i�/�
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-]£^z²Q�/� 

  
� �

� �
� �

� �
� �

� �2 2 2

2 2 2 2

1 1 1 2 0
X x Y y Z z mE

X x x Y y y Z z z
� � �

� � � �
� � � �

  (6.6.4) 

UeÑÒ 

  
� �

� �
� �

� �
� �

� �2 2 2

2 2 2 2

1 1 1 2X x Y y Z z mE
X x x Y y y Z z z

� � �
� � � �

� � � �
  (6.6.5) 

��²���K x�,�èéi�Z���K y- z�,�èéi*/�W�x&V�
Rs-s¤�-Kx�-�*/<é]�Rs-s¤�-Q�RSs/���<éQ�

ãpä kx-i�.mäss�i*Ç¤V�ãpä²(3.1.5).£²(3.1.6)Q����

�iK�²(6.6.4)��Qôp���<éQ 2

2 xmE
�

�
-.¾�-]R£¤� 

  
� �

� �2

2 2

21 xd X x mE
X x dx

� �
�

      (6.6.6) 

��iKZ�é�,i*/ab0l���²Qñl���²-RS�täpS*/�

²(6.6.4)].sS� , ,x y zK�Ý±]PÑN/�iª¾B¢ö�QCSK�/�-]£
^�z� 2Í�²Q�/� 

  
� �

� �2

2 2

21 ymEd Y y
Y y dy

� �
�

      (6.6.7) 

  
� �

� �2
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21 zd Z z mE
Z z dz

� �
�

      (6.6.8) 

 ²(6.6.6)-²(6.6.8)Q²(6.6.4)]�AU/�-]£^ eigenvalueEK 

  x y zE E E E� � �        (6.6.9) 

�£¤]OÑ�N/�-V�a/�ØÙ 3 �é�0l���²(6.6.2)VZ�é�ñl
���² 3Í-RS�tOU�-V´¹�Ñmi*/� 
 ²(6.6.6)-²(6.6.8)K�Ui]�s�²(6.2.1)-ª¾B¢�QRSs/�i���ª
¾B¢�-RS5T/�UeÑÒ�eigenfunction]ÍsSK²(6.2.12)-B
] 
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eigenvalue]ÍsSK²(6.2.7)-B
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WwQT-��²(6.6.2)��-RS	�±]z�Ø V�bN/� 
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22 22

2 2 2

8, , sin sin sin

, , 1, 2, ...
8

yx z
x y z

n x n y n zx y z
abc a b c
nn nhE n n n

m a b c

�

� �
� � � �� �� �

� �

� � �-
  (6.6.12) 



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 7: Page 1 

CHAPTER 07 
 

ij.ç� 
 
 
 ��¬iK�����].sS��-�d e�K� 1 Íi*/ij.ç�
)harmonic oscillator0QÖ^Ð¤�harmonic oscillatorK�kVW�����abºN
�k]�-]gÇ¤-U/�V�����ab�ºN]ùãRSs/»W]PN/�

.^�(äÚ�.çK������si�£¾´S¹/ãi*/�����Bi�ã

K�o)����)��.ç(�!«a�·�)��.çe¶V*/���»Wµ¶

�baiKesa�RNesV��2æ�»� harmonic oscillator�HW-RSÖ^Ð
¤�-V´¹/�G]�harmonic oscillatorQÐ¤é�±Ò�K�����sÇsÇe
�BiÚ^ÛR´S¹/�i�W¤s¤gÂab�6��¯±id e�Ki*/� 
 
 
7.1� Hooke��#]�¤k]ÍsS� Schrödinger��² 
 
 ZyVe]!<�N�äÚQôp/�Z®�/�ab xâmäÚQ�äR�k�T
�K xâm²R���k�W��+]ùãR��i�-]gÇ¤-U/��NK£¾
�bN� Hooke��#i*/���»W�ùã<é kK��<é)force constant0-
[äN/� 
 

�  
 

� 7.1.1 ��±eCÔ 
 
 
Tº���iôpS,£¤�äÚ�yy]ÍsSs/Á«]aa/�K kx� i�

potential V K 

  � � 21
2

V x kx�        (7.1.1) 
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iO�N/�)L3potentialQl�RSx�Q�p���V��UeÑÒ� � �dV x
F

dx
� �

i*/�0���iK�Newton�Kç��²)#o�#0 

  
2

2

d xm kx
dt

� �        (7.1.2) 

��-RS 

  � �0cos 2x A t t� ��
       (7.1.3) 

V�bN/���i AK.�� 02 t�
 K+ gQOU�
 K.çéi 

  1
2

k
m

�

�

       (7.1.4) 

Kç�ÉÔþÕ�TK 

  � �
2

2 2 2 2
0

1 2 sin 2
2

dxT m m A t t
dt

� �� � �� �
� �

� 
 �
  

potential V K 

  � �2 2 2 2 2
0

1 2 cos 2
2

V kx m A t t� � �� 
 �
  

��S�ªÉÔþÕ�EK 

  2 2 2 212
2

E m A kA� �� 
       (7.1.5) 

-e/�UeÑÒ����iKE�R]>]�cKes� 
 z]���iôp£¤�Schrödinger equationK 

  � � � � � �
22

2
2

1
2 2

x
kx x E x

m x
�
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�

� -
- -     (7.1.6) 

-e/�W�����²Q�¾�-Qôp/V�W��]Ò¯�- potentialQhS,
£¤� 
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� 7.1.2 
ij.ç].m/ potential)2zèé0 

 
 
 potentialK�Á�iO�N/�i� 7.1.2�£¤]e/V��NQ� 6.3.2�\]^
potential-ùUS,/�\]^ potential�»W]K\]�yi 0V � abV � $TiÆ
é]rÒwV�Ss/�]qR��Á�� potential�»W]K� 0V � abV � $Ti
�4~V�Á�i*/ab�V V�c6]e/�V\�¾^-e�Ss/�W�ÊK
£¾°Ss/-ëp£¤�W¤s¤Ñmi wavefunction�°Ss/�iKesa-ú
û�N/��â�ÔÕK�potential�4~V\�¾^e�iwavefunctionV�� potential
�Á-]´/åR,´RêV*/-ôpbN/���úûV¶���÷Rsa�WN

K Schrödinger equationQ�sSab�.FR,-R£¤� 
 
 
7.2� Hermite�l���² 
 
 Schrödinger equation (7.1.6)KW¤Éø]�mW¤�es�i�hGRQ£¾U/�
�]�é�Öt@pQRS,£¤�²(7.1.6)K 

  � � � �
2 2

2 2 2

2 0
d x mE mkx x
dx

� �
� � �� �
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-
-     (7.2.1) 

-e/V�#2{�°±�a�2Í�{QWNûN&.£ 2 2x5 -.¾�-]R£¤�

UeÑÒ 
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��Öt@pi Schrödinger equationK 
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2

2 2
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d x
x x

dx
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-
& 5 -      (7.2.3) 

-e/V���iG]�z6��é�Q³ARS 
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�

� 5       (7.2.4) 

-.¾-�²(7.2.3)K 
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2
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d
d
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� � �� �
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     (7.2.5) 

-e/����]RS,�-�Çi�V¶¤e/a�ºR�K�t^Res� 
 W�iTº�V6tsLci¶¤e/aQôpS,£¤���»WK 2� ]�RS
&
5
Q�?´¹/ab²(7.2.5)K 
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2

2
2 0

d
d

� �
- �

� - �
�

  � �# $�    (7.2.6) 

-e/��NQ�¾��]�;] 

  � � � �2exp a�- � �       (7.2.7) 

-.sS,£¤� aK parameter i²(7.2.6)V�^rÍ£¤]ì�/�²(7.2.7)Q²
(7.2.6)]�AU/- 

  � � � �2 2 2 22 4 exp 0a a a� � �� � �  

UeÑÒ 

  � �2 24 1 2 0a a� � ��       (7.2.8) 
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2
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2
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2
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�� �

� �

�
�¶Òb�²(7.2.6)QX¨U/�RaR�Chapter 04i�sR

�å � �- � K wavefunctioni*^ well behavediemNäsmesê-s¤ Ò�å]�



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 7: Page 5 

�&K·�´¹es���S � �- � � asymptotic solution-RS 

  � �
2

exp 0
2

� �
� � �� �

� �

�- �   � �# $�    (7.2.9) 

Q�/���£¤]� # $�»W� asymptotic solution V5T��-�Çi�s£s
£²(7.2.5)� Schrödinger equationQôp/�i*/V���i�²(7.2.5)��K 

  � � � �
2

exp
2

H
� �

� �� �
� �

�- � �       (7.2.10) 

��iO�N/-;<U/� � �H �  K��èéi��iì<U/�-]U/�²(7.2.10)

Q²(7.2.5)]�AU/-z²Q�/� 

  � � � � � �
2

2 2 1 0
d H dH

H
d d

� �
� � � �� �

� �

� � &� �
� � 5

    (7.2.11) 

�NK Hermite's differential equation-RS�bNSs/l���²i*/�£¾�b
NSs/l���²i�é��9��]�VzpbNSs/ab�WNQW�TT�

s/-s¤Ò�esÑmiKes�RaR���iK�é��¯]æbº] � �H � �

�Q5�/�-Qôp£¤� 
 
 
7.3� mné�]£/ Hermite�l���²�� 
 
 ��iK�Hermite �l���²(7.2.11)Qmné�i�t�aÍ Hermite �½{²
-ëÑN/��'(QiUS,£¤� 

 Tº � �H � K�� power seriesi��´¹/-;<RS,£¤� 

  � � 2
0 1 2 ...H a a a� � � �� � �      (7.3.1) 

�N£^z²Q�/� 

  � � 2
1 2 32 3 ...

dH
a a a

d
� � � �

�
� �

�
     (7.3.2) 

  � �2
2

2 3 42 1 2 2 3 3 4 ...
d H

a a a
d

� � � � � � �
�

� �
�

    (7.3.3) 



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 7: Page 6 

�Nb�²Q²(7.2.11)]�ARS���+m]XU/� 

  

2 0

3 1

2
4 2

3
5 3

1 2 1

2 3 1 2 1

3 4 1 2 2

4 5 1 2 3

...
0

a a

a a

a a

a a

&
5

& �
5

& �
5

& �
5

� �� �
� � �� �� �

� � !
� �� �

� � � � � �� �� �
� � !

� �� �
� � � � � �� �� �

� � !
� �� �

� � � � � �� �� �
� � !

�
�

     (7.3.4) 

w²Vsae/��Ri��^r�emNäsmes-s¤�-ab�z��²V�
bN/� 

  2 01 2 1 0a a� �
� � � �� �

� �

&
5

 

  3 12 3 1 2 1 0a a� �
� � � � � �� �

� �

&
5

 

  4 23 4 1 2 2 0a a� �
� � � � � �� �

� �

&
5

 

  5 34 5 1 2 3 0

...

a a� �
� � � � � �� �

� �

&
5      (7.3.5) 

Zµ²K 

  � �� � � �21 2 1 2 0 0, 1, 2, ...m mm m a m a m�

� �
� � � � � � �� �

� �

&
5

  (7.3.6) 

�Nab�a/£¤]��R� 0a VzpbNNä� 2a � 4a � 6a �...��é{VìT/�

B
] 1a VzpbNNä 3a � 5a � 7a �...�Èé{VìT/�-]e/�ã-RS	ò

�é{Q5�S,£¤� 
 mV�é�»W]K 

  2 0
1 1

2 1
a a� �

� � �� �� � �

&
5

      (7.3.7) 
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4

0

1 1 2 2 2
3 4

1 1 1 2 2
4!

a a

a

� �
� � � � �� �� � �

� �� �
� � � � �� �� �

� �� �

&
5

& &
5 5

     (7.3.8) 

 T�mVÈé�»W]K 

  3 1
1 1 2 1

2 3
a a� �

� � � � �� �� � �

&
5

     (7.3.9) 

  
5 3

1

1 1 2 3
4 5

1 1 2 1 2 3
5!

a a

a

� �
� � � � �� �� � �

� �� �
� � � � � �� �� �

� �� �

&
5

& &
5 5

     (7.3.10) 

��£¤e power series -RS5T/ � �H � V¶�£¤e'(QÄ�Ss/am�6

ts-�ÇQ{ÂRS,£¤�Zµ]�power seriesV�¼U/a¶¤aK���R�

m�Aé�ùQ-�S,Nä�a/-s¤�-ab� 2n

n

a
a

�  QiUS,£¤��V6

ts-�ÇiKnV6ts-�Ç�,QôpNä£sab� 

  2
2

2 2m

m

a m
a m m

� # �   � �m# $     (7.3.11) 

��i � �2exp � ���Q×s×�W¤� 

  � �
4 6

2 2exp 1 ... ...
2! 3! !

2

m

m
� � � � � � �

� �
� �
� �

� � �� �     (7.3.12) 

��i m� �AéQ mb -.¾- 

  2

!
22

1 !
2

m

m

m
b

mb m
�

� �
� �
� �� �

� ��� �
� �

      (7.3.13) 

-e�S²(7.3.11)-B¢èA]*/�-V�a/�UeÑÒ��V6ts-�ÇiK

� �H � Kµµ � �2exp � �£¤e�]e/�-V�a/� � �H �  V � �2exp � �£¤]./

/¤-s¤�-ab�²(7.2.10)Qô6U/-�Schrödinger equation��-RS� � �- �
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V � �2exp � �£¤].//¤-s¤�-V´¹/���£¤eèéK�V6ts1i

·$RSRTs��ba]�wavefunction -RSKá�Nesèéi*/���DÄ
WQªm/]K�²(7.3.1)���V�*/Qc�miäTNä£s�W�»W]K�

²(7.2.10)� � �2exp � �õJV¶9e½{²�4~£^�K/a]23i*/��]�

# $� i � � 0#- � -e/�ÍT^�²(7.3.6)].sS� 1�
&
5

 V 2n]�R¾� 2m n< �

�UUS� ma Vî�]eNä£s�i*/� 

  1 2n� �
&
5

       (7.3.14) 

]&.£ 5�<�²(7.2.2)Q�AR�aÍ²(7.1.4)Q�s/- 

  � �1 1 0, 1, 2, ...
2 2n

kE n h n n
m

� � � �� � � � �� � � �
� � � �

� 
    (7.3.15) 

V�bN/��âR�EVn�èé-RSzpbNSs/�i� nQE� subscript-
RSÍmSs/� 

 ²(7.3.15)ab�a/£¤] energy K���RSs/������K� � �- �  V

# $� i·$RSKebes�UeÑÒ� � �- �  V well-behavediemNäebes

-s¤��ab´S¹/�energyV5T���i�z] wavefunctionQ5�S,£¤�
²(7.3.14)Q²(7.3.7).£²(7.3.8)]�AU/- 

  � �2 0
1 2

2 1
a n a� �

�
      (7.3.16) 

  � �� �4 0
1 2 2 4
4!

a n n a� �       (7.3.17) 

V�bN/���£¤eÞ¥QÚ^ÛRS� � �nH �  Q5�/�-KÉøe=si*

/�)Problem 7.3.10�Ø Kz�£¤]e/� 

  
� � � � � �� �2 3

2 4 6
0

2 2 2 2 421 ...
2! 4! 6!

                                                               (for  even )

n

n n n n nnH a

n

� �� � �
� � � � �� �

 !
� � � �

 (7.3.18) 

��inQ � �H � � subscript-RSÍm�V��NK� � �H �  �½{²V n� �{i[
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N/�-Q�U�--U/� 
 ª¾B¢£¤]�²(7.3.14)Q²(7.3.9).£²(7.3.10)e¶]�AU/�-]£^n
VÈéi*/»W�²�5T/� 

  
� � � � � �� �2

3 5
1

2 1 2 1 3
...

3! 5!

                                                              (for  odd )

n

n n n
H a

n

� �� � �
� � � �� �

 !
� � � �

  (7.3.19) 

 �Nb�²i 0a - 1a ]�RSK´��c�es�i�Ò]ì�S£s�Zµ]K�

� �nH �  ].sS����-��z�{UeÑÒ� n�  �AéV 2n]e/£¤] 0a -

1a Qì�/�VFGi*/���£¤]ì�/- � �nH � -RS	�±]z�²V�b

N/� 

  

� � � �

� � � �� �

/ 2

2 3
2 4 6

1 !

!
2

2 2 2 2 421 ...
2! 4! 6!

                                                             (for  even )

n

n

n
H

n

n n n n nn

n

�
�

� �
� �
� �

� �� � �
� � � � �� �
 !

�

� � �   (7.3.20) 

  

� � � �� � � �

� � � �� �

1 / 2

2
3 5

1 2 !
1 !

2

2 1 2 1 3
...

3! 5!

                                                      (for  odd )

n

n

n
H

n

n n n

n

��
�

�� �
� �
� �

� �� � �
� � � �� �
 !

�

� � �    (7.3.21) 

	ò�é{]ÍsS� «±e�QO 7.3.1]T-�S.¾� 
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O 7.3.1  Hermite �½{²�s¾Ía 
 

� �0 1H ��  

� �1 2H �� �  

� � 2
2 4 2H � �� �  

� � 3
3 8 12H � �� � �  

� � 4 2
4 16 48 12H � � �� � �  

� � 5 3
5 32 160 120H � � �� � � �  

� � 6 4 2
6 64 480 720 120H � � � �� � � �  

� � 7 5 3
7 128 1344 3360 1680H � � � �� � � � �  

� � 8 6 4 2
8 256 3584 13440 13440 1680H � � � � �� � � � �  

� � 9 7 5 3
9 512 9216 48384 80640 30240H � � � � � �� � � � �  

� � 10 8 6 4 2
10 1024 23040 161280 403200 302400 30240H � � � � � �� � � � � �  

� � 11 9 7 5 3
11 2048 56320 506880 1774080 2217600 665280H � � � � � � �� � � � � �  

 
�Problem 7.3.1 
 ²(7.3.18).£²(7.3.19)Q³´"£� 
 
�Problem 7.3.2 
 �� sectioniK Hermite�l���²Qmné�i�s�V�����Q�sS�
l���² 

  � � � �
2

2
2 0

d f x
k f x

dx
� �       (7.3.22) 

Q�sS,£¤��ÒÇ9����K 
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  � � cos sinf x A kx B kx� �       (7.3.23) 

-e/�-K�a�Ss/V���iKW��Q�bº]�mné�i�¾�-Qô

pS,£¤� 

 Tº� � �f x  Q x�mi��U/� 

  � � 2
0 1 2 ...f x a a x a x� � � �      (7.3.24) 

��²Q²(7.3.22)]�AR� x�m��{QH�/�-]£^�z�²Q³m� 

  � � 2
21 0n nn n a k a �� � �   for 2n <    (7.3.25) 

��²]£^��R� 0a VzpbNNä� 2a � 4a �...�VUUS��é{V5T/�

B
] 1a VzpbNNä� 3a � 5a �...�VUUS�Èé{V5T/�UeÑÒ� 2n <

� na KUUS 0a - 1a i��SO�N/�W�Ø Q²(7.3.24)]�AR�Ø K²

(7.3.23)-�R¾e/�-Q�"���»W²(7.3.23)� A.£BK¶¤O�N/a� 
 
 

[Let’s play with Mathematica] Hermite polynomial 

 
 Hermite�½{²� «±eèé�KzéV 0ab 5+TiKsÇsÇe9��]
d�Ss/�i� V*NäsÍi�iU/�-V´¹/�RaR�zéV6t¾e

/-)ãpä 10n � Ww0èé�QhÍm/�-K¦��Ñ'i*/�ús]��

MathematicaiK Hermite�½{²V HermiteH-s¤X�i<��NSs/�i� 
]D¢S¶9en]ÍsS�èé��éÒ]�bN/�   
 ãpä� 0n �  ab 11n � Ti�èé�QUUS�F�R�mNäWt]�U£

¤]UNä£s� 
 
Do[Print["H(", n, ", x) = ", HermiteH[n,x]], {n,0,11}] 
 
MathematicaKéÒ]Wt�£¤eØ QzpS¾N/� 
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�
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�
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�
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	�����������������������

�

����������������������
���������

	����������������������
���

�

����������������������������������������

	����������������������������������

�

�������������������������
��������������������

	����������������

��������
������������

�

�������������������������������������������������������

	���������������
���������
��������
�������������

�

��������������������������
�������������������������������

	�������
��������������������
���������������������

�

���������������������������������������������������������������������������

	���������
�������
������������
��������������������
��������������

�

�������������������������������
������������������������������������������������

	��������������������������������������������������������
�������������

�
 
 
7.4� Hermite�½{²]èU/oh�'( 
 
 Hermite�½{²K²(7.3.20).£²(7.3.21)izpbN�V�z�²i�<��N
/� 

  � � � � � � � �2
2

exp
1 exp

n
n

n n

d
H

d
�

� �
�

� �
�

    (7.4.1) 

 
�Exercise 7.4.13 
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 ²(7.4.1)Q�sS � �0H � � � �1H � �.£ � �2H � Q5�£�)Problem 7.4.1��0 

 
n�p3 
 
 ²(7.4.1)i 0n � -.¾ 

  � � � � � �2 2
0 exp exp 1H � � �� � �  

1n � -.¾- 

  

� � � � � � � �

� � � � � �6 7

2
2

1

2 2

exp
1 exp

d

1 exp 2 exp

2

d
H

�
� �

� � � �

�

�
� �

�

� � �

�

 

2n � -.¾- 

  

� � � � � �

� �� � � �

2 2
2

2 2

2 2 2

2

d exp
exp

d

exp 2 4 exp

4 2

H
�

�

� � � �

� �

�
� �

�

� � �

�

 

 
 
 
�S�²(7.4.1)Q�]ÍsSl�U/� 

  
� � � � � � � � � � � � � �

� � � �

2 1 2
2 2

1

1

exp exp
1 2 exp 1 exp

2

n n
n nn

n n

n n

d ddH
d d d

H H

�

�

�

� �
� � � �

� �

� ��
� � �

� � �
� � �

 

          (7.4.2) 
 
��²Q 2Õ�sS 
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� � � � � � � �6 7 � � � �6 7

� � � � � � � �

2

1 1 22

2
1 2

2 2 2 2

2 1 2 4

n
n n n n n

n n n

d H
H H H H H

d

H H H

� � �

� �

� � � � �

� � � �

�
� � � � � � � �

�

� � � � �
 

          (7.4.3) 

�Nb� 2Í�èA²Q²(7.2.11)]�AR�aÍ 1�
&
5

Q 2n-Öt@p/- 

  � � � � � � � �2 12 2 1 0n n nH H n H� �� � � �� � � �  

T�K 1n � Qn-Öt@pS 
 
 

  � � � � � �1 12 2 0n n nH H nH� �� � �� � � �     )7.4.40 

 
 
-s¤�ñ]Q�e recursion formula V�bN/�T����²Q²(7.4.2)]�AU
/-�z�Q�e²V�bN/� 
 
 

  � � � �12n
n

dH
nH

d
�

�
� ��       (7.4.5) 

 
 
z]�²(7.2.10)UeÑÒ 

  � � � �
2

exp
2n nH

� �
� �� �

� �

�- � �      (7.4.6) 

Vé?kQeU�-Q�R�aÍ�ðª�<éQ5�/�-Q©,£¤��³wm n4
-ôp/�²(7.4.1)Q�sS� 
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  � � � � � �2expm nH H d
�$

�$

�2 � � � �  

  � �� � � �2exp
1

n
n

m n

d
H d

d

�$

�$

�
� �2

�
� �

�
 )����QRS0 

  � � � � � � � � � � � �1 2 1 2

1 1

exp exp
1 1

n n
n n m

m n n

d ddH
H d

d d d

�$
� ��$

� �
�$

�$

� �
� � � � 2

� ��
� �

� � �
  

    )# 1{Kî��# 2{]²(7.4.5)Q�sS0 

  � � � � � �1 2
1

1 1

exp
1 2

n
n

m n

d
m H d

d

��$
�

� �
�$

�
� � 2

�
� �

�
 

��Þ¥QÚ^ÛRSÍs]z²Q�/� 

  

� � � � � � � � � � � �

� � � �

2
2

0

1 2

1

exp
exp 1 2 !

exp
1 2 !

0 for                                   

n m
n m m

m n n m

n m
n m m

n m

d
H H d m H d

d

d
m

d

n m

��$ �$
�

�
�$ �$

�$
� �

�

� �

�$

�
� � �

�
� �

� 0

2 2
�

� � � � � �
�

�

�
(7.4.8) 

�Ni � �nH � Vé?kQeRSs/�-Vë��N��z]ðª�8�Q5�£¤�

n m� �»W]K�²(7.4.8)� 1®y�²£^ 

  
� � � � � � � � � �22 2exp 1 2 ! exp

2 !

n n
m n

n

H H d n d

n

�$ �$

�$ �$

� � � �

�

2 2� � � � � �

�

  (7.4.9) 

a¾RS 

  � � � � � �
21 exp 0, 1, 2, ...

22 !n nn
H n

n
� �

� � �� �
� �

�- � �
�

  (7.4.10) 

K�MN].sS orthonormal setQ¥/�-Vë��N��²(7.4.10)� � �n- � K�²

(7.4.9)]�R�£¤]��z6MN��]ÍsSðª��NSs/�-]LgUUt
i*/�PÀ�ij.ç���-RSK�/��z6QÄ�� xMN]ÍsSðª�

R��Vss-s¤ôp��*/���»W]K²(7.2.4)]ÙyRS�²(7.4.10)� 4
1
5
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R]Res-smes�UeÑÒ� 

  � � � �2 2exp 1nH dx
�$

�$

� �2 � �      (7.4.11) 

£^ 

  � � � � � �
21 exp 0, 1, 2, ...

2
2 !

n n
n

H n
n

� �
� � �� �

� �

�- � �
�
5

  (7.4.12) 

V�xMN].sS orthonormal setQ¥/�²(7.4.10)-²(7.4.12)K�ø]�normalization
].m/MNV7e/��]�normalization factor âmV7e/��i*^�T�b
ÑRs�iLgQ U/� 
 ��£¤]2Í�7e��normalization���V*/-s¤�-KÀ]ç(ePÀ
i*/��aV normalization�üs]U�es-Ks�S��PÀ]�Á����>

e¶i½¾�HVÓü�SRT¤�²(7.4.10)-²(7.4.12)- 4
1
5
�8�âm7e/��

Q¶Òb� � �n- � -s¤B¢÷�iOU-s¤�-KJTRs�-iKes�W�

i�¯ lecture note iK�Wt]YU/£¤eç¼QRS normalization�gQK�t
^�"/�-]U/V�Zµ]·��NSs/��iKes�¯ lecture noteiK�]

ÍsSðª��NSs/èéK²(7.4.10)-B¢¾ � �n- � -OR�Z�� x]ÍsSð

ª��NSs/èéK²(7.4.12)��^] � �n x- -OU�-]U/�UeÑÒ 

  � � � � � �
21 exp 0, 1, 2, ...

2
2 !

n n
n

x H n
n

� �
� � �� �

� �

�- �
�
5

  (7.4.12') 

-U/�²(7.4.12)�²(7.4.12')�W�W�B¢èéi*^���èéi*/-�] x�

èéii�*/�-i*/ab�WNQ � �n- � -OW¤V � �n x- -OW¤V¶Òbi

�£sÑmi*/�RaR�¯ lecture note]c^�x]ÍsSðª�R��-QK�
t^�"/��]*pS²(7.4.12')�£¤]OU�-]U/� 
 Ww�ç¼QÍ���z�²iORS.¾� 

  � � � � 1n n d
�$

�$

�2- � - � �  
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  � � � � 1n nx x dx
�$

�$

�2- -  

 e.�¾¶s£¤i*/V�w]YU�£¤]� � �n- �  - � �n x- Q��£¤]à

s�m/�-K¯ lecture note]c�S�ç¼-@�SµRs�Zµ]>�bNSs/
��iKes�ãpä�Eyring, Walter, Kimball�"Quantum Chemistry"� page 77� 5.50

²� � �n- � K x]ÍsSðª�N���Q�U�UeÑÒ¯ lecture note �²(7.4.12')

�gÂi�sbNSs/�T��Atkins�"Molecular Quantum Mechanics"�2nd edition
� page 52�²(3.5.5)K�¯ lecture note�²(7.4.12')-B¢�iO�NSs/V�WN
K�)Atkins�¯iK y-s¤�é]e�Ss/V0]ÍsSðª��N��̄ lecture 
note �²(7.4.10)�gÂi�sbNSs/��� 2 Í�,QùU/-��²±]K¯
lecture note-è]e�Ss/V�T¶Ñ�Nes£¤]LgRSµRs� 
 Ww�6�/¾aa��V�harmonic oscillator]èU/ Schrödinger equation (7.2.5)
]�U/ eigenvalue (7.3.15)- eigenfunction (7.4.10)V5T��Ñmi*/�³´]ÒÓ
Ö���i�Í���T-�S.�¤� 
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ij.ç�]èU/d �²T-�3 
 Schrödinger equationK 

  � � � � � �
22

2
2

1
2 2

x
kx x E x

m x
-

- -
�

� � �
�

�     (7.1.6) 

i*/V���i 

  
2

2
2

2

2

2

mE

mk m

�

� �� � � �
� �

�

� �

&

� 
5
      (7.2.2) 

  4
2

kmx x� �
�

� 5       (7.2.4) 

�Öt@pQU/-�Schrödinger equationK 

  � � � �
2

2
2 0

d
d

� �
� � �� �
� �

- � & � - �
� 5

     (7.2.5) 

-e/��� Schrödinger equation� eigenvalueK 

  � �1 1 0, 1, 2, ...
2 2n

kE n h n n
m

� � � �� � � � �� � � �
� � � �

� 
    (7.3.15) 

i*/��âR���i 

  1
2

k
m

�

�

       (7.1.4) 

i*/� 
 eigenfunctionK�MN]ÍsSðª��NSs/��K 

  
� � � �

� � � �

2

2

1 exp
22 !

1 0,1, 2, ...

n nn

n

H
n

d n
$

�$

� �
� �� �

� �

� �2

�- � �
�

- � �
    (7.4.10) 

i*^�Z�� xMN]ÍsSðª��NSs/��K 

  

� � � �

� � � �

2

2

1 exp
2

2 !

1 0, 1, 2, ...

n n
n

n

xx H x
n

x dx n
$

�$

� �
� �� �

� �

� �2

5- 5
�
5

-

    (7.4.12') 

-e/� 
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 � �n- � � «±eèé�Q�O 7.4.1]s¾Ía� n]ÍsST-�S.¾ 

 
 
 

O 7.4.1 

� �n- � �èé�) 0 10n � � 0 

 

� � 2
0 4

1 1exp
2

- � �
�

� �� �� �
� �

 

� � � �2
1 4

1 1exp 2
22

- � � �
�

� �� �� �
� �

 

� � � �2 2
2 4

1 1exp 4 2
22 2

- � � �
�

� �� � �� �
� �

 

� � � �2 3
3 4

1 1exp 8 12
24 3

- � � � �
�

� �� � �� �
� �

 

� � � �2 4 2
4 4

1 1exp 16 48 12
28 6

- � � � �
�

� �� � � �� �
� �

 

� � � �2 5 3
5 4

1 1exp 32 160 120
216 15

- � � � � �
�

� �� � � �� �
� �

 

� � � �2 6 4 2
6 4

1 1exp 64 480 720 120
296 5

- � � � � �
�

� �� � � � �� �
� �

 

� � � �2 7 5 3
7 4

1 1exp 128 1344 3360 1680
296 70

- � � � � � �
�

� �� � � � �� �
� �

 

� � � �2 8 6 4 2
8 4

1 1exp 256 3584 13440 13440 1680
2384 70

- � � � � � �
�

� �� � � � � �� �
� �

 

� � � �2 9 7 5 3
9 4

1 1exp 512 9216 48384 80640 30240
22304 35

- � � � � � � �
�

� �� � � � � �� �
� �

 

� � � �2 10 8 6 4 2
10 4

1 1exp 1024 23040 161280 403200 302400 30240
223040 7

- � � � � � � �
�

� �� � � � � � �� �
� �
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 �7.4.1a.£�7.4.1b]harmonic oscillator�wavefunction - .£ 2- Q 0n � a

b 5n � TiQ potential-�]�RS*/� 
 
 

 
 

� 7.4.1a 

harmonic oscillator� potential .£ wavefunction n- � 

n- K�WNûN�ÉÔþÕ��âmw]_0�RS�sSs/�äëK h
 ø+

�ÉÔþÕ���âR�æçèé��]ÍsSKäëK.�iÉÔþÕ�iK

es� 
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� 7.4.1b 

harmonic oscillator� potential .£ wavefunction n- �o�� 2
n- � 

2
n- K�WNûN�ÉÔþÕ��âmw]_0�RS�sSs/�äëK h
 ø+

�ÉÔþÕ���âR�æçèé��]ÍsSKäëK.�iÉÔþÕ�iK

es� 
 
 

 ���Q:�S,/-���]úûR�£¤]�� 7.3.2�\]^ potential�»W
-ae^°Ss/�-]3VÍ¾�RaRT��sÇsÇeÌi7e�Ss/�\]

^ potential�»W]K 0n � Ve¾ 1n � ab�T�Ss��]�harmonic oscillatori
K 0n � ab�T/�T�� 0n � �»Wi�EKî�ie¾*/R)zero point energy
-ëÑN/0QÄ�Ss/�-]�LgU/� V*/�T����]úûR�£¤

]�harmonic oscillator�»W]K wavefunctionV potential�Á-íae^R,´Ss
/���£¤e�-Q tunneling-s¤V����-]ÍsSK��i�¤JR¾ÑR
¾{ÂR£¤� 

 .çæçèé � �n- � ��Q� 7.4.1a] 0n � ab 11n � Ti�U� 
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�4 �2 2 4

0.1
0.2
0.3
0.4
0.5
0.6
0.7

�4 �2 2 4

�0.6
�0.4
�0.2

0.2
0.4
0.6

� �0- �  � �1- �  

�4 �2 2 4

�0.4

�0.2

0.2

0.4

0.6

�4 �2 2 4

�0.6

�0.4

�0.2

0.2

0.4

0.6

� �2- �  � �3- �  

�4 �2 2 4

�0.4

�0.2

0.2

0.4

�4 �2 2 4

�0.4

�0.2

0.2

0.4

� �4- �  � �5- �  

� 7.4.2a 

.çæçèé � �n- � , 0 5n � �  
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�4 �2 2 4

�0.4

�0.2

0.2

0.4

�4 �2 2 4

�0.4

�0.2

0.2

0.4

� �6- �  � �7- �  

�4 �2 2 4

�0.4

�0.2

0.2

0.4

�4 �2 2 4

�0.4

�0.2

0.2

0.4

� �8- �  � �9- �  

�4 �2 2 4

�0.4

�0.2

0.2

0.4

�4 �2 2 4

�0.4

�0.2

0.2

0.4

� �10- �  � �11- �  

� 7.4.2b 

.çæçèé � �n- � , 6 11n � �  
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 �NTi���Q�sRStS�ae^xYâe-×���-i*Ç¤�Hermite
�l���²]ÍsS���S¦1RSs/Hebs'�bº���S�H]-�S

K�xYâ-s¤�VsÍÑb'/¡¢i*/-×¤�Schrödinger equation��Q5
�/âmebä���-Éøe��V*/�WNi�*pS�((�Rs�-Q/ð

-YU��K�����V½¾� standarde9���(^�i*/R��¾`�]s
¾Ía�6[eÌÍ(Ò�V]TNSs/abi*/� 
 z��iK��NTi-Kª¾7e����i Schrödinger equation��Q5�S,
£¤��=>�(pq=>�Q�s/W���K�ÔTi����9��]K*T

^´S¹ea���-K¿ÀiK*/V��ñ]d i�aÍ��]rÍé�±Ò�

i*/�Ui]5��Ø Q�Ê���i´Uâma�RNesV��¤s¤���

��#�Qe9-e¾¡¢/âmi�gÂ�*/�-i*/-×¤� 
 
�Problem 7.4.1 

 ²(7.4.1)£^ � �3H � � � �4H � �.£ � �5H � Q5�SO 7.3.1�Ø -ùú"£� 

 
�Problem 7.4.2 
 ²(7.4.4)abz�èA²Q³´"£� 

  � � � � � �1 1
1

2 2n n n
n n

� �
�

� ��- � - � - �   

 
�Problem 7.4.3 

 ²(7.4.5)Q�sS� � �nd
d

- �
�

 Q � �1n�- � - � �1n�- � -iO"� 

 
�Problem 7.4.4 
 ²(7.4.9)� normalizationi� e�� 

  � � � �2
0 expI a ax dx

�$

�$

� �2       (7.4.13) 

Qz�£¤]RS5�S,£�Tº 

  � � � �2
0

0

2 expI a ax dx
�$

� �2       (7.4.14) 

� �0I a �o�Kz²i��N/�-Q�"� 
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  � � � �6 72 2 2
0

0 0

4 expI a a x y dxdy
�$ �$

� � �2 2     (7.4.15) 

��iLMNí��@Q�¤� 
  2 2 2r x y� �        (7.4.16) 
  dxdy rdrd� �        (7.4.17) 
²(7.4.15)Q r.£�]èU/<���²]Öt@p�aÍ��QÀ�"£��ià
p/£¤]fpKt]�sS.�¤� 

  � � � �2
0 expI a ax dx

�$

�$

� � �2       (7.4.18) 

 
�Problem 7.4.5 
 Problem 7.4.6�Ñ/-RS� 

  � � � �2 2expn
nI a x ax dx

�$

�$

� �2      (7.4.19) 

Qz�£¤]RS5�£�Tº�z²Që�"£� 

  � � � � � �0 1
n

n
nn

d I a
I a

da
� �       (7.4.20) 

��²Q�sS� � �1I a  .£, � �2I a Q5�£���Ø K��Nab�RäRäà

¤�-]eÇ¤abt]�tANS.¾-£s� 

  � � � �2 2
1 expI a x ax dx

�$

�$

� � �2      (7.4.21) 

  � � � �4 2
2 expI a x ax dx

�$

�$

� � �2      (7.4.22) 

 
 

[Let’s play with Mathematica]� ij.ç��Mathematica]£/OP 

 ²)7.4.100i<��N�ij.ç��æçèé � �n- � .£è�R��(²K�

Mathematica]£�SÉø]OP´¹/� 
 Tº�²)7.4.100QÉøe²i<�RS.¾-�#i*/���i nK.ç��
éi*/� 
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f[n_,x_]:=HermiteH[n,x] Exp[-x^2/2]/Sqrt[2^n Factorial[n] Sqrt[Pi]] 
 
Z���£¤]<�RS.¾-��K�f[n,x]Q�sS�Éè]OP´¹/�ãpä�

0n � ab 11n � Ti� � �n- � ��]�U/���K�z�£¤]Éø]5T/��

7.4.2K��£¤]RS�s���i*/� 
 
Table[Plot[f[n,x],{x,-5,5},{n,0,11}] 
 
 
 
7.5� �=>�-pq=>�Q�s�ij.ç��� 
 
 =²(7.2.5)izp��z6MNiOR�ij.ç�]èU/ Schrödinger equation 

  � � � �
2

2
2 0

d
d

� �
� � �� �
� �

- � & � - �
� 5

     (7.5.1) 

Qôp/���i²(7.2.2)£^ 

  2E
h

�
&
5 


       (7.5.2) 

i*/V�u�S 

  E
h

��



        (7.5.3) 

i<��N/�z6���Q³AU/�W¤U/-²(7.5.1)K 

  � � � �
2

2
2

1
2

d
d

� �
� �� �

� �
� �� - � �- �

�
     (7.5.4) 

-e/�UeÑÒ�operator
2

2
2

1
2

d
d

�
�

� �
�� �

� �
� eigenvalue V��eigenfunction V � ��- � -

s¤�-]e/���i � ��- � � subscript-RSW� eigenvalue �QÍm/�-]U

/�²(7.5.4)K�z6MN�]èU/ij.ç�� Schrödinger equationi*^�W�
eigenvalueK�z6i*/�-]·gU/� V*/� 
 �S��i��R¾�=>�b�.£pq=>�bQz�£¤]<�U/�)å
�ê.£åpqê�gÂK.s.s�ba]e/0 



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 7: Page 27 

  1
2

db
d

� � �
� �� �

� �
�

�
      (7.5.5) 

  1
2

db
d

� �
� �� �

� �
�

�
       (7.5.6) 

 �NabRäb¾�Ó��R¾<�R��=>�b�.£pq=>�b]ÍsS
sÇsÇeJ�ab{ÂU/�-]e/�Tº�Nb 2Í�=>���Q5�S,£
¤� 

  
2

2
2

1
2

1 1
2

d db b
d d

d
d

� � �� �
� � �� �� �

� �� �
� �

� � �� �
� �

-- � �-
� �

� -
�

 

  
2

2
2

1
2

1 1
2

d dbb
d d

d
d

� � �� �
� � �� �� �

� �� �
� �

� � �� �
� �

-- � �-
� �

� -
�

 

UeÑÒ 

  
2

2
2

1 1
2

db b
d

� � �
� � �� �

� �
�

�
      (7.5.7) 

  
2

2
2

1 1
2

dbb
d

� � �
� � �� �

� �
�

�
      (7.5.8) 

��²£^ 
 

 
-s¤?@èAV�bN/���?@èAK�ñ]d i�NabyÚ^ÛRàÑN

/�-]e/�²(7.5.9)�£¤] commutator V 1 ]e/£¤e?@èAK Bose �?
@èA-ëÑNSs/� 

 

  , 1b b bb b b� � �� � � � � !       (7.5.9) 
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 ²(7.5.6)� operatorQb�T��²(7.5.5)� operatorKWN]�� superscriptQÍm
Sb�-.s�V�WNK�� 2Í� operatorV.¡s] Hermitian conjugatei*/-
s¤èA]*/abi*/�Wt���-Q��R£¤�b.£b�KsºN���

.£
d
d�
-s¤ 2Í� operatorQ]����¤Ò�K Hermitiani*/�UeÑÒ�

# 1$� i 0]�¼U/?g� wavefunction- .£;]ÍsS 

  � �* * *d d�2 2- �; � ; �- �  

-e/�T��Problem 4.2.1i�sR�£¤] d
d�
K anti-Hermitiani*/�UeÑÒ 

  
*

* *d dd d
d d

� �
� �� �

� �
2 2- ; � ; - �

� �
 

-e/�2Í�²Q�ðØsS 

  
*

* *d dd d
d d

� �� � � �
� � �� �� � � �

� � � �� �
2 2- � ; � ; � - �

� �
    (7.5.10) 

T�K�x�]
1
2
QamS 

  
� �*

* *

*

b d b d

b d

� �

�

2 2
2

- ; � ; - �

; - �
     (7.5.11) 

2Íy���K�operator bV reali*/-s¤�-ab�bN/�²(7.5.11)ab�b
-b�-K¡s] Hermitian conjugate)Éþ�����0i*/�-V�a/� 
 
n¢p3 
 Zµ]���=>�C]ÍsS 

  � � � �
* **C d C d�2 2; - 3 - ; 3  

V 3 # 1$i 0]e/?g� wavefunction- .£;]ÍsS 

  � �*
* *C d C d��2 2; - 3 - � 3      (7.5.12) 

V�^rÍ=>�C�V*NäC-C�K.¡s] Hermitian conjugatei*/-s¤� 
 
 �S� b�( b�=>��'(VK�t^RS¹��i�s£s£  Schrödinger 
equationQ�¾�-Qôp£¤�²(7.5.7)Q�s/- Schrödinger equationKz�£¤
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]�m/� 

  1
2

b b�� �� �� �
� �

� �- �-       (7.5.13) 

��²�x�]bQ¥�U/� 

  1
2

b b b b�� �� �� �
� �

� �- � -       (7.5.14) 

-e/V����# 1{y]²(7.5.9)�?@èAQ�s/- 

  � �1 1
2

b b b b�� �� � �� �
� �

� �- � -      (7.5.15) 

Z��²(7.5.13)£^ eigenvalueV 1�� QÄÍ eigenfunction 1��- K 

  � �1 1
1 1
2

b b� � �
� �� � �� �
� �

� �- � -      (7.5.16) 

izpbN/��� 2Í�²QùU/-b �- K 1��- �<éR-s¤�-V�a/�U

eÑÒ�operator bK wavefunction �- ]¥�RS��V 1Í-�s 1��- Q¥/�W¤

s¤gÂi�operator bKRäRäåpq=>�ê(annihilation operator)-ëÑN/� 
 
n¢p3"annihilation"Qå�£²¯�_ÛFê-·,U/���V£¾s/�é�i
·,QiUS.¾�-� 
 
 B¢£¤e�-Q b� ]ÍsS���S,£¤�Tº² (7.5.8)]ÙyU/-
Schrödinger equationK 

  1
2

bb�� �� �� �
� �

� �- �-       (7.5.17) 

-�m/���²�x�]b�Q¥�U/� 

  1
2

b b b b� � �� �� �� �
� �

� �- � -  

x�]b�
�- Q~pS 

  � �1 1
2

b b b b� � �� �� � �� �
� �

� �- � -      (7.5.18) 

Z��²(7.5.13)£^ 

  � �1 1
1 1
2

b b b b� � �
� �

� �� � �� �
� �

� �- � -  
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�� 2Í�²QùUS,/-�b�
�- K 1��- �<éR]e/�-V�a/�UeÑÒ�

operator b�K wavefunction �- ]¥�RS��V 1Í6ts 1��- Q¥/�W�gÂib�

KRäRäå�=>�ê(creation operator)-ëÑN/� 
 �S�annihilation operator b]ÙyR£¤�bQ wavefunction] 1Õ¥�U/f-
] eigenvalueV 1ÍºÍ-�¾e/�RaR���Þ¥Q�cÕÚ^ÛU�-K´¹
es�eßebä�harmonic oscillator� energyK kinetic energy- potential energy-
�ji�º÷iemNäebes)²(7.5.3)i 0E 0 i*/ab 00� 0���S�bQ
¥�U/�-]£�S�Q 1ÍºÍõbRSs�S��KA]Kebes�C®��

	-RV*/Kºi�W���	-RQ min� -.�¤� 

 ²(7.5.15)K min�� � i��^rÍKºi*/ab 

  � �
min minmin

1 1
2

b b b b�� �� � �� �
� �

� �- � -      (7.5.19) 

 ���-ab� (a)
min

b �- K Hamiltonian 1
2

b b�� ��� �
� �

� eigenfunction i*^�

eigenvalue min 1�� QÄÍ�(b)
min

b �- Kî�i*/��sºNai*/-Ø��N/�(a)

K min� V	-� eigenvaluei*/-s¤;<]qU/���S(b)V�^r�emNä

ebes�UeÑÒ 

  
min

0b ��-        (7.5.20) 

x�]b�Q¥�U/� 

  
min

0b b� ��-  

x�]
min

1
2 �- Q~p/� 

  
min min

1 1
2 2

b b �- ��� �� �� �
� �

      (7.5.21) 

�NQ Schrödinger equation (7.5.13) 

  1
2

b b�� �� �� �
� �

� �- �-  

� min� �� �»W�² 
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min minmin

1
2

b b � �- � -�� �� �� �
� �

 

-ùU/�-]£^ 

  min
1
2

��         (7.5.22) 

-s¤Ø V�bN/�wY�ö�i�bae£¤]�K.¡s]QéRâm7e/
�i�nQ÷�Qé-RS 

  � �min
1 0, 1, 2, ...
2

n n n� � � � �� �     (7.5.23) 

-O�N/�-]e/� 

 ÔTi�eigenvalue �QÄÍ eigenfunction Q �- -.sS¹�V�²(7.5.23)]Ùy

RS�Ô��eigenvalue 1
2

n � QÄÍ eigenfunctionQ n- -.¾�-]R£¤�nQ��

é)quantum number0-s¤��� notationQ�s/- Schrödinger equation (7.5.13)K 

  1 1
2 2n nb b n�� � � �� � �� � � �

� � � �
- -       (7.5.24) 

-OP�N/�operator b�.£bKWNûN eigenvalueQ 1Íw�T�Kt�/¥

�QÄÍÑmi� n- O�iK 

  1n nb�
��- C-        (7.5.25) 

  1n nb ��- 	-        (7.5.26) 
-e/� C .£	 KÔ�-�Ç�abesùã<éi*/�²(7.5.26)�Lc�²
(7.5.20)K 
  0 0b �-         (7.5.27) 
-s¤�-]e/� 
 �S�wi eigenvalueV5T���iz] eigenfunction� «±e�Q5�/�-
Q©,/�Tº²(7.5.27)]ÙyU/�²(7.5.6)Q�sS 

  0 0d
d

� �
� �� �

� �
� -

�
 

T�K 

  0

0

d d� �
- � �
-

 

�NQ�sS 
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2

0ln constant
2

� � �
�-  

UeÑÒ 

  
2

0 0 exp
2

N
� �

� �� �
� �

�-  

<é{� 0N K normalization condition£^5�/�UeÑÒ� 

  � �2
0 1d

�$

�$

�2- � �  

£^ 

  0 4

1N �
�

 

Q�/�UeÑÒ�normalize �N��Ó��)UeÑÒ energy V	B���0�
wavefunction-RS 

  � �
2

0 4

1 exp
2

� �
� �� �

� �

�- �
�

      (7.5.28) 

V5T/��¤RS � �0- � V5TNä�WN]zb�Q¥�RSsmä � �1- � � � �2- � �

� �3- � ����-?g� � �n- � ��V5T/Kºi*/��âR²(7.5.25)-²(7.5.26)]

.m/ùã<é C .£ 	 Kb�i*/�wi���£¤]�é� normalization 
condition £^<é��Qì�S�£sV�´¹/�-eb��ab²(7.5.25)(²
(7.5.26)Q�<é{Q�]�StÒ9-5�S.t�s�WtW��-Q©,/� 

 Ô�;] � �n- � KUi]ðª��NSs/-U/��N]b�Q¥�RS 

  1n nNb�
� �- -  

-RS 1n�- Vðª��N/£¤]N Q5�£¤� 

  1 1*n n d� �2- - �  

  � �*2
n nN b b d� �� 2 - - �  

  � � � �*2 Hermitiann nN b b d b- - �� �� 2 � K âab  
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  � �2  , , real n nN bb d b b- - � �� �� 2 � KUUS âab  

  � � � �2 1 (7.5.9)   n nN b b d- - ��� �2 �?@èA £^  

  � � � �2 1 (7.5.24)N n� � �² £^ )²(7.5.24)£^0 

  1�  
UeÑÒ 

  1
1

N
n

�
�

 

ØÙ 

  1  
1 ( 0, 1, 2, ...)

1n nb n
n

- -�� � �
�

    (7.5.29) 

-s¤èAV�bN/���èAQ�sS� � �1- � � � �2- � � � �3- � ����-ð]?

g� � �n- � Q5�/�-V´¹/� 

 
�Exercise 7.5.1 

 ²(7.5.29)Q�sS � �1- � Q5�£� 

 
n�p3 
 ²(7.5.29)£^ 

  

� �

1 0

0

2

4

2

4

2

4

1 d         (  (7.5.28) )
2 d

1 1 d= exp
2 d 2

1 1 exp
2 2

12 exp
2

b��

� �
� �� �

� �
� �� �

� �� �� �
� � � �

� �
� � �� �

� �
� �

� �� �
� �

�

- -

� -
�

��
��

�� �
�

��
�

 

T��²(7.5.29)i nQ 1n � -Öt@p�x�]bQ¥�U/� 
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  � �
� �

1

1

1

1

1 1

(7.5.24)

n n

n

n

b bb
n

b b
n
n

- -

-

-

�
�

�
�

�

�

� �

� �² Q�sS

 

�N�T�Q�eèA²i*/�²(7.5.29)Q�téR���-T-�S�Wt]�R
S.¾� 
 
 

  11n nb n�
�� �- -       (7.5.30) 

  1n nb n ��- -        (7.5.31) 

 
 
�� 2Í�èA²KsÇsÇeÌid i*/�ãpä²(7.5.5)-²(7.5.6)£^ 

  � �1
2
b b�� ��        (7.5.32) 

  � �1
2

d b b
d

�� �
�

      (7.5.33) 

i*/�i recursion formula� n�- .£ nd
d
-
�
V Section 7.4i�sR�£^KÉø]

5T/�)Problem 7.4.2,.£ Problem 7.4.30UeÑÒ 

  � � � � � �1 1
1

2 2n n n
n n

� �
�

� ��- � - � - �     (7.5.34) 

  � � � � � �1 1
1

2 2
n

n n

d n n
d � �

�
� �

- �
- � - �

�
    (7.5.35) 

 
 
7.6� ij.ç�]èU/oh�Á����rR 
 
 harmonic oscillator wavefunctionVzpbN�ab]K�sÇsÇ�Á��]èU/
�rR)T�KÅÆR0Q5�/�-KÉøe=s�Ki*/����iKoh�ã

Q*�S,£¤��â��i�MN�Ö^�]ÍsSÒ¯�- remarkRS.¾� 
V*/�²(7.4.10).£²(7.4.12')i�R�£¤]�harmonic oscillator� wavefunction 
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� � � �x�- � - 5 K�*/»W]K�z6��MN]èRSðª�R�F�*/»W]

K/��z6Q��� xMN]èRSðª�R�^U/�C®��-eVb�x&�

Ó]K 4 5 âm�ðª�<é�üsVº/Ñmi*/�*/Á��]ÍsS��r

R]RS���i��U/aT�K xi��U/aiRK7e�S¹/�Ww��-
]K¾NßN�LgRSµRs�é�±]K��]èU/��VÉøi*Ç¤�W�
W��W���]�W��-s¤�éQ³AR�Ñmi*/�W�i�¯�].sS
K�)#-RS�z6��MN]èRS�rRQ5��»W]£�SK xMN]èU
/�rR]ÍsS�ëÃU/�-]U/� 

 Tº�+Ö]èU/�rR �  

  � � � �n n d� - � �- � �
�$

�$

� 2   

Q5�S,£¤���i²(7.5.34)Q�sNä eigenfunction�é?'£^��Kî�]
e/�-V�a/V�W��-K���-Éø]�Èèé���Vî�]e/-s¤

�-ab��bai*/�UeÑÒ� 

  � � � � 0n n d� - � �- � �
�$

�$

� �2      (7.6.1) 

e.�C®��-eVb 

  1 0x �
5

� �        (7.6.2) 

i*/�Kç���r p� K 

  � � � � 0n
n

d
p i d

d

�$

�$

� �
� � �� �

� �
2 ��

- �
- � �

�
    (7.6.3) 

�£¤]î�]e/�-K�²(7.5.35)ab��bai*/�=C®��-eVb 

  0xp p� ��5       (7.6.4) 

 +Ö(Kç���rRVî�i*/�-V�a���i�z]�NbÁ���o�
�rQ5�S,£¤�Tº+Ö]èRSK�²(7.5.34)£^ 
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� � � � � �

� � � �

� � � �

2
1 1

2

2

1
2 2

1
2 2 2

1 1 2
2 2 2

n n n

n n

n n

n n

n n n

n n n

� �

�

�

�
� �

= >�G G� �? @
G GA B

= >� � �G G� �? @
G GA B

� - � �- � �- �

- � - �

- � - �

   (7.6.5) 

-s¤èA²Q�s/-� 

  

� � � �2 2

1
2 2

1
2

n n d

n n

n

�$

�$

�

�
� �

� �

2� - � � - � �

     (7.6.6) 

-e/�-V�a/���S 

  2 2

1
1 2

n
x

�
� ��

5 5
      (7.6.7) 

 
nLgp3 
 ��£¤e�>QU/k�Section 7.4�	�]YU��normalization factor�7e

/ 2Í�²� � �n- �  - � �n x- �¶ÒbQà�S�£sV�W�às�]KLgV� 

i*/� 2x  K 

  � � � �2 2
n nx x d

�$

�$

� 2- � - � �      (7.6.7a) 

.£ 

  � � � �2 2
n nx x x x dx

�$

�$

� 2- -      (7.6.7b) 

�sºN�²Q�sS�£s�-KC®i*/��âR�²(7.6.7b)Q�s/»W]K�

� �nx x-  ]ÍsS� recursion formulaV� i*/���»W� 

  � � � �2 21
n nx x x�- � -

5
 

]·gUNä(7.6.7)V�bN/� 
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 z]Kç�]ÍsS�o��rQ5�/�Kç�QOU operator]ÍsSK 

  
2 2

2 2
2p i� � �

� �� �
� � � �� �� �� �

� �  

i*/ab�²(7.5.35)Q 2Õ�sS 

  � � � �2
2 2 2

2

1
2

n
n

d
p d n

d

�$

�$

� �� � � �� �
� �2� ��

- �
- � �

�
   (7.6.8) 

T�K 

  2 2 2 1
2xp p n� �� � �� �

� �
�� 5 5      (7.6.8a) 

 �S�²(5.4.13)�<�ab�+Ö� root mean square deviationKz�£¤]e/�  

  22 1
2

n� � � �	� � � 5      (7.6.9) 

B
]�Kç�]ÍsSK 

  
22 1

2
p p p n� �� � � �� �

� �
�� � �	     (7.6.10) 

-e^ 

  1
2

p n� �� �� �
� �

��	�	       (7.6.11) 

-s¤èAV�bN/�
1 1
2 2

n � < i*/ab� 

  1
2

p�	�	 <        (7.6.11') 

xMN]ÍsS���Ø KB¢i 

  1
2xx p n� �� �� �

� �
�	 	       (7.6.12) 

£^ 

  1
2xx p	 	 <        (7.6.12') 

-e/�UeÑÒ�Chapter 04i�sR� Heisenberg uncertainty principle�² (4.5.16) 

  1
2xx p < �	 	  

Vij.ç�]ÍsS��^r�Ss/�-KC®-späC®i*/� 
 ²(7.6.7).£²(7.6.8)ab�éÒ]KçÉÔþÕ�.£TOF_`þÉÔþÕ
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���rRV5T/�UeÑÒ�kinetic energy]ÍsSK 

  

2
21 1 1

2 2 2 2 2

1
2

2

2

x

n

p kn n
m m m

h n

E

� � � �� � � �� � � �
� � � �

� ��� �
� ��

�

� �5



    (7.6.13) 

T��potential energy]ÍsSK 

  

2

1
1 1 12
2 2 2 2

1
2

2

2
n

k n
kkx n
m

h n

E

� ��� � � �� �� � �� �
� �

� ��� �
� ��

�

�
5



    (7.6.14) 

UeÑÒ��r-RS�¶���é].sS�ªÉÔþÕ�KKçÉÔþÕ�-TO

F_`þÉÔþÕ�-]�R¾���NSs/�-]e/� 
 
 
7.7� ij.ç�4sþ-o)���].m/.ç 
 
 ��].sSij.ç�V�ñ]d i*/�-� 1Í��[K���¬�ii
�YU�£¤]��Q·�RSs/)��.çQôp/4sþ-RSij.ç�4

sþVàÑN/�-V½sabi*/����iK�harmonic oscillator�D��Zã
-RSo)���].m/)��.ç��KQ'(U/� 
 o)���Q·�RSs/ 2Í�)��+ÖK�W���+Ö]V�Ò^-!<�
NSs/ÑmiKe¾���+Ö�TÑ^i.çRSs/�6Tá]ôp/-�*�

a�� 7.7.1]�U£¤] 2Í�)�VäÚiØäNSs/,�se��-,eU�
-V´¹£¤� 
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X=X2X=X1  
 

� 7.7.1  2)����.çQCÔ-RSôp/� 
 

 
PÀ�o)���V¯C] Hooke��#]�¤a¶¤a¹�K*/V�W¤s¤óK
�ÕR]RS�-]a¾� 7.7.1�£¤]�Z®/ L�äÚi(� 1m - 2m � 2Í�Á
«VØäNSs/kQôp£¤�RaR���kK�� 7.1.1-K�ba]7e�S
sS�s��s�ÔTi�sR��-Vê�´¹/�a¶¤a�abes�W�iT

º� 7.7.1�k]ÍsS Newton�Kç��²Q�SS,£¤� 

  � �
2

1
1 2 12

d Xm k X X L
dt

� � �      (7.7.1) 

  � �
2

2
2 2 12

d Xm k X X L
dt

� � � �      (7.7.2) 

�� 2²£^ 

  � � � �
2 2

2 1
2 1 2 12 2

2 1

d X d X k kX X L X X L
dt dt m m

� � � � � � � �  

T�K 

  � � � �
2

2 1
2 12

1 2

1 1d X X
k X X L

dt m m
� � �

� � � � �� �
� �

 

��i 

  
1 2

1 1 1
m m

� �
)

       (7.7.3) 

i<��N/ reduced mass )Q³AR�aÍ 2 1x X X L� � � -Öt@p/-�Newton
�Kç��²K 

  
2

2 0x kx
t

�
� �

�
)        (7.7.4) 

-e/���²K²(7.1.2)�mQ)iÖt@p��-e�Ss/�UeÑÒ�� 7.7.1
]�R�o«�KK�@>(�Q³AU/�-]£�S� 7.1.1]�R�Z«�K-
B¢]Ð¤�-V´¹/���S¯¬iÔTi³´R�ªS�²V�m# )�Öt@
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piW�TTo«�K]ê�´¹/�-]e/� 
 iKz]�PÀ�o)���V�¯C] Hooke��#]�¤a¶¤aôpS,/�
o)���ebº-��� 7.7.1�äÚ]R�-�Çi��+�6ts-�Çi Hooke
��#V�^r�es�-K�bai*/�TºäÚQ¶9¶9²R��Ssmä�

W�¤Ò] 2Í�SKùÍa^�WNWw�öK�Tbes�potential KW�i�c
6]·$U/�-]e/�Z��q�]äÚQ¶9¶9�äRSs¾-�W�¤Ò]

äÚK[NSRT¤i*Ç¤�PÀ�o)���i�°�£¤e�-VôpbN/�

*/�öWt]e/-)�Ó�ê����]potentialK�Á�£^Kº�-2]w+
U/i*Ç¤�T��)�Ó�öQ6t¾RSs¾-��öRS 2��)�]e�S
RT¤�iWNWwK potentialK4~Res�W¤s¤�-Qôp/-�potentialK
µµ� 7.7.2�Ì��£¤e�]e/�-VôpbN/� 
 

 

x

V

 

� 7.7.2  harmonic potential)À�0.££^PÀ]�s potential)H�0 
 
 
 
�K 2 1x X X L� � � Qæë]-�Ss/��] 0x � �-�ÇV��+Ö] CU/�

potential � �V x K x]ÍsS~Teèé-eÇ¤V� � �V x  Q 0x � ���i Taylor�

�RS,£¤� 



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 7: Page 41 

  � � � � � � � � � �2 3
2 3

2 3
0 0 0

1 10 ...
2! 3!

x x x

dV x d V x d V x
V x V x x x

dx dx dx
� � �

� � � �� �
� � � � �� � � �� �

� � � � � �
 

          (7.7.5) 

��i 0x � i � �V x KLRQ-/ab � �
0x

dV x
dx

�

� �
� �
� �

Kî�i*/�G]� 0x � ���Q

ôp/c^ 3x ( 4x e¶��z�{K�?RS�£�W¤i*/� � �0V  Q potential

���-RSî�-.¾- potentialK 

  � � � �2
2

2
0

1
2!

x

d V x
V x x

dx
�

� �
� � �

� �
     (7.7.6) 

-OU�-V´¹/�
� �2

2
0x

d V x
dx

�

� �
� �
� �

 Q k-.mä 

  � � 21
2

V x kx�        (7.7.7) 

-�£¾�bN��Á�V�bN/�� 7.7.2iK�� potentialQÀ�iORSs/�
UeÑÒ�PÀ�o)����.çV Hooke��#]��Ss/-K×pesV��
�+Ö���iK�°±]W¤.m/-ôpbN/� 
 PÀ�o)���V�°±]ij.ç�iO�N/-U/-�Gñ���)ãpä
ñ�0i�6�����K��-��<e 0n � ���)�Ó��0]*/�W��

�K� 1n � - 0n � -�ÉÔþÕ�g�UeÑÒ 1 2E E h� � 
�ÉÔþÕ�QÄ���

2æQ��U/�
 K��]!Q�Ri*^���.çé)fundamental vibrational 
frequency0-ëÑN/�
 K�æé
�]RSµµ 3 110  cm� �Ä�ø�i*/����

��ÉÔþÕ�QÄÍ�2æKÀÁ�i*^�ÀÁ�:;����ý*�þab��

�.ç��]èU/�hV�bN/�UeÑÒ²(7.1.4)£^ 

  1
2

k
�


� )
 

T�Kæéø+i 

  1
2

k
c

��

� )

 

i*/ab�
 T�K �
 �C<Rab�force constant kQ5�/�-V´¹/� 
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�Exercise 7.7.1 
 H35ClK 12886 cm
 ��� -ÊC�NSs/�force constantQ5�£� 
 
n�p3 

  

� �

� � � �6 7 � �

2

28 5 1 2

2

2
352 3.00 10  m/s 2.8886 10  m 1.66 10  kg
36

4.82 10  N/m

k c� 
 )

� �

�

� � � � � � � �

� �

�

 

 
s¾Ía�o)���]ÍsS���.çé-��<éQO 7.7.1]�U� 
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O 7.7.1  s¾Ía�o)���]ÍsS���.çé-��<é 
 

 
�� 

 

 
1/cm
 ��  

 
1/ Nmk �  

H2 4159 520 

D2 2990 530 

H35Cl 2886 482 

H79Br 2559 385 

H127I 2230 293 

35Cl35Cl 556 320 

79Br79Br 321 240 

127I127I 213 170 

16O16O 1556 1140 

14N14N 2331 2260 

12C16O 2143 1870 

14N16O 1876 1550 

23Na23Na 158 170 

23Na35Cl 378 120 

39K35Cl 278 80 

 
 
��OiK��.çé)fundamental vibrational frequency0�R-RS �
 QzpSs/�
.çé-s¤c^� 1s� �z6QÄÍ
 i*/Uti*^�æé �
 iKesKºi*/

V�/sÓ�s¬i�RäRä.çé
 Q�
c

� �
 
  �æéO�iOU�ø+�Þ%K

«TRs�-iKesV�PÀ]KRäRä�¤s¤OR�QU/�i¯ëi�*p

SW�s¬]R�V��� 
 O 7.7.1i�a/£¤]�o)���].m/��<éKµµ 210  N/m�6t�i
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*/��NQPÀ]¼EU/äÚ�^-ùUS,/��x*aÇ¤�1 kg 9.80 N�d i

*/�-Qô6U/-� 210  N/m-s¤��<éQÄÍäÚK�1 kg�.�^Qì/
R�k]10 cm�/äÚ�^]µµ CU/���K��Ø Q,S����äÚ
K×��£^1s-ôp/i*Ç¤a�T�KHs-ôp/i*Ç¤aI 
 
�Problem 7.7.1 
 H79Br���.çéKæéø+i 12559 cm���
 -ÊC�NSs/�force constantQ
5�£�G].ç�vÅQ�5�£� 
 
�Problem 7.7.2 
 79Br79Br� force constantK 1240 Nm� i*/���.çéQæéø+i5�£�G

]î�Ì.çÉÔþÕ�Q�5�£� 
 



�����������������������

Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 8: Page 1 

CHAPTER 08 
 

ÕtKç 
 
 Schrödinger equation���ã-RS¯¬iK�*/<Ì�v^�ÕtKçQÖ^w
�/�Y�]û�´¹/£¤]���Ö^ÐsK�Ui]�sR�JKç�-½�e

aaÑ^QÄÍ� 
 
 
8.1� uvwQZ[KçRSs/&� 
 
 Tº��]���-�Éøeã-RS�(�m�&�V�z r�uvwQ�>]
potentialQlm/�-e¾�Z[KçQRSs/kQôp/�u��Q xyxX]-�
S�Zµ'KñÑNes�)� 8.1.10 
 

z

r
 

 
� 8.1.1 

uvw�&��Kç 
 
 
KçK xyxX]cbNSs/�i HamiltonianK 

  
2 2 2

2 22
H

m x y
� �� �

� � �� �� �� �

�       (8.1.1) 

-e/���»W�£¤]�xy�xX�uKçQ÷YU/]KéJMN£^���x
X� polar coordinateV£^�#i*/�cylindrical coordinatei�£s�F�Ui]

Section 5.2i�s� spherical polar coordinatei
2

�
�� �rZ<-ôpS�B¢�-i*

/�²(5.2.6)�(5.2.8)]�Nb���QAN/�-]£^ 
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  sin
x r
� �

� �
� �

�
�

 

  cos
y r
� �

�
� �

�
�

       (8.1.2) 

Q�/���S 

  
2 2

2 22
H

mr �
�

� �
�

�        (8.1.3) 

-e/���iÕt�¬'��)moment of inertia0-RS 
  2I mr�         (8.1.4) 
Q<�U/�W¤U/- HamiltonianK 

  
2 2

22
H

I
�

� �
�

�
�

       (8.1.5) 

-e/�UeÑÒ�Schrödinger equationK 

  
2

2 2

2IE�
� �

� �
- -
�

       (8.1.6) 

-e/����Kz�£¤]e/� 
  im imAe Be�� �� �-       (8.1.7) 
��imK�z6��i*/�)¢3²(8.1.1)�²(8.1.4)iKmK&��(�Q�R�
V�²(8.1.7)iKmQ��é-RSs/���£¤]ª¾7e��gÂi�sbN�
V�½�Þ%�.WNKes�--×¤�0Ô�-�Ç�m�Ö^�/R]´��c
�es� 
 z]�[��Qôp£¤�&�VuvwQKçRSs/c^�MN]K�cKes
�i�¶�aiwavefunctionVî�]ebe¾SKsmes-s����K´�es�
�âR�- V well behavedi*/��] 1øiemNäebes-s¤��V*/�
UeÑÒ 

  � � � �2� �- � - � �       (8.1.8) 

����£^ 
  2 1ime ��         (8.1.9) 
T�K 
  0, 1, 2, ....m � 1 1       (8.1.10) 
�£¤]�c�N/���Sá�N/ energyK 

  
2 2

0, 1, 2, ....
2
mE m
I

� � 1 1
�      (8.1.11) 

-e/�UeÑÒ energyK���RSs/� 
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 ²(8.1.7)�# 1{y-# 2{y�gÂK�Section 6.1i�sR�XYKç�»W-

B¢£¤]RSôp/�-V´¹/�²(8.1.7)i 0B � -.s���Q �- �T�� 0A �

-.s���Q �- -R£¤� 

  imAe� � �-        (8.1.12) 

  imBe�
� � �-        (8.1.13) 

�S� zëv^�JKç�=>�K 

  zL i x y
y x

� �� �
� � �� �� �� �

�  

izpbN/V���²]²(8.1.2)Q�AU/�-]£^ 

  zL i � ��
� � � ��� �

�
�

       (8.1.14) 

-e/��� operatorQ �- .£ �- ]¥�U/� 

  z

z

L m
L m

� �

� �

�
� �

�
�

- -
- -

       (8.1.15) 

UeÑÒ� �- .£ �- K�WNûN�zëv^�JKç�Vm�.£ m� ����]

 CU/�^�RVB¢ix��,Vq�i*/ab�.¡s]è,t�Õti*/

-Ø��N/�UeÑÒ �- V�Õ^�Õt-U/- �- K�Õ^�Õt-s¤�-]

e/� 
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  imAe� � �-       imBe�
� � �-  

 
� 8.1.2 

�Õ^�Õt.£�Õ^�Õt 
 
 
 ¿�N��KK normalization factori*/�RaR���»W]��Section 6.1�
Z[&��»W-B¢£¤eN�V*/�UeÑÒ���Ö^�/R]K¯¹�cK
esKºe�i���wctcQì�/�-V´¹es�i*/�W�i½¾�»

W��²±]�- K0ab 2� Ti�Óiðª��NSs/-ôp/�UeÑÒ� 

  
2 2

2 2

0 0

* 2 1d A d A� � � � �2 2
� �

- - � � �  

  
2 2

2 2

0 0

* 2 1d B d B� � � � �2 2
� �

- - � � �   

£^ 

  

1 ( 0, 1, 2, ...)
2
1 ( 1, 2, ...)
2

im

im

e m

e m

�

�
�

� �

� �

�

�

-
�

-
�

     (8.1.16) 

-s¤Ø V�bN/� 

 0m � WÁK �- - �- -KB¢ energyQÄÍ�UeÑÒ���RSs/�£¾�b

NSs/£¤]���RSs/k� wavefunction�Ö^�]K?g'V*/Ñmi�
ãpä�²(8.1.16)��^] 

  
� �

� �

cos

sin

1 1 cos 0,1, 2, ...
2
1 1 sin 1, 2, ...
2

m m

i m m

� �

� �

� � � �

� � � � �

- - - �
�

- - - �
�

   (8.1.17) 
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��Q-�S�£s�²(8.1.17)K� 0m % ���RSs/ 1�� wavefunctionB<V
é?RSs/�--��] real�èéi*/-s¤�-���]���R(Us�-
ës�/i*Ç¤�wavefunction- energy levelQ� 8.1.3]�U� 
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� 8.1.3 Õt�æçèé 
æëKJ�i 0� � ab 2� �� Ti�äëK�æçèé��]ÍsSK.�i*

/V�Bk]WNûN�ÉÔþÕ�]ùãU/£¤]_0��"Ss/� 
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���Q�\]^TOF_`þ�»W�� 6.3.2-ùUS,/��x*aÇ¤�¶Ò
b� energyK��é�o�]ùãRSs/�RaR6teüsV 2Í*/�1ÍK�
\]^TOF_`þ�»W]K 0n � Ke¾ 1n � ab�T���]�R�uKç�-
t]K 0m � ab�T�Ss/��¤ 1ÍK�\]^TOF_`þ�»W]K��V
ea���]�R�uKç�»W]K 0m � ���Q�sSUUS��RSs/� 
 
n§¨p3 
 ��i�sR�uKç]èU/Schrödinger equation��KÀKSection 6.1�Zz6
�Z[&��Ñ/-RS�5�/�-V´¹/�UeÑÒ�Section 6.1i���Zz
6� xMNQ�uKç��,i*/-ôp/�²(6.1.2)�£¤] 

  � � 2
2

2ikx ikx mEx Ae Be k�� � �
�

-      (8.1.18) 

V�bN/V���i � �x- V 1ø-s¤���UeÑÒ 

  � � � �2x x r� �- - �       (8.1.19) 

-s¤vÅ��Q³AU/��Nab 
  2 1ik re ��        (8.1.20) 
UeÑÒ 
  integerkr �        (8.1.21) 
-e/�(8.1.18)� k�O²Q�AU/- 

  2
2

2 (integer)IE
�

�
       (8.1.22) 

-�²(8.1.11)-B¢²V�bN/� 
 ��i���£¤e�Zz6�MN]vÅ��Q³AU/�-K�ØÐ�Ö^Ðs
e¶�½¾�»W]£¾e�N/��±eÖ^Ðsi*/� 
 
�Problem 8.1.1 
 ²(8.1.11)iK¶¤RS 0m � V]TNSs/a�F¶¤RS 0m / �RV]TNS

s/a���é]èRS²(6.2.7)-�üsK¶¤RS×/a� 
 
�Problem 8.1.2 
 ²(8.1.16).£²(8.1.17)�m�Ö^�/RV�²(8.1.11)-7e/�K¶¤s¤Ñ
ma� 
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8.2� S�OxQZ[KçRSs/&� 
 
 ��i�sR�oz6��xXKçQhz6í~�RS,£¤���iK�(�m
�&�V�z r�S�OxQZ[KçRSs/»WQôp/�HamiltonianKC®��
-eVb� 

  
2 2 2 2 2

2
2 2 22 2

H
m x y z m

� �� � �
� � � � � � 8� �� � �� �

� �     (8.2.1) 

i*/�= spherical polar coordinateQ�s£¤�²(5.2.6)�(5.2.8)i ,  ,  
x y z
� � �
� � �

Q

5��V��Nab
2 2 2

2 2 2,  ,  
x y z
� � �
� � �

Q�WRSG]W�jQ-�S 28 Q5�/�-K�

tediousiK*Ç¤V�Rs�-iKes�Ø Kz�£¤]e/� 

  
2

2 2
2 2 2 2 2

1 1 1sin
sin sin

r
r r r r r

� � � � �� � � �8 � � �� � � �� � � � �� � � �
�

� � � � �
  (8.2.2) 

²(8.2.2)K spherical polar coordinate].m/ 28 �Zµ²Q�R���i��Naby�
Ú^ÛR�s/�-]eÇ¤� 
 PEÐ�Ss/�K�»W]K�rVZ<i*/ab Hamiltonian (8.2.1)Kz�£¤
]e/� 

  
2 2

2 2

1 1sin
2 sin sin

H
I

� � �� �� � �� �� � �� �
� �

� � � � �
    (8.2.3) 

�âR�²(8.1.4)-B
��i�¬'�� 
  2I mr�         (8.2.4) 
Q³AR��²(8.2.3)� HamiltonianK�ÀKïð]-�SK.e¢,���i*/�
²(5.2.10)Q��U/- 

  
2

2
H

I
�
L         (8.2.5) 

-s¤�-V�a/�ïðKUi] 5¬i� 2L ]�U/ eigenfunction- eigenvalueQ
5�Ss�Ñmi*/�UeÑÒ�²(5.3.29)i�R�£¤] 

  � �2 2
, ,1l m l mY l l Y� � �L  

i*/��NabéÒ] 

  � �
2 2

, ,1
2 2l m l mY l l Y
I I

� �
�L       (8.2.6) 

V�bN/�UeÑÒ�S�Oxw�Z[&�]ÍsS� eigenfunctionK 
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� � � � � �

� �

, ,

,

,

1
2

l m l m

im
l m

Y

e �

� � � �

�
�

� D .

� D
     (8.2.7) 

i*^�eigenvalueK 

  � �
2

1
2lE l l
I

� �
�   0, 1, 2, ...l �     (8.2.8) 

i*/�eigenvalueK��,�èéim]K£bes�1Í� �]ÍsSm l� ab

m l� � Ti 2 1l � �� eigenfunction ,l mY V*^�WNbVUUSB¢ energyQÄ�Ss

/�UeÑÒ ,l mY K 2 1l � d]��RSs/� 

 
n§op3� 28 �LMNO� 
 
 (8.2.2)�³´]ÍsSKåtediousiK*Ç¤V�Rs�-iKesê-�s�V�
¶¤R�bssa�abes-s¤(�QRäRälm/�i�Wt]W�³´Q�

R¾÷RS.¾�
x
�
�
.£

y
�
�
K�²(5.2.6).£²(5.2.7)ab�a/£¤] 3Í�{

�j�T��
z
�
�
K²(5.2.8)ab�a/£¤] 2Í�{�j-e�Ss/���S

2

2x
�
�

.£
2

2y
�
�
K 3í3� 9Í�{�ji�

2

2z
�
�
K 2í2� 4Í�{�jiOÑ�N/�W

t�²iK��a^(Us£¤]��Nb 9Í*/sK 4Í�{QWNûN�Q�p
S�RSs/� 

e.�ãpä�
2

2x
�
�
K

x
�
�
�o�iKes�-Kî�i*/�sÍ���Ss/£¤]�

x
�
�
-
]

x
�
�
Q¥�U/�-]£�S

2

2x
�
�
-
Q5�/�VñïÒfi*/� 
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2

2 sin cos sin cos

1sin cos cos cos

1 sinsin cos
sin

1 cos cos sin cos

1 1cos cos cos cos

1 1 sincos cos
sin

x r r

r r

r r

r r

r r

r r

� � �� �� � �� � � !
� �� �� � �� � !

� �� �
� � �� � !

� �� �� � �� � !
� �� �� � �� � !

� �� �
� � �� � !

- -� � � �

-� � � �
�

� -� �
� �

-� � � �
�

-� � � �
� �

� -� �
� � �

1 sin sin cos
sin

1 sin 1 cos cos
sin

1 sin 1 sin
sin sin

r r

r r

r r

� �� �� � �� � !
� �� �� � �� � !

� �� �
� � �� � !

� -� �
� �
� -� �
� � �

� � -
� � � �

 

  

2
2 2

2

2

2

2
2

2

2

sin cos

1sin cos cos

1sin cos

1 cos cos sin

1 cos cos cos

1 1cos cos sin
sin

1 sin sin cos
sin

1 s

r

r r

r r

r r

r

r

r r

r

�
�

�
� �� �� � �� �� �

� �� �
� � �� �� �

� �� �� � �� �� �
� �� �� � �� �� �

� �� �
� � �� �� �

� �� �� � �� �� �

�

-� �

-� � �
�

-� �
�

-� � �
�

-� � �
� �

-� � �
� � �

� -� �
� �

2

in cos cos
sin

1 sin 1 sin
sin sinr

� �� �
� �� �� �
� �� �

� � �� �� �

� -� �
� � �

� -�
� � � �
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2
2 2

2

2
2

2

2

2

2
2

2
2

2 2

2

2 2

sin cos

1 1sin cos cos

1 1sin cos

1 cos cos cos sin

1 cos cos sin cos

1 cos 1cos cos sin
sin sin

r

r r r

r r r

r r r

r

r

�
�

�
� �� �

� � �� �� � �� �
� �� �

� � �� �� � �� �
� �� �

� �� �� � �� �
� �� �

� � �� �� �� �

� �
� � �

� �

� � -

� � � -
� �

� � -
� �

� � � � -
�

� � � � -
� �

�� � �
� � � �

2

2

2

2 2

2 2 2

1 sin sin sin cos
sin

1 sin cos sin cos
sin

1 sin
sin

r r r

r

r

� �
� ��� �

� �� �
� � �� �� � �� �

� �� �
� � �� �� � �� �

�
�

�

-
�

� � � � -
� �

� � � � -
� � � �

� -
� �
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2

2 sin sin sin sin

1sin sin cos sin

1 cossin sin
sin

1 cos sin sin sin

1 1cos sin cos sin

1 1 coscos sin
sin

y r r

r r

r r

r r

r r

r r

� � �� �� � �� � � !
� �� �� � �� � !

� �� �
� � �� � !

� �� �� � �� � !
� �� �� � �� � !

� �� �
� � �� � !

- -� � � �

-� � � �
�

� -� �
� �

-� � � �
�

-� � � �
� �

� -� �
� � �

1 cos sin sin
sin

1 cos 1 cos sin
sin

1 cos 1 cos
sin sin

r r

r r

r r

� �� �� � �� � !
� �� �� � �� � !

� �� �
� � �� � !

� -� �
� �
� -� �
� � �

� � -
� � � �

 

  

2
2 2

2

2

2

2
2

2

2

sin sin

1sin cos sin

1sin cos

1 cos sin sin

1 cos sin cos

1 1cos sin cos
sin

1 cos sin sin
sin

1 c

r

r r

r r

r r

r

r

r r

r

�
�

�
� �� �� � �� � !

� �� �
� � �� � !

� �� �� � �� � !
� �� �� � �� � !

� �� �
� � �� � !

� �� �� � �� � !

�

-� �

-� � �
�

-� �
�

-� � �
�

-� � �
� �

-� � �
� � �

� -� �
� �

2 2

os cos sin
sin

1 1 cos cos
sinr

� �� �
� �� � !
� �� �

� � �� �� �

� -� �
� � �

-� �
� � �
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2
2 2

2

2
2

2

2

2

2
2

2
2

2 2

2

2 2

sin sin

1 1sin cos sin

1 1sin cos

1 cos sin cos sin

1 cos sin sin cos

1 cos 1cos sin cos
sin sin

r

r r r

r r r

r r r

r

r

�
�

�
� �� �

� � �� �� � � !
� �� �

� � �� �� � � !
� �� �

� �� �� � � !
� �� �

� � �� �� � !

� �
� � �

� �

� � -

� � � -
� �

� � -
� �

� � � � -
�

� � � � -
� �

�� � �
� � � �

2

2

2

2
2

2 2 2

1 cos sin cos sin
sin

1 cos cos cos sin
sin

1 1 cos
sin

r r r

r

r

� �
� �� !

� �� �
� �� �� � � !

� �� �
� �� �� � � !

�
�

�

-
�

� � � � -
� �

� � � � -
� � � �

� -
� �

 

 

  

2

2 cos cos

1cos sin

1 sin cos

1 1sin sin

z r r

r r

r r

r r

� � �� �� � �� � �� �
� �� �� � �� �� �
� �� �� � �� �� �
� �� �� � �� �� �

- -� �

-� �
�
-� �

�
-� �

� �

 

  

2
2

2

2

cos

1sin cos

1 sin cos

1 sin sin

r

r r

r r

r

�
�

�
� �� �� � �� �� �

� �� �� � �� �� �
� �� �� � �� �� �

-

-� �
�
-� �

�
-� �

� �
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2
2

2

2

2

2

2

2 2

cos

1 1sin cos

1 sin sin cos

1 sin cos sin

r

r r r

r r r

r

�
�

�
� �� �

� � �� �� � �� �
� �� �

� � �� �� � �� �
� �� �

� �� �� �� �

� -

� � -
� �

� � � -
�

� � � -
� �

 

 
Ww£^L 
 

  

2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2

2
2

2 2 2 2 2

1 1 1 2 1 cos
sin sin

1 1 1sin
sin sin

x y z r r r r r r

r
r r r r r

�
� � � � �

�
� � � �

� � � � � � � �
� � � � � � �

� � � � � � � �

� � � �� � � �� � �� � � �� � � �� � � �

 

 
 
8.3� y«Õt� 
 
 y«Õt�]ÍsS� Schrödinger equation��Ko)�����ý*�þ��´
]d i*/���is¤y«Õt�-K�2Í�SV��,ResðiØäN��
d�ñ��«ÒV�s/C�åþ,�se��i*/��NVo)����£s4s

þ]e�Ss/a¶¤aK�Ki*/���¬iK�o)���Q�� 7.7.1�£¤
] 2Í�)�VäÚiØäN���-ôp�V�W¤U/-�ÕtU/�-]£�S
¿@�]£^äÚK½J�/Ñmi*/�RaR�W��K)�Ó�ö]ùUS

-�s-ôpbN/�i��iK�-^*pº�2Í�)�Ó��öKÕt]£�S
�bes-RSÖ^Ð¤�Je¾-�#Z�°-RS·�U/4sþ-RSKgÂ�

es�-iK*/Ts� 
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	�
	�

��
��

��

 

� 8.3.1 2)����Õt 
 

 

 )� 1�(�Q 1m �W�MNQ � �1 1 1, ,x y z -R£¤�B
])� 2�(�Q 2m �M

NQ � �2 2 2, ,x y z -U/�Ô�potentialKôpSsesab�HamiltonianKC® 

  
2 2 2 2 2 2 2 2

2 2 2 2 2 2
1 21 1 1 2 2 22 2

H
m mx y z x y z

� � � �� � � � � �
� � � � � � �� � � �

� � � � � �� � � �

� �   (8.3.1) 

-e/���i�d@�MNQ � �, ,X Y Z -R�T��)� 2abh�)� 1� �M

NQ � �, ,x y z -U/�W��²(8.3.1)� HamiltonianQ , ,X Y Z.£ , ,x y zQ�sSOU

�-Q©,/� � �1 1 1 2 2 2, , ; , ,x y z x y z  MN- � �, , ; , ,X Y Z x y z MN�Ó]Kz�èAV*

/� 

  

1 2
1 2

1 2
1 2

1 2
1 2

m mX x x
m m
m mY y y
m m
m mZ z z
m m

� �

� �

� �

      (8.3.2) 

�âR 
  1 2m m m� �        (8.3.3) 
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i*/�G] 

  
1 2

1 2

1 2

x x x
y y y
z z z

� �
� �
� �

       (8.3.4) 

�Nb�èA£^ 

  1

1 1 1

X x m
x x X x x m X x
� � � � � � �

� � � �
� � � � � � �

    (8.3.5) 

  2

2 2 2

X x m
x x X x x m X x
� � � � � � �

� � � �
� � � � � � �

    (8.3.6) 

B
e²V y.£z��]ÍsS��bN/���S²(8.3.1)� x��]ÍsSK 

  

2 2 2 2

2 2
1 21 2

2 22 2
1 2

1 2

2 2 2 2

2 2
1 2

2 2

2 2

1 1
2 2

m mx x

m m
m m x X m m x X

m X m m x

� �
� �

� �

� � � �� � � �� � � � �� � � �� � � �� � � �

� �� �
� � � �� �� �� �

� �

� �

� �

   (8.3.7) 

-e/� y.£ z��]ÍsS�B
eèA²V�bN/���S�reduced mass 

  
1 2

1 1 1
m m

� �
)

       (8.3.8) 

Q³AU/-�Hamiltonian(8.3.1)Kz�£¤]e/� 

  
2 2 2 2 2 2 2 2

2 2 2 2 2 22 2
H

m X Y Z x y z
� � � �� � � � � �

� � � � � � �� � � �� � � � � �� � � �

� �
)

  (8.3.9) 

�� Hamiltonian�# 1{yK�d@�KçQOU{i*/�PE�ïðKo)��
�ª«�XYKç]KÃÂVes�i�d@K�Ów*/Ì]!<�NSsSçae

s-ôp£¤�W¤U/- HamiltonianK 

  
2 2 2 2

2 2 22
H

x y z
� �� � �

� � � �� �� � �� �

�
)

     (8.3.10) 

-e/�ØÙ�d@�v^QÕ�Ss/ 2Í�&���KK�@>(�)QÄ�� 1
��&��Õt��K-RSÖ^Ð¤�-V´¹/���£¤e�[i�y«Õt«

��KK�Section 8.2-ª¾B�]Ð¤�-V´¹/Ñmi*/�UeÑÒ�¬'�
���>]�s/(�V@>(�i*/-s¤ÌâmQô6RS�eigenfunction, 
eigenvalueK�²(8.2.7).£²(8.2.8)izpbN/� 
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� Problem 8.3.1 

mA mB

R

 
 ��£¤e 2)����¬'4�5F�Kz�£¤e²iO�N/�-Q�"� 

  2A B

A B

m mI R
m m

�
�

 

 
��Problem 8.3.2 

mA mB mC

R R'

 

 ��£¤eé� 3 )����¬'4�5F�Kz�£¤e²iO�N/�-Q�
" 

  � �2
2 2 '

' A C
A C

A B C

m R m R
I m R m R

m m m
�

� � �
� �

 

 
 
8.4� o)����Õt�ý*�þ 
 
 ��i�sR��-Q�-]�o)����Õt�ý*�þ]ÍsS�µ9�JR
âmYUS.¾�y«Õt«� energy levelK 

  � �
2

1
2

E l l
I

� ��
�        (8.4.1) 

izpbN/�-KUi]�sR�-.^i*/��ý*�þ��-KÔTiª®�

sRSsesV� lV 1Í7e/��Ó�¥¦V>�i*/-s¤�-QsºN�s
U/�-]e/���iKW�Ø��,QyÖ^RSôp/��2æ����»W]

K��éV l���ab 1l � ���í�¥¦V×/���k�¥¦ÉÔþÕ�K 

  � �� � � �6 7

� �

1
2

2

1 2 1
2

1

E E E

l l l l
I

l
I

�" � �

� � � � �

� �

� �

�

�

     (8.4.2) 

o)����@>(�Kµµ 25 2610 10  kg� �� �ØW�öKµµ 1010  m� i*/���S�

¬'�� I Kµµ 45 46 210 10  kgm� �� -e/���RQ�s/-�²(8.4.2)�¥¦ÉÔþ
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Õ�Kº	*�æ�ÉÔþÕ�] CU/�-V�a/�W�i�º	*�æ:;i

����Õt�ý*�þKRäRäº	*�æ�C-ëÑN/�PE����·¸Q

ì<U/��-�÷Ee��� 1Íi*/�²(8.4.2)� E" Q���U/�2æ�.ç

é
 iOU- 

  � �2 1
4

E h l
h I



�

"
� � �       (8.4.3) 

-e/�RäRäs¬-RS� 

  28
hB
I

�
�

       (8.4.4) 

-.t�²(8.4.3)Q 

  � �2 1B l
 � �        (8.4.5) 

�£¤]OU�²(8.4.4)�BK rotational constant-[äN/� 
 ñ������iK���K 0l � � 1l � � 2l � �.��-ae^�s l�|}]Ñ�

�S¼EU/�)Boltzmann��#]£^� l������K � �2 1 exp lEl
kT

� �� �� �
� �

]ùã

U/0�¤s¤��iº	*�æ����ý*�þQC<U/-� 2 , 4 , 6 , ...B B B
 �

-�2B�Ó{i���V,bN/�W�*^�TQ� 8.4.1]9²±]�U���£
¤e�ý*�þ)Õt��Ó��ý*�þi*/abÕt�ý*�þ-ëÑN/�0

Q��RS����ØW�öQ5�/�-V´¹/� 
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l =0 "E=2Bl =1

l =2

l =3

l =4

l =5

"E=4B

"E=6B

"E=8B

"E=10B

 
 

� 8.4.1  Õt�ý*�þ 
 
 
�Exercise 8.4.1 
 H35ClK 116.26 10  Hz� ��Ó{iº	*�æ���VÊC�NSs/�H- Cl-
��öQ5�£� 
 
n�p3 

  11
22 6.626 10 Hz

4
hB
I

� � �
�

 

�Nab I Q5�/� 

  
� �

34
47 2

2 11 1

6.626 10  Js 2.68 10  kg m
4 6.26 10  s

I
�

�
�

�
� � �

� � �
 

H35Cl� reduced massK 

  271.00 35.00 1.66 10 kg
36.00

��
� � �)  

��S 
  2I r� )  
£^ 
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47 2

10
27

2.68 10  kg m 1.29 10  m 129 pm
1.61 10  kg

r
�

�
�

�
� � � �

�
 

 
�Problem 8.4.1 
 H79Br�¿ÀÁ��ý*�þ].sS�æéø+i 116.72 cm� ��Ó{����Ð

V*/�moment of inertia.£ØW�öQ5�£� 
 
�Problem 8.4.2 
 12C16O� 0l � ab 1l � í�¥¦K 51.153 10  MHz� ]*/�CHO�ØW�öQ5�
£� 
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CHAPTER 09 
 

ÎÏ)� 
 
 ��¬iK���-�Éøe��Ëi*/ÎÏ)�]ÍsS Schrödinger equation
Q�sS,/�ë¤Ti�es�-eVb�ÎÏ)�K)�¾ 1�-�� 1��,a
b·��N��N£^�Éøe)�K¼ERes���()��'(]ª��è@Q

ÄÍ��&]-�S�W�#Z�O�-RSÎÏ)�Q��R�s-×¤�KC®

i*/� 
 RaR�ïð]-�SÎÏ)�� Schrödinger equationQ�¾�-Vd e�K�ì
RS�#Z�O�-RSgÂV*/-s¤�-iKes�À�-�Ç�Schrödinger 
equationQ÷E]�¾�-V´¹/��ËK)�¾ 1�-�� 1��,ab·��N
/ÎÏ)�Raes�i*/���V 1�4pS
�Î%)�]e/-�¤÷E]K
�mes�W�i�æ½]�¾�-V´¹esÎÏWÁ�)�(��Q�Ì´]�°

±]�¾aV�K-e/���»W�ÎÏ)�Q´·�4sþ-RS�s�W�]e

9ba��°QÖ^ANSôp/�4sþÁ(i*/ab�ÎÏ)���-K�ª]

��RS.¾� V*/Ñmi*/� 
 e.�.s.s�ba]e/£¤]�çz��� wavefunctionKmné�]£�S
�¾�V�P¼U/9���6��V·�RSs/��i*/�RaR�harmonic 
oscillator�»W]�sR�£¤e=>��Q�s/-�ae^Éø]�V5T/�¯
ë].sSK��&�Ö^ÐsQR£¤-�ôp�V�90%Ww�9��iÐÑNS
s/��QYUesi�Ê���âmQYU/�-�ì@VÍtaÚ��elegante�
�Q�sU/��ssV�conventionali standarde��Qª¾¦1Res-s¤�
�gRÜ^V*/a�RNes�W¤×�S���iK�W�x�Q÷YU/�-]

U/�´¹/âmV9ä�Sx����Q�sRSµRs� 
 
 
9.1� ÎÏ)�]èU/ Schrödinger��² 
 

 )�¾�(�QM �W�MNQ � �N N N, ,x y z -R�T�����(�Q em �W�M

NQ � �e e e, ,x y z -U/�potentialK)�¾-��-�Ó� Coulomb ¡¥�âmi*

/)Problem 9.1.10�i�HamiltonianKz�£¤]O�N/� 
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� � � � � �

2 2 2 2 2 2 2 2

2 2 2 2 2 2
N N N e e e e

2

2 2 2
0 N e N e N e

2 2

1
4

H
M X Y Z m x y z

e

X x Y y Z z��

� � � �� � � � � �
� � � � � � �� � � �� � � � � �� � � �

�
� � � � �

� �

  (9.1.1) 

��i Section 8.3i���£¤]�ÎÏ)��d@�MN � �, ,X Y Z .£)�¾ab

,����MN � �, ,x y z Q³AU/�²(8.3.7)Q���-B¢£¤]RS�Hamiltonian

-RSz²Q�/� 

  
� �

2 2 2 2 2 2 2 2

2 2 2 2 2 2

2

2 2 2
0

2 2

1
4

e

H
M m X Y Z x y z

e
x y z

� � � �� � � � � �
� � � � � � �� � � �� � � � � � �� � � �

�
� �

� �
)

��

 (9.1.2) 

��i)K@>(�i� 

  1 1 1
M m

� �
)

       (9.1.3) 

-<��N/�²(9.1.2)�# 1{yKÎÏ)�ª«�XYKçQOU��i*/V�
WNKUi]# 6¬iÐ����i���iKÃÂVes���S�d@K�Óa]
!<�NSs/-ôpS�HamiltonianK 

  
2 2 2 2 2

2 2 2 2 2 2
0

1
2 4

eH
x y z x y z

� �� � �
� � � � �� �� � � � �� �

�
) ��

   (9.1.4) 

-RS£s�G]�²(8.2.2)Q�sS��NQ spherical polar coordinateí�@U/�
W�Ø � 

  

2
2 22 2

2
0

2 2 2

1 1 sin
sin

2 41
sin

r
r r r r eH

r
r

�
� � �

) ��
� �

= >� � � �� � � ��� � � �G G� � � �� � � �G G� � �? @
�G G�G G�A B

�   (9.1.5) 

-e/�UeÑÒ� Schrödinger equationKz�£¤]O�N/� 
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2
2 2

2 2

2 2 2 2
0

1 1 sin
sin

1 2 0
sin 4

r
r r r r

eE
r r

� � �� � � ��� � � �� � �� � � �
� ��

� � � �� �� � ��

�- -�
� � � �

- ) -
� � ��

   (9.1.6) 

��²K , ,r � �-s¤ 3Í��éQ]9isSeaea~Ti*/�W�i� 

  � � � � � �, , ,r R r Y�- � � � �       (9.1.7) 

�£¤]� � �, ,r- � �  Q râm�èé � �R r - ,� �âm�èé � �,Y � � -��iO�N/

-ôp/�²(9.1.7)Q²(9.1.6)]�AU/�-]£^ 

  
� �

� �

� �
� �

� �
� �

2
2 2

2
0

2

2 2

1 2
4

, ,1 1sin
, sin , sin

R r er E r
R r r r r

Y Y
Y Y

�� � � ��
� �� � � �� � � �� �

� �� ��
� � �� �� � �� �

�
)

��

� � � �
�

� � � � � � � � �

 (9.1.8) 

Q�/� râm�èé- ,� �âm�èé-V.¡s]�Rs-s¤�-K�WNûN
V*/<é]�Rs�-Q�RSs/���<éQ�-.¾-z� 2Í�²V�bN
/� 

  � � � � � �
2

2 2

, ,1 1sin ,
sin sin

Y Y
Y

� �� ��
� � �� �� � �� �

� � � �
� � � �

� � � � �
  (9.1.9) 

  � � � �
2

2
2 2 2

0

1 2 0
4

R r er E R r
r r r r r

= >�� � � �G G� � � �? @� � � �� G G� �� � A B�
� ) �
� ��

  (9.1.10) 

��¤Ò# 1®y�²(9.1.9)Kïð]-�SUi].e¢,�²i*/�UeÑÒ�
²(5.2.10)Qô6U/-²(9.1.9)K 

  � � � �2 2, ,Y Y� � � � �� �L       (9.1.11) 

i*/�-V�a/�²(5.3.29)Qu�S��U/Ti�e¾���²KT�R¾�

� �,Y � �  VSèéi*/�-Q�RSs/�UeÑÒ�²(9.1.9)��K 

  � � � �,, ,mY Y� �� � � �  m� 4 4� �     (9.1.12) 

  � �1� �� ��        (9.1.13) 
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-e/� 
 ¿^�²(9.1.10)K²(9.1.13)Q�AU/�-]£^ 

  � � � � � �
2

2
2 2 2

0

11 2 0
4

R r er E R r
r r r r r

= >� �� � � �� G G� � � �? @� � � �� � G G� �� � A B

� �
�
)

��
  (9.1.14) 

# 1{y�=>Q�s 

  � � � � � � � �
2 2

2 2 2
0

12 2 0
4

R r R r eE R r
r r r r r

= >� � �� �G G� � � � �? @� �� � G G� �A B

� �
�
)

��
  (9.1.15) 

Q�/�èé � �R r K râm�èéi*^�çzæçèé)radial wavefunction0-ëÑ

N/�²(9.1.15)Kçz��� Schrödinger equationi*/-s¤�-�´¹/���l
���²��K�W¤Éø]�bNW¤]�es�i�Qu�Sôp/�-]R£

¤� 
 
�Problem 9.1.1 
 &'-aS-� ¡¥�K�QØ��,]£�SzpbN/�Zh°�k�)�¾
-���k]ÍsS��QØ�Q�>R�Coulomb�-ùú"£�)�¾-��-�
�öK6« 1010  m� �Ä�ø�-ôp£��QØ�<éW�Ê� e<éKZ�ii

US,£� 
 
 
9.2� çzæçèé�<'±{Â 
 

 çzæçèé � �R r ]èU/ Schrödinger equation (9.1.15)Q�¾�-Qôp/��R

¾ 

  � � � �P r R r r�        (9.2.1) 

i<��N/ � �P r -s¤èéQ³AU/-²(9.1.15)K 

  � � � � � �
2 2

2 2 2
0

12 0
4

d P r eE P r
dr r r

)
��

= >�� �G G� � � �? @� �
G G� �A B

� �
�

   (9.2.2) 

�£¤]e/���l���²Qé�±]�¾�]�����²Q<'±]{ÂRS�

�]ÍsS�..Tae*^�TQáâRS.�¤� 
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 �R�²(9.2.2)].sS Coulomb potential��^] effective potential effV -RS 

  � � 22

eff 2
0

1
4 2
eV
r r

�
� � �

� � �
�� )

     (9.2.3) 

Qôp/-�²(9.2.2)K 

  � � � � � �
22

eff22
d P r

V P r EP r
dr

� � �
�
)

     (9.2.4) 

-s¤Zz6� Schrödinger equation-,eU�-V´¹/�²(9.2.4)� effective 
potential�Á�±gÂQôpS,£¤�# 1{yK Coulomb� potentiali*^Ø�i
*/�# 2{yKJKç�]7¼U/q·�i¿@�] CU/� 
 
n¢p3 

 ��±]K¿@�K � �2

3

momentum
r)

izpbN/��NQ��RSx�Q�p��

�V potentiali � �2

2

momentum
2 r)

-e/� � � � �2 2momentum 1� �� � �  Q�AU/-�

� � 2

2

1
2 r
�� � �
)

 V�bN/� 

 
 0�� �»W]K��KJKç�QÄ�º���]K¾abò�£¤-U/�Kw

aºØ��,Vw¾���»W� potentialK� 9.2.1)a0]�U£¤]s�/-�Ç
Ai*/�Z� 0%� �»W]K���KJKç�QÄÒ�WN]£�Sa@abòN

£¤-U/�Vw¾���S���� -�Ø����-�óô-e/� rV-�s

-�ÇiK potential� 2

1
r

� �{V
1
r

� �{£^�£¾�t� rV6ts-�ÇiKè

]
1
r

� �{VMõ-e/� 1�� �»W� effV Q� 9.2.1)b0]�T�� 2�� �»W� effV

Q� 9.2.1)c0]�U� 
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nLp3 

 effective potential�äëK effV Q atomic unit)
4

2 2
0

1 atomic unit 13.6 eV
8
me
h �

� � 0�æë

K)�¾ab��Ti��öQ atomic unit)
2

0
41 atomic unit 52.9 pmh

me
�
�

� � 0iOÑU

-�effective potentialK � �
2

12
effV r r

�
� � �

� �
-O�N/�� 9.2.1K��ø+iyö�S

*/� 

� � � � � �

��

��

�

�

�

�

	

 
� 9.2.1(a) 

0�� �»W� effective potential 
äë�æë�] atomic unitiO�RSs/� 
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� � � � � �

��

��

�

�

�

�

	

 
� 9.2.1(b) 

1�� �»W� effective potential 
äë�æë�] atomic unitiO�RSs/�Ì�KØ��ê�WNûN�{Q
�U��� 2Í�{�jVÀ�i�R� effective potential-e/� 
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� � � � � �

��

��

�

�

�

�

	

 
� 9.2.1(c) 

2�� �»W� effective potential 
äë�æë�] atomic unitiO�RSs/�Ì�KØ��ê�WNûN�{Q
�U��� 2Í�{�jVÀ�i�R� effective potential-e/� 

 
 

 Tº 0�� �»WQ{ÂU/� 0r# �LciK potential energy 
2

0

1
4

e
r��
VE£^�

K/a]6t¾e^EQ�?´¹/���S²(9.2.2)K 

  � � � �2 2

2 2
0

2 0
4

d P r P re
dr r

� �
�
)

��
 � �0, 0r� #�    (9.2.5) 

-�°´¹/����K 

  � �
2

2
2

04
eP r Ar ArI �

�
)
��

      (9.2.6) 

��]e/�-K�²(9.2.6)Q²(9.2.5)]�ARS 0r# �LcQ-�S,Nä�a

/���S�radial wavefunctionZ«K 0r# �Lci � � � �P r
R r A

r
� I -e/�UeÑ
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Ò 0r# i� � �R r  Kî�ies*/RQÖ/�-V�a/�ëôQ@pSë¤-�

0�� �»W]K���Q¾�+Ö]h´UE�Vî�iKes-s¤�-]e/� 
 0%� �»W]K�6teq·����]��Q¾�+Ö]h´UE�Kî�-e

/�T�� 0%� � 0r# �LciK²(9.2.2)K 

  � � � � � �
2

2 2

1
0

d P r
P r

dr r
�

� I
� �

  � �0, 0r% #�   (9.2.7) 

-e/����K 

  � � 1P r Ar Br� �I �� �       (9.2.8) 

-s¤�]e/�-K�ARS,Nä�bai*/�RaR�wYR�£¤] 0r# �

Lci � � 0P r # i*/ab�²(9.2.8)i 0B � iemNäebes���S� 

  � � � �P r
R r Ar

r
� I �  � �0r#      (9.2.9) 

-s¤ asymptotic solutionV�bN/�a¾RS� � �R r  �..£W�*^�TV�a

���i�z��i�÷Eeèé�Q5�S,£¤� 
 
 
9.3� çzæçèé�mné�]£/� 
 
 TºE�x�QôpS,/���-¾-V�c]öNSs/»WQ energy�î�
-R�Ñmi*/ab���V¾ab¼÷�NSs/c^)�¤s¤��Q¼÷��

)bound state0-ë¤0 0E / i*/���V��¼÷Q÷R���iK 0E 0 i*/�

Wt�EVA�»W-EV÷�»WQ�ð]Ö^Ð¤� 
 0E 0 �»WK�� Section 9.4iôp/�-]R���iKTº�bound state�Ue
ÑÒ� 0E / �»WQôp£¤���iz²i<��N/�Rs�z6� parameter 

Q³AU/� 

  
2

04 2
e

E
�

��
)


��
      (9.3.1) 

G] r��^]�Rs�z6��é xQ³AU/� 

  8 Ex r�
�

�
)        (9.3.2) 
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Ww��é�Öt@pQ�¤-��¾UtR]ÍsS�l���²(9.1.15)Kz�£¤
]e/� 

  � �2

2 2

12 1 0
4

d R dR R
dx x dx x x


 �= >
� � � � � �? @

A B

� �
    (9.3.3) 

Tº��²Q x# $�:;i{ÂRS,£¤� x# $iK²(9.3.3)K 

  
2

2

1
4

d R R
dx

�        (9.3.4) 

-e/��NQ�sS 

  exp exp
2 2
x xR A B� � � �� � �� � � �

� � � �
     (9.3.5) 

V�bN/V� x# $iRV·$Res��]K 0B � iemNäebes���S 

  2
x

R Ae
�

�        (9.3.6) 

x# $i��£¤e asymptotic solutionV�bN/-s¤�-ab�²(9.3.3)��-R
S 

  � � � � 2
x

R x K x e
�

�        (9.3.7) 

-.sS£�W¤i*/-Ø��N/���i � �K x K²(9.3.3)QX¨U/£¤]ì�

bN/Ñmi*/V�Je¾-��RV x# $i·$Res��]K� x# $]e/

»W� � �K x �4~V exp
2
x� �

� �
� �
�4~£^�\�¾^iemNäebes�-KEa

i*/�²(9.3.7)Q²(9.3.3)]�ARSz²Q�/� 

  � � � � � �6 7
2

2
2 2 1 1 0d K dKx x x x K

dx dx
� � � 
 � � � �� �    (9.3.8) 

��²K 0x � i��^r�es-smes���S 

  � � � �1 0 0K� �� �        (9.3.9) 

UeÑÒ� 0%� �»W]K � �0 0K � i*/� 

 � �K x ��Qmné�i5�£¤�²(9.3.9)ab� 0%� �»W]K � �K x ���i 0x

�{Q]Tes�-V�a/����-ab� � �K x  Qz�£¤]OU�-]U/� 

  � �
0

s k
k

k
K x x a x

�

� �       (9.3.10) 
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��i sK 0%� �»WK÷�Qéi*/�²(9.3.10)Q²(9.3.8)]�AU/� 

  
� �� � � � � �6 7

� �
0

1

0

1 2 1

1 0

s k
k

k
s k

k
k

s k s k s k a x

s k a x

�

�

� �

�

� � � � � � �

� 
 � � � �

�

�

� �
   (9.3.11) 

�NVUUS� x]ÍsS�^r�emNäsmesab� x��m�AéVî�i
emNäebes� sx �Aé]ÙyU/- 

  � � � �1 2 1 0s s s� � � � �� �  

T�K 

  � � � �1 1s s � � �� �       (9.3.12) 

���K� s � �T�K � �1s � � �� �sºNai*/� sV negativei*/-²(9.3.10)

K 0x# i·$RSRTs�²(9.3.9)-|}U/���S s � �V5Z��i*/�Ø
Ù�²(9.3.10)K 

  � �
0

k
k

k
K x x a x

�

� ��       (9.3.13) 

-e/�WRS²(9.3.11)£^Aé ka - 1ka � �èAQ5�/� 

  � �
� �� �1

1
1 2 2k k

k
a a

k k



�

� � �
�

� � �
�

�
     (9.3.14) 

k�6ts-�ÇiK 

  1
k

k
aa
k� �        (9.3.15) 

-e/�Z�� xe ��� 

  
0 !

k
x

k

xe
k�

� �        (9.3.16) 

].sS kx �AéQ kb -OU-� 

  1
k

k
bb
k� �        (9.3.17) 

-²(9.3.15)-B¢èAV�bN/�UeÑÒ� � �K x  K x�6ts-�Çi xe -µµ

B¢£¤]./¤�²(9.3.7)Qô6U/-� 
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  � � 2 2
x x

xR x e e e
�

� �  � �x# $     (9.3.18) 

-e�S well behavedeèé-ebes���£¤]ebes��]K�²(9.3.13)
���V*/Qc�-�ÇiäT/� V*/�����]K²(9.3.14)].sS kV

*/R 'n � �' 0,1, 2, ...n � £^�6ts1iUUS� ka Vî�]eNä£s�UeÑÒ 

  ' 1n
 � � ��        (9.3.19) 
-s¤��V�bN/���i�R¾ 
  ' 1n n� � ��        (9.3.20) 
-nQ<�U/�²(9.3.19)£^� 

  1n < ��   � �0,  1,  2,  ...��      (9.3.21) 

i*/ab 
  1n <  
i*/�²(9.3.1)Q�s/-²(9.3.20)ab 

  
� �

4

2 2 2
0

1
24n
eE
n

� �
�

)
��

  � �1,  2,  ...n �    (9.3.22) 

V�bN/�EK n]£�SìT/�iE� subscript-RS nQÍm����£¤]�
0E / �»W]K energyV���RSs/�-V�a/�e.���Ø K�Bohr�

����ab´R�²(1.6.11)-�ª]B¢]e�Ss/�)RaR����-K Bohr
�����V÷C��N/�-QgÂRSs/�iKes�0 
 ²(9.3.2)Q�s/- 

  0
1 '
2

r na x�        (9.3.23) 

-e/��âR 0 'a K/�� dimensionQ�Ò 

  � � 2
0

0 2

4
'a

e
�

���
)

       (9.3.24) 

i<��N/�i�Bohr radius 0a ] 1e em m
M

� �
)

Qvm/�-]£�S reduced mass

]ÍsS�§÷QR���i*/� 
 ²(9.3.21)ab�a/£¤]�1Í�n]ÍsS �K0ab 1n � Ti n��RQÖ^
�/�-�ÇV�energyK²(9.3.22)ab�bae£¤] n�,]£�SìT^ �]K
£bes�UeÑÒ� �]èRSK��RSs/�-]e/��C���BiK�

0,  1,  2,  3�� ]�DRSWNûN s�p�d�f -s¤7�i[9is/�ãpä 1n � �
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0�� ���K1s� 2n � i 0�� - 1�� ���KWNûN 2s�2p-s��[�V�
N/�B
] 3n � i 0�� � 1�� � 2�� ����KWNûN3s�3p�3d-[äN/�
energyQ� 9.3.1]9²±]�U� 
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 Ww�radial wavefunction]ÍsS energyV5T���i�z] wavefunction��
]ÍsS{ÂR£¤�Tº�ÔTi�a���-Q�sRS.�¤�²(9.3,7)�²
(9.3.13).£²(9.3.20)£^ 

  � �
1

0
exp

2

n
k

k
k

xR x a x
� �

�

�

� �� �� �
� �

�
�

�      (9.3.25) 

i*/�-V�a�Ss/�UeÑÒ�exp
2
x� ��� �

� �
 ]aa/½{²K x��{ab�T

^ 1nx � �{i�/�-]e/�ãpä�1s�èéiK<é{�,�2sK<é{- 1x �

{�2pK 1x �{�,abe/½{²] exp
2
x� ��� �

� �
Qvm��-e�Ss/�WNûN

�»W]ÍsS�½{²�Aé ka K²(9.3.14)UeÑÒ 

  
� �� �1

1
1 2 2k k
k na a

k k�
� � �

�
� � �
�

�
     (9.3.26) 

£^�	ò� ka �UeÑÒ x
��Aé�a�QzpNäzð-5�/�-V´¹/�a�K

wavefunctionV normalize�N/£¤]ì�Nä£s���abW�£¤e a�Qì�/
�-K�ºaRs�i�-^*pº1-RS.sS��i normalization factorQôpN
ä£aÇ¤� 
 
�Exercise 9.3.1 
 1s� radial wavefunctionQ5�£� 
 
n�p3 
 1n � � 0�� i*/ab�½{²K<é{�,-s¤�-]e/�WNQ 1-Ös
S 

  � � 2
1

x

sR x e
�

�  

²(9.3.23)£^ 

  
0

2
'
rx
a

�  

i*/ab normalization factorQN -RS 

  � � 0 '
1s

r
aR r Ne

�

�  

-e/�normalization factorK 
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3

2 0
2

00

'1 2exp
' 4

ar r dr
N a

$ � �
� � �� �

� �
2  

-e^�ØÙ 

  � �1s 3
00

2 exp
''
rR r
aa

� �
� �� �

� �
 

-5T/� 
 
�Exercise 9.3.2 
 2s.£2p� radial wavefunctionQ5�£� 
 
n�p: 
 Tº 2sQôp/� 2n � � 0�� i*/ab�½{²���K 0x - 1x � 2Í�{£^
e/� 0x �AéQ 1-U/� 1x �AéK²(9.3.26)] 2n � � 0�� � 0k � Q�AR� 

  1
1
2

a � �  

-e/���S 

  � �2s
11 exp
2 2

xR x x� � � �� � �� � � �
� � � �

 

²(9.3.23)£^ 

  
0 '
rx
a

�  

i*/ab�normalization factorQ 2sN -RS 

  � �2s 2s
0 0

11 exp
2 2

rR r N r
a a

� � � �
� � �� � � �

� � � �
 

-e/� 
 z]2pQôp/� 2n � � 1�� i*/ab�½{²���K 1x �{Raes�W�
AéQ 1-.sS� 

  � �2p exp
2
xR x x � �� �� �

� �
 

-e/���S�normalization factorQ 2pN -RS 
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  � �2p 2p
0 0

exp
' 2 '
r rR r N
a a

� �
� �� �

� �
 

-e/� 

 2Í� normalization factor 2sN .£ 2pN Q5�/�-K���=s-R£¤� 

 
 w� exercisei���£¤]� «±e n- �-VzpbN�-t�radial 
wavefunctionQ5�/�-K�ñ]Éøe�-i*/��â�Zµ²-RSèé�V
zpbNSsNäOR�-UNätNsi*/R�F�´a-�#e�-K*/�W

¤s¤Ñmi�	�]Zë���-]ÍsSYUS.�¤��âR���iK�*T

^é�±]æ½]Ð¤�-QªmS�9���Ø Qø^/�-]R£¤�²(9.3.13)
]O�N/½{²K�ÀK�Laguerre�½{²-RS 19
��k�ab�bNSs
�èé-½�eèAV*/�Zµ]� 

  � � x xdL x e x e
dx

��
&

&
& &       (9.3.27) 

i<��N/èéK�Laguerre�½{²)Laguerre polynomial0-ëÑN/���èé
Q 5Õl�R��� 

  � � � �d L x
L x

dx
�

5
&5

& 5       (9.3.28) 

K Laguerre�B¹½{²)associated Laguerre polynomial0-ë¤�)Laguerre�ù½{
²-�ëÑN/�0 

 T�²(9.3.28)i<�R� � �L x5
& Kl���² 

  � � � � � � � � � �
2

2 1 0d dx L x x L x L x
dx dx

� � � � � �5 5 5
& & &5 & 5   (9.3.29) 

��i�*/� 

 �S���iK�Rs�-Kµ¶U/V�²(9.3.13)�½{² � �K x K 

  � � � �2 1
nK x Nx L x�
�� � �
�       (9.3.30) 

-e/�-Vë��N/�N K?g�<éi�normalization condition£^ì�/�-

V´¹/���S�²(9.3.7)£^�radial wavefunction � �R x K 

  � � � �2 1exp
2 n
xR x N x L x�

�
� �� �� �
� �

� �
�      (9.3.31) 
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-zpbN/�normalizationK� x]ÍsS��U/�iKe¾�GñK r]ÍsS
���abì<U/�UeÑÒ� 

  � � 2

0

d 1R r r r
$

�2        (9.3.32) 

£^�normalization factor N Qì<U/��¤RSì<�N� radial wavefunction�Z
µ²K�½¾�9��]zpbNSs/)ãpä�Eyring, Walter, Kimball, "Quantum 
Chemistry" page 840V�ZD*�S.�¤� 

  � � � �
� �6 7

3
2 1

, 3
0 0 0 0

1 !2 2 2exp
' ' ' '2 !

n n

n r r rR r L
na na na nan n

�
�

� �� � � � � � � �
� � �� � � � � � � �

�� � � � � � � �

�
�

� �

�

�
 (9.3.33) 

��i	ò�º	+��x�Kèéª«-RS÷]e/£¤]U/��]Ím��

�i*/�T����²ab�bae£¤] � �R r K��é n- ��èéi*/�i�

Nb���éQ subscript-RSÍmS*/� 

 � �,nR r� � «±eèé�Q 1, 2, 3n � �»W]ÍsSO 9.3.1]�U�e.���O

iK�£^Zµ±e»W-RS)�¾���VZei*/»W�èé�Q�RSs/

�i�ÎÏ�»W]K 1Z � �WRSC®��-eVb 0 0'a a� i*/� 
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O 9.3.1  ÎÏ�°)��çzæçèé 
 

  
0 '
Z r
a

 �  

  � �
2

0 0 02' 4 1 ema a
e M

��
)

� �� � �� �
� �

�  

  1n4 ��  
 
 

n �1 � � 0 
3

1
0

2
's
ZR e
a

�� �
� � �

� �
 

n � 2 � � 0 � �
3

2
2

0

1 2
'2 2s
ZR e
a




�� �

� �� �
� �

 

n � 2 � �1 
3

2
2

0

1
'2 6p
ZR e
a




�� �

� � �
� �

 

n � 3 � � 0 � �
3

2 3
3

0

2 27 18 2
'81 3s
ZR e
a



 
�� �

� � �� �
� �

 

n � 3 � �1 � �
3

2 3
3

0

4 6
'81 6p
ZR e
a



 
�� �

� �� �
� �

 

n � 3 � � 2 
3

2 3
3

0

4
'81 30d
ZR e
a




�� �

� � �
� �

 

 

  [Coffee Break]� Bohr�|}4sþ��ba].~^¾â�s 

 
 Schrödinger equation��-RS�bN�!QR²(9.3.22)²K�Bohr�����a
b´R�²�(1.6.11)²�-Z8RSs/���Z8���]�Bohr�4sþ)��
V¾�v^QÕ�Ss/-s¤4sþi�|}V&'�v^QÕ�Ss/�-B¢4

sþe�iRäRäåBohr�|}4sþê-ëÑN/0VÀK÷Ra���â-×Ñ
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NVÒi*/�RaR�åZ8R�ê-s¤�K�ÉÔþÕ�V�T�TZ8R�-

s¤�-]U�º�Bohr�|}4sþKsÇsÇeÌi������-K7e�Ss
/� 
 Tº�¶¤s¤�-abÉÔþÕ�����V³aN��i*Ç¤a�Bohr4s
þiK�JKç�V��QéRi*/-s¤;<ab���V¢��WN]qR�
����iK�wavefunctionV well behavediemNäebes�UeÑÒ¾ab�
c¿�aÌi wavefunctionV·$Res-s¤��ab���V¢������i
K�Bohr�ôp�Ñm��abes;<Q³AU/� Ve¾�f¾Z®]���V
³aN�Ñmi*/� 
 JKç��6t���Bohr4sþ-����iK6t¾7e�Ss/�Bohr4s
þiK�wYR�£¤]JKç�K��QéRi*/�����iKJKç�Z«K

observable-Këpes�JKç��o��,V observablei*^�W�RK � � 21�� � �

i*/��NV÷Eeës�i*/V�RäRä�����iKåJKç�K � �1�� � �

i*/ê-s¤ës�V�N/�Jðssa�9i*/V���£¤eOR�i 2Í
���i�JKç�QùúU/-O 9.3.2�£¤]e/� 
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 üsKTâTâ*/�ãpä�Bohr4sþiK���¼EE�K)�¾ab*/
ìT���ö]*/��w]cbNSs/���S�C®��-eVb���V)�

¾�+Ö]h´�N/E�K�ª]î�i*/�RaR�����iK� s���»
W���V)�¾�+Ö]h´�N/E�Kae^*/�)Section 9.8 Q��0WR
S���-K�ÎÏ].m/���EF-¾�EF-� ¡¥��sÑ\/úl¶ 

¡¥�)hyperfine coupling0V�væéø+i 1420 MHz-s¤ae^6teR-R
SÊC�NSs/-s¤À³¿Àab�ûnm�NSs/� 
 Bohr�|}4sþK������·�¯w]K�Å±e��i*��-×ÑN/�
RaR�PE�
�aiK�ª¾�-s�Sssµ¶gÂ�es�`ó�oÁiRa

es���£¤]�*/kÅ]K�Å±e��i*����V�]e�Sª¾ü,b

N/�-Ve¾e����Ké½¾*/Kºi*/V�¶¤s¤Ñma Bohr4sþ
âmKPE½¾�9��iÖ^w�bNSs/����-K�Bohr]-�SK.Wb
¾úKe�-i*/-K×¤V�W���]�ÎÏ)������QÏ�RSRT¤

���Vm��¤s/�-K BohrZð�J9iKsesi*Ç¤�Pimentel-
Spratley���]K�µm�Bohr4sþ�.ý�w]�V�V-T�SsSþQ!R

O 9.3.2  JKç��6t�]èRS Bohr4sþ-����-�ùú 
 

�� Bohr4sþ ���� 

1s  �  0  

2s  2�  0  

2p  2�  2�  

3s  3�  0  

3p  3�  2�  

3d  3�  6�  

4s  4�  0  

4p  4�  2�  

4d  4�  6�  

4 f  4�  12�  
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eVb��Q��Ss/Q�V��Ss/��¥���KV*/�i�W�Q��±

E�Q��]nm/Ñm]KsaesV�x*s�i���)�QhS�bs�s�

ïð����Q��S��K Bohr�|}4sþ��-QÈNSRT.¤iKesa� 
 
 
 

[Let’s play with Mathematica]� Laguerre polynomial 

 
 ²(9.3.28).£²(9.3.29)i<�R� associated Laguerre polynomialK�*^V�s
�-]MathematicaiK LaguerreL-s¤X�èé-RSUi]<�RS*/���

X�èéQ�sS²(9.3.33)� radial function � �,nR r� Q R[n, L, r]-<�U/- 

 
R[n_,L_,r_]:=Sqrt[4 (n-L-1)! n^(-4) (n+L)!^(-1)]*(2r/n)^L Exp[-r/n] 
LaguerreL[n-L-1,2L+1,2r/n];�
 

�£¤]e/�Z��¤(�S<�RS.mä � �,nR r� Q]�Ëð�èé��>(�

��Q�ñ]Éø]�¤�-V´¹S�#i*/� 
 
 
9.4� ÎÏ����� 
 
 ��iK 0E / � bound state�,]ÍsSôp� 0E 0 �»WQ�ÁRS¹��W�

i�Wt� 0E 0 �»WQôp/���»WK�²(9.3.1)�²(9.3.2)��^] 

  
� �

2

04 2
ek

E
�

�
)

��
      (9.4.1) 

  8 Ex r�
�
)        (9.4.2) 

-.¾�W¤U/-²(9.1.15)K 

  � �2

2 2

12 1 0
4

d R dR k R
dx x dx x x

�= >
� � � � �? @

A B

� �
    (9.4.3) 
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-e/� x�6ts-�ÇiK 

  
2

2

1 0
4

d R R
dx

� �   � �x# $     (9.4.4) 

-e/V����K 

  2 2
x xi i

R Ae Be
�

� �        (9.4.5) 

-e^� x�6ts-�Çi�·$Res�wavefunction��KZ[&�-B¢i*
/���£¤]� 0E 0 �»W]KE]´����e¾����U/�-e¾��±
eÉÔþÕ�QÖ^�/� 
 
 
9.5� =>��]£/çzæç��²�� 
 

 çzæçèé � �R r Q Section 9.3iKmné�i�s������K�Laguerre 

polynomial ]ÍsS���S�sR��-V*/Hebs'�bº���S�H]-
�SK��ºaR¾Kea��Ç¤V�xYiK*��-×¤�W�xYe��Q*

pS��i�Ö^Ð��V�WNKP¼U/�����9���6��V����Q

-�Ss/abi*/�-�ÇV�harmonic oscillator��KQ�=>��iùú±É
ø]�¾�-V´¹��-B
�ÎÏ)�� radial wavefunction��=>��]£�
Sae^Éø]�¾�-V´¹/�Section 9.3i/ð-aa�S³´R�²-ª¾B
¢��V�bN/]U�esV���£¤eé�±Ò�]¬NS.¾�KìRS�V

e�-iK*/Ts�W¤s¤ÑmiWt�=>��Q'(U/�e.�Wt�Ö^

ÐsK�6u].sS�a�	
å����ê)èæ��0]A�Ss/V½JÒé

RQRSs/� 

 ��iK � �R r ]èU/l���²(9.1.15)ie¾ 

  � � � �P r R r r�        (9.5.1) 

-.sS�bN/²(9.2.2)�UeÑÒ 

  � � � � � �
2 2

2 2 2
0

12 0
4

d P r eE P r
dr r r

= >�� �G G� � � �? @� �
G G� �A B

� �
�
)

��
   (9.5.2) 

ab´·U/���i�R¾�z6�/� -�z6� energy�Qz�£¤]<�U
/� 
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0 '
r
a

 �         (9.5.3) 

  � �2 2
0

4

4 2
E

e
�

���
�

)
      (9.5.4) 

��i 0 'a KUi]<�R�£¤] Bohr radius] reduced mass�§÷QAN���i

*/� 

  � �
2

0 0 0 02' 4 1e em ma a a
e M

� �� � � �� �
� �

���
) )

    (9.5.5) 

Section 9.1i<�R�£¤]M K)�¾�(�i*/��Rs�é -�Q�s/-
²(9.5.2)Kz�£¤]O�N/� 

  � �2

, ,2 2

12d P P
d

�= >
� � � �? @

A B
� �

� �
� ��

  
     (9.5.6) 

��i eigenvalue �.£=>��a]]TNSs/ �Q eigenfunction P� subscript
-RSÍmSs/� 
 ��!QR��²Q�¾]*�^�Tº�¡s] Hermitian conjugatei*/ 2Í�

=>�a �
� - a�Q<�R£¤�)Problem 9.5.10 

 

  1da
d

� � � � ��
�

� 
      (9.5.7) 

  1da
d

� � ��
�

� 
       (9.5.8) 

�N£^ 

  � �2

2 2 2

12 1da a
d

� �
� � � � �� �

� �
�  

     (9.5.9) 

  � �2

2 2 2

12 1da a
d

� �
� � � � �� �

� �
�  

     (9.5.10) 

²(9.5.9)Q�s/-²(9.5.6)K 

  , ,2

1a a P P� ��� � �� �� �
� �

� � � ��
      (9.5.11) 

-e/�T�²(9.5.10)]ÙyU/-²(9.5.6)K 

  
� �1 1 , ,2

1
1

a a P P�
� �

� �
� �� �
� ��� �

� � � ��� ��      (9.5.12) 
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-��¾�-V´¹/� 
 �S�²(9.5.11)]�ab a�Q¥�U/� 

  , ,2

1a a a P a P� � �� �� �
� �

� � � � � ��� ��      (9.5.13) 

��²-�²(9.5.12)� �Q 1�� -Öt@p�² 

  , 1 , 12

1a a P P�
� �

� �� �� �
� �

� � � ��� ��       (9.5.14) 

-ùúU/-� ,a P�� �  K ,P� �-B¢!QR�QÄÒ��V 1Í-�s , 1P� �� �<éRi*

/aT�K��±]î�i*/a�sºNai*/�-V�a/�B
]�²(9.5.12)

]�ab 1a �
�� Q¥��"/� 

  
� �1 1 1 , 1 ,2

1
1

a a a P a P� � �
� � � �

� �
� �� �
� ��� �

� � � � � ��� ��     (9.5.15) 

��²-�²(9.5.11)i �Q 1�� ]Öt@p�² 

  
� �1 1 , 1 , 12

1
1

a a P P�
� � � �

� �
� �� �
� ��� �

� � � ��� ��      (9.5.16) 

-ùU/-� 1 ,a P�� �� �  K� ,P� �-B¢!QR�Q�Ò��V 1Í6ts , 1P� �� �<éRi

*/a���±]î�i*/a�sºNai*/�-V�a/�!QR�QÄÍ��
Vs¾Ía*��-RS��UeÑÒ��RSs�-RS��W���KQc�]c

bN/-ôpbN/���S� 1a �
�� QÚ^ÛRS¥��"S �Q 1ÍºÍ4(RSs

¾-�Ís]K�Z<�!QR���-iá�N/ ��	6R]�U/Kºi*/�

��»W� ��	6RQ max� -.�¤�W¤U/-� 

  
max max1 , 0a P�� � �� �        (9.5.17) 

-e/��� max� Qu�S 1n � -.¾-�²(9.5.17)K 

  , 1 0n na P� � � �        (9.5.18) 

-OU�-V´¹/���²Q�²(9.5.12)i �Q 1n � -Öt@p�² 
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  , 1 , 12

1
n n n na a P P

n
�

� �
� �� �� �
� �

� ��      (9.5.19) 

-ùU/�-]£^� 

  2

1
n

� � �        (9.5.20) 

Q�/��NQ²(9.5.4)]�AU/-� 

  
� �

4

2 2 2
0

1 1
24n
eE
n

� �
�

)
��

      (9.5.21) 

��i�!QREKn]£�SìT/ab� nQE� subscript-RSÍm����
subscript�³A]£�S�ÔTi� subscript �QUUS n]Öt@p/�-V´¹/�
UeÑÒ�²(9.5.11)� Schrödinger equationK 

  , ,2

1
n n na a P E P� � �� �� �

� �
� � � ��

 � �0,  1,  2,  ...,  1n� ��    (9.5.22) 

-e/�ÉÔþÕ� nE Kn�,]£�SìT^� �]K7¼Res�UeÑÒ�1Í

�n]ÍsS� 0,  1,  2,  ...,  1n� �� ]2U/n�� ,nP �èéK��RSs/� 

 Ww�£¤]RS�=>��Q�s/�-]£�S�ñ]Éø] eigenvalue)Ue
ÑÒ energy0Q5�/�-V´¹��W�iz] eigenfunction��Qì�/�-Qô
p£¤�²(9.5.18)UeÑÒ� 

  , 1 0n n na P� � �        (9.5.23) 

��K 

  , 1
n n

n nP N e
�

� �


        (9.5.24) 

i*/�-Kw²] 

  1
n

d na
d n

� � � � �
 

      (9.5.25) 

Q¥�RS,Nä�a/�NK normalization factori*/�²(9.5.24)]Ú^ÛRa�Q

¥�RSsmä�UUS� ,nP �) 1,  2,  ...,  0n n� � �� 0Qð]ì<U/�-V´¹/�

,nP �V5TNä�²(9.5.1)ab � �R r KéÒ]5T/�normalization factorKW�Ä�ì

�S(Nä£aÇ¤� 
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�Exercise 9.5.1 

 2s  � radial wavefunction � �2sR r Q5�£� 

 
n�p3 
 ²(9.5.24)£^�normalization factorQ�sS� 

  � � 2 2
21P e



 
�

�  

�N]� 1
1 1da

d
� � �

 
 Q¥�U/� 

  � � � � 2
20 1 21 3 1

2
P a P e

� � �� � �� �
� �

     

��S²(9.5.3)Q�s�normalization factorQ 2sN -RS 

  2s 2s
0 0

1 exp
2 ' 2 '
r rR N
a a

� � � �
� � �� � � �

� � � �
 

2sN Q5�/�-K���=s-RS¿RS.�¤� 

 
�Problem 9.5.1 

 ²(9.5.7),²(9.5.8)i<�R� 2Í�=>� a �
� - a�K¡s]Hermitian conjugatei*

/�-Q�"� 
 
nHintp3 
 �Nb�=>�K�Section 7.5i³AR�b��b�»W-B
�anti-Hermitian operator
- Hermitian operator�j.£g-RS<��NSs/�b��b-B¢£¤]ôpN
ä£s� 
 
 
9.6� ÎÏ�°)� 
 
 He+�Li2+�Be3+-s��	ÄFK�ÎÏ)�-B¢¾)�¾ 1�-�� 1�£^
e/ 2&�ki*/ab�ÎÏ)��»W-B¢£¤]Ö^Ð¤�-V´¹/Kºi
*/��â)�¾���V eie¾Ze)ZK)�®�0i*/�--�)�¾�(�
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V6ts�-VÎÏ)��»W-7e/Ìi*/��&���]ÍsSK�¾-��

-�q·Q
2

04
e
r��
��^]

2

04
Ze
r��
-U/�-i�ì�N/��&�(�]ÍsSK�

²(9.1.3)�@>(�Q-/�-]£�SZç±]�ì�N/�ØÙ�²(9.1.4)�
Hamiltonian � 2e ��^] 2Ze -.mä�ÎÏ�°)�� Hamiltonian V�bN/�
Section 9.1ab�/ð-aa�S�²(9.1.4)� Hamiltonian��Q5��Ñmi*/V�
ÀK���ab�ÎÏ�°)�]ÍsS� Hamiltonian ]ÍsS��Q5�Nä£^
Zµ±i*��Kºi*/��â�¯ë].sSK�Section 9.1ab Section 9.5Ti
K�*pS� 1Z � -Éø�R�k�,]ÍsS²�³´Q����B¢£¤e�-
QÎÏ�°)�]ÍsS�¤-�̄ aKµ¶U/V�eigenvalue]ÍsSK�²(9.3.22)
��^] 

  
� �

2 4

2 2 2
0

1
24
Z

n
Z eE
n

� �
�

)
��

  � �1,  2,  ...n �    (9.6.1) 

-e/��âR�@>(�K�)�®�Z�èéi*/�-Q1iU/��])��

^] Z) -.s�� 

 wavefunction]ÍsSK�ÎÏ-7e/�Kçz�� � �R r �,i*/��N� «

±e�K�²�³´Kµ¶R�V�Ui]O 9.3.1 ]�R��J��� � �, ,mY � �� ]Í

sSK�ÎÏ)��»W-ª¾B¢i*/� 
 ÎÏ�°)�]ÍsS��Qu�STiYUemNäsmes�[K¶�]*/�
i*Ç¤a�He+V¶�+�<]¼EU/aK��K-RS�He+Q�/�-VWN
µ¶d i*/£¤]K×pesi*Ç¤�TRS( Li2+-a Be3+-s��D�<
	ÄF]¶NâmÃÂV*/-s¤�i*Ç¤aIÀ�-�Ç�ÎÏ�°)�Qôp

/�-�d 'K�ÎÏ-B
])�¾ 1�-�� 1��,abe/ 2&�k]Ís
S�ÃÂ£^���RÇ�½��)�]*/£¤i*/�ãpä�He K��V 2 �
*^��¤e/-�¤ Schrödinger equationQæ½]�¾�-K´¹es�RaR�#
1�O�-RS�Tº�2����WNûNV+2���QÄÍ)�¾ab� potential
QlmSs/�-s¤4sþab´·U/���-��-�q·K�abôpNä£

aÇ¤�W¤s¤ôp�V¶Nµ¶��U/aK¹�i*/V�T*�-^*pºW

¤s¤r»iôpS,/�-KgÂ�es�-iK*/Ts��¤s¤»W�ÎÏ�

°)��æçèé( energyV� -e/Ñmi*/��þ��©2)�QÎÏ�°)
�-RSÐ¤�-K�w�ã£^KJðTRa�RNes�ãpä Li�»W�2Í�
��K K q]*^�L ¾]*/ 1 ����abhNä�� K ¾]*/ 2 ��Q)�
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¾-s�R¯]RSôp/�-K# 1��°-RS�¾Ke�W¤i*/�-]a
¾���Q 2 �WwÄÍ)�]ÍsSK� Schrödinger equation �÷Ee�V�bN
es��]��i�sU/£¤e�T'Te�°�Q�àRSôp/Ñmi*/V�

W�»W�ÎÏ�°)�]ÍsS��V� -e/�-V½s�i*/� 
 
 
9.7� )���èé 
 
 ïðK(�-�ÎÏ)�]ÍsS��ªe��æçèéQ�º/�-V´¹/fX
-e���)�]ÍsS� wavefunctionQ>] atomic orbital-s¤ëôiOU�orbital
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a�RNes�RaR���¬i�sR�£¤]� Schrödinger equation��K��
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 ÎÏ)�.£ÎÏ�°)�� atomic orbitalK�²(9.1.7) 
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� �,nR r� ]ÍsSK «±eèé�QO 9.3.1]�R��T� � �,mD� � ]ÍsS� «±

e�KUi]O 5.5.1i�R����S�ªæçèéK²(9.7.1)]��S�ø]êCe
{��Q-/âmi*^�´��K�es�RaR��i��³�ôpS�ZD 3n 4
�� orbitalQO 9.7.1]T-�S.¾�-]R£¤� 
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ÎÏ�°)��æçèéQ~ÏéO�iOÑU]C^�Section 5.5��^]
1iRS.s� phase factorV�ñ]d i*/�Section 5.5i1iR�£¤]¯
lecture noteiK����Zî'Q6¿]RS Condon-Shortley!� phaseQ·�RSs
/���S�Condon-Shortley!� phaseQ·�RSses½¾�9��-KÈé� ��
÷�m� wavefunction]ÍsSx�Vq�]e�Ss/�-]§�LgUUti*

/�ãpä�Eyring, Walter, Kimball�"Quantum Chemistry"iK page 88� 6.34²] 2,1,1- �

2,1,0- �.£ 2,1, 1- � ��VzpbNSs/V���Ø -O 9.7.1-QùU/-� 2,1,1-  

�x�Vq�]e�Ss/�-V�a/i*Ç¤�Section 5.5i�YU�£¤]��
��-V�6teÞ%QMsSs/�i�¶@�LgV� i*/� 
 

 O 9.7.1]�R� orbitalK�W�J��� � �, ,mY � �� V~Ïé-e�Ss/��Nb

orbital]ÍsS� eigenvalueK²(9.5.21)]�R�£¤] nâm�èéi*/�UeÑ
Ò�BZ� nQ�Ò���mV7e/ 2n �� orbitalKUUS��RSs/���RS
s/c^W�Ói¶�£¤e��ØWQ-�S�ssÑmi*/�wavefunctionV~
ÏéiO��NSsS�DÄWeÌK´�esV�À�Ówi orbital��Q�s�^
U/»W��-Qôp/-wavefunctionVÀé]e/£¤]��ØWQ-�S.¾-
´a-�#iK*Ç¤� 
 ãpä 1�� � p��]ÍsSKz�£¤e 3Í� real� orbitalQ<�U/� 
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�Problem 9.7.1 
 ÎÏ)���Ó��].sS 
)a0 )�¾�+Öab Bohr radius£^��s1]��V¼EU/E�Q5�£� 
)b0 B¢¾�Bohr radius£^�¿s1]¼EU/E�Q5�£� 
  )Í����)a0�)b0QWNûN5��W�jV 1]e/�-QEa�£0 
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� Problem 9.7.2 
 

 */ Hydrogen-like ion]ÍsS�1 2s p� ¥¦�ÀC�ý*�þ�æ/ n� Kz�O

�G^i*��_ 
 

 
Wt��s]fp£_ 

)10 ÉÔþÕ��ÀCR � �1/ n� - Rydberg�² 

  2
2

1 11
n
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  ]�+¾��²-�g�o��jQ	-]U/	-o��Q�sS 2RZ Qì
<"£_ 

)20 � n]ÍsSL	-o��]£/ÅÆR)UeÑÒ)10i5�� 2RZ Q�s
� Rydberg�²�R0Qùú"£_ 

)30 	ÄFK´a)ZKs¾Ía0 
)40 ��	ÄF]ÍsSLB+«]£/R�ÒVsK¶�+]e/a_ 
)50 )20-)40�Ø abL��À³iB+«�]�V´¹/a¶¤aQ{Â

"£_ 
 
nLgp3 
 Zµ±]èé��X����V%Qà¤�-K¡s�-i*/-×¤_�âRL
���K�)10�	-o��]èRSKLX���V%Q�s/�-e¾)Rä
Rä´Q(�Ss/�aD�e�-V½sab0Z�i��Q��U/�-_ 

 n  / nmn�   
 2 30.3782  
 3 25.6547  
 4 24.3222  
 5 23.7264  
 6 23.4340  
 7 23.2540  
 8 23.1472  
 9 23.0691  
 10 23.0208  
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�Problem 9.7.3 
 w� Problem 9.7.2].sS�æ/]ÍsS�	-o��Q©,£�wi���æ
/�èé]ÍsS�	-o��-K½J7e/Ø V�bN/�-]LgR£¤� 
 
 
9.8� ÎÏ)��)���èé����)10çzæçèé�O� 
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)a0çzæçèéZð � �,nR r� � r]ÍsS���� 
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[Let’s play with Mathematica]� J����æçèé��hz6��� 

 
 � 9.9.6ab� 9.9.8Ti��K�MathematicaQà����i*/�Mathematica]
K 
SphericalPlot3D-s¤èéV�g�NSs/�ãpä�� 9.9.6� s��]ÍsSK�
z�£¤e��V%Q�s�� 
 
s=SphericalPlot3D[Abs 
[SphericalHarmonicY[0,0, theta,phi]], 
[1/(2 Sqrt[Pi])], 
{theta,0, Pi}, 
{phi, 0, 2 Pi}, 
AxesLabel -> {"x","y","z"}, 
Mesh -> 50, 
PlotLabel -> "s orbital", 
LabelStyle ->Directive[Bold, FontFamily -> "Helvetica"], 
Ticks -> None 
]�
 
� 9.9.7� p��K�SèéW���K~Ïéi*/»WV½s�i�Àé�²]é
R���Q���U/�w-B
]�SphericalHarmonicY-s¤èéQ�sS<�
RS�ssV�²)9.7.2a0ab²)9.7.2c0Q�sS��é�-�Q�sS<�RS

�ss�ãpä� xp ]ÍsSKz�£¤]e/� 

 
SphericalPlot3D[Abs 
[(Sqrt[3/Pi]/2 ) Sin[theta] Cos[phi]], 
{theta,0, Pi}, 
{phi, 0, 2 Pi}, 
AxesLabel -> {"x","y","z"}, 
Mesh -> 50, 
Ticks -> None, 
PlotLabel -> "px orbital",�
LabelStyle -> Directive[Bold, FontFamily->"Helvetica"]] 
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9.10� ÎÏ)��)���èé����)30�xw�æçèé�R�� 3z6±O� 
 
)a0æçèéW������� 
 

 Section 9.8- Section 9.9iKªæçèé � �, , , ,n m r�- � � Qôp/�Ñ^]�W���

i*/ � �,nR r� .£ � �, ,mY� � � sºNa]ÍsS�,ôpS¹��¯�iKs£s£�
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[Let’s play with Mathematica]�  �hz6��� 

 
¯�i�U�hz6���KUUSMatematicai�s���i*/�Z�i��
����V%Q¥/-e/-ae^6�i*/V�*^V�s�-]Mathematica
]K Plot3D-s¤èéV<��NS.^�ñ]Éø] 3z6���V�bN/�
ã-RS�� 9.10.1� 1s��Kz�£¤]RS�bN���i*/� 
 

Tºèé , ,n m- � Q<�RS.¾� 

R[n_,L_,r_]:=Sqrt[4 (n-L-1)! n^(-4) (n+L)!^(-1)]* (2r/n)^L Exp[-r/n]  

3dxy

 

� 9.10.7  3 xyd ��� xy�xXi�èéR�� 3z6±���� 

�xKWNûN��V)Ìab 030a1 �/�Q�Ò�5�_U� 1ÍV 1

� 0a �÷��] CU/��x�..£W�ab�í,¾ëV xëi�Ò

�ab%í,¾ëV yëi*/� 2 23
x y
d

�
 ��K���Q zëÕ^] 45�

ÕtR���i*^�T��3 yzd .£3 zxd ��K���QWNûN yë

.£ xëÕ^] 90�ÕtR���-e/�  
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 LaguerreL[n-L-1,2L+1,2r/n]; 
Y[L_,m_]:=SphericalHarmonicY[L,m,theta,phi]; 
psi[n_,L_,m_]:=R[n,L,r] Y[L,m];�
�

î��1s��-a 2s��-aQ «±eèé�Qzp/�-]U/-²K��-É
ø]e/V�w�£¤]<�RSRT¤-�UUS���é]ÍsS�G]àp/�

i�RÇ�#i*/� 
 
� 9.10.1�£¤] xyxXi����i*Näz�£¤]�é rQ<�U/� 
 
r:=Sqrt[x^2+y^2]; 
 
� 9.10.1� 3z6���KWt�£¤]���V�2�yW��Ëð�Ä_ÛF
K¯(±e��iKes� 
 
Plot3D[psi[1,0,0],{x,-25,25},{y,-25,25}� 
PlotRange->All, 
Boxed->False, 
Axes->False, 
PlotPoints->50, 
ViewPoint->{1.300,-2.400,0.05}, 
AspectRatio->Automatic, 
BoxRatios->{1,1,1}, 
PlotLabel->"1s"] 
 
 
)b0æçèé�o�]èU/�hz6��� 
 
 � 9.10.8�� 9.9.14�WNûN] CU/æçèé�o�����QWt]�
U� 
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1s

 

 

� 9.10.8  1s 1s*- - �)ÌQ]�xXi�èéR��hz6±���� 

�xKWNûN��V)Ìab 025a1 �/�Q�Ò�5�_U� 1ÍV 1

� 0a �÷��] CU/� 
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2s

 

� 9.10.9  2s 2s*- - �)ÌQ]�xXi�èéR��hz6±���� 

�xKWNûN��V)Ìab 025a1 �/�Q�Ò�5�_U� 1ÍV 1

� 0a �÷��] CU/� 
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3s

 

� 9.10.10  3s 3s*- - �)ÌQ]�xXi�èéR��hz6±���� 

�xKWNûN��V)Ìab 025a1 �/�Q�Ò�5�_U� 1ÍV 1

� 0a �÷��] CU/� 
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2px

 

� 9.10.11  2 * 2x xp p- - �xy�xT�K xz�xXi�èéR��hz6±���� 

�xKWNûN��V)Ìab 025a1 �/�Q�Ò�5�_U� 1ÍV 1� 0a �

÷��] CU/�e.� 2 2*
x xp p- - .£ 2 2*

z zp p- - ]ÍsS� CU/�xQ

«Uäª¾B¢�-e/� 
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3px

 

� 9.10.12  3 3*
x xp p- - �xy�xT�K xz�xXi�èéR��hz6±���� 

�xKWNûN��V)Ìab 025a1 �/�Q�Ò�5�_U� 1ÍV 1� 0a �

÷��] CU/�e.� 3 3*
y yp p- -  .£ 3 3*

z zp p- - ]ÍsS� CU/�x

Q«Uäª¾B¢�-e/� 
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3dz2

 

� 9.10.13  23
z
d ���o�� xz�xXi�èéR��hz6±���� 

�xKWNûN��V)Ìab 030a1 �/�Q�Ò�5�_U� 1ÍV 1

� 0a �÷��] CU/��x�..£W�ab�í,¾ëV xëi�Ò

�ab%í,¾ëV zëi*/� 
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3dxy

 

� 9.10.14  3 xyd ���o�� xy�xXi�èéR��hz6±���� 

�xKWNûN��V)Ìab 030a1 �/�Q�Ò�5�_U� 1ÍV 1� 0a �

÷��] CU/��x�..£W�ab�í,¾ëV xëi�Ò�ab%í,

¾ëV yëi*/� 2 23
x y
d

�
 ��K���Q zëÕ^]45�ÕtR���i*^�

T��3 yzd  .£3 zxd ��K���QWNûN yë.£ xëÕ^] 90�Õt

R���-e/� 
 
 
9.11� ÎÏ)��)���èé�O��)40�xw�æçèé�R����� 
 
 Section 9.10 i'(R�¹hz6±e���^]�*/�xXi�èéRQ���
i�R���ÆL]K´Ss/�ãpä�Streitwieser, Jr, P. H. Owens "Orbital and 
Electron Density Diagrams"]KW�£¤e����Vs¾Ía���]ÍsSd"b
NSs/�RaR�WNb��K����hz6±e�Q*/xi&[^]R�âm

��i*/�a�QhS¡��V�a/£¤]�Ò¯�-'NNä�����Q,N

ä Section 9.10i�R�¹hz6±e�VéÒ]×sËaù�-iKÇ¤V�FG�
H]K�Section 9.10��VK/a]�a^(Us�W¤s¤gÂi�Ñ'Ñ'�a^
]¾s�Q'(U/�-KRes�ÃÂ�*/�K�w÷ Streitwieser, Jr, P. H. Owens
�¯QhSs�ât�s� 
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9.12� ÎÏ)��)���èé�O��)50æçèéW����R��R�xO� 
 
 ÔTi�3z6�MN�èéi*/æçèéQ��w]�¾��] 1Í�MNQ!
<RSRT�S*/�xw�æçèéT�KW�o�����Q©,S¹��¶¤

RS 1Í�MNQ!<U/� V*/a-s¤-�Ui]��R�£¤]�3Í�M
N r�����èéi*/æçèéQOU�-K 3z6�ÓiK´¹esabi*/�
RaR�æçèé�RVZ<i*/�RÙxebä�3z6�Ói���´¹/K
ºi*/� 
 Wt]�æçèéV*/R]�RsÌQØ9i¥bN/�R�xQ 3z6±]�s
���Q'(U/� 
 

   
2px  2py  2pz  

 
� 9.12.1  2px�2py�2pz��R�xO�. 

æçèé�RV atomic uniti 0.03i*/�x�xë�yë�zëWNûN]Ís
S� 3�  atomic unitab 3 atomic unitTi�|}�WNûN�ë�÷��,��
xV÷�A��,��xVAi*/� 

 
 
���KÒ¯�-h/-�ÑmV�abes�â-s�S'(R�� 9.9.7 -°Ss
/£¤]×¤a�RNes�RaR�� 9.9.7 K÷EeSQÍe����i*/V�
���iK���-ÀRR���u�Z��u�,�se�-e�Ss/�SQ 2Í
Íe���]h¬NSs���K�È7]¡¢/a�RNesV�ÀK����V£

^PÀ]�s�i*/� 
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 B¢£¤]RS�aN� 5Í� 3d��Q� 9.11.2]�U� 
 

  

23
z
d  2 23

x y
d

�
 

 
 

   

3 xyd  3 yzd  3 zxd  

 
� 9.12.2  5��3d����R�xO�� 

æçèé�RV atomic uniti 0.01i*/�x�xë�yë�zëWNûN]Ís
S� 18�  atomic unitab 18 atomic unitTi�|}� 

 
 Ww�Section 9.8ab Section 9.12TisÇsÇe�Q�RS¹��¶��V	�
�a^(UsaKZÌ]Këpesi*Ç¤�¬N�*/R�wavefunction �¶¤s
¤1]ÙyRSs/a-s¤�-]£�S�7e�S¹/i*Ç¤��â¡¢isp

ä�wavefunctionZ«�����wavefunction�o������� 9.12.1�� 9.12.2�
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£¤e�Vae^�a^(Us£¤]×¤�±FEU�Ï��V0��*�Ò��·

�R�PE��¤s¤�V�Nab�(!]e�Ss¾�iKeaÇ¤a� 
 
 

[Let’s play with Mathematica]� æçèéW�����R�x 

 
 � 9.11.1.£� 9.11.2]�R�£¤e�R�x��Q�¾�K��¹�ñ]xY
i*���RaR�ús]��Mathematica]K ContourPlot3D-s¤*^V�sèé
VzpbNSs/�ãpä�� 9.11.1� 2pzèéK�z�£¤e��V%Q�sS
�s���i*/� 
 
ContourPlot3D[ 
Abs[Sqrt[1/(32 Pi)] z Exp[-Sqrt[x^2+y^2+z^2]]] = = 0.03, {x, -3, 3}, {y,-3, 3}, {z, -3, 3}, 
Mesh -> 30, 
AxesLabel {Style[x, Large, Bold, Black],Style[y, Large, Bold, Black],Style[z, Large, Bold, 
Black]}, 
PlotRange -> All, 
Ticks -> None, 
PlotLabel -> "2pz orbital", 
LabelStyle -> Directive[Bold, FontFamily "Helvetica"]] 
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9.13� ÎÏ)��)���èé�O��)60æçèéW����R�o���R�x
O� 
 
 ��-B
�æçèéW�������i����iK�æçèé�o���R
�xO�Q�U�o�i*/ab�ë¤Ti�e¾�x�KUUS�»W]÷i*/� 
 
 

   
22px  22py  22pz  

 
� 9.13.1  2px�2py�2pz�o���R�xO�� 

æçèé�o��RV atomic uniti 0.001i*/�x� 
xë� yë� zëWNûN]ÍsS� 3�  atomic unitab 3 atomic unitTi�|
}� 
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2
23

z
d  2 2

23
x y
d

�
 

 
 

   
23 xyd  23 yzd  23 zxd  

 
� 9.13.2  5��3d���o���R�xO�� 

æçèé�o��RV atomic uniti 0.0001i*/�x�xë�yë�zëWNû
N]ÍsS� 18�  atomic unitab 18 atomic unitTi�|}� 
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CHAPTER 10 
 

�ç�� 
 
 
 �Naboh�¬]Ñ��S�����i�sbN/�°�]ÍsS�sU/��
�£¤e�°�]ÍsS�sRemNäebes-s¤�-K�Zx].sSK�m

RsPÀi*/�"�a¾ Schrödinger equation-s¤o��)*QÄÒeVb�WN
Q�sSæ½e�Q�/�-Kµ-9¶D>�e�i*/�P]�æ½e�Q5�/

�-V´¹/£¤ekK�Chapter 6ab Chapter 9Tiiµ-9¶´+¾RSRT�
�£¤e��i*/�PÀ]¼EU/kiK�(�Q�º�e9ba��°QRSæ

½e�]�si*Ç¤�Q5�/�-iïÓQRemNäebes�é��
[�£

¤]�tÒ9-R���«k]KebesV�PÀ�K-RS��NVïðV�À]

�n¾5Z���i*Nä�WNQ�sResÑm]Ksaes��°�-RS>]

d i*/�K��¬i�sU/�ç��-�z�¬i�sU/���i*/���

���
[i�sbN/UUS��°K��sºNa�FKW�x�],Ù�N/-

ss�/i*Ç¤�W¤s¤gÂi��� 2Í��°�QV�Ò^�sU/�-V6
[i*/� 
 wYR�£¤]�ç��)perturbation theory0K�	��O±e�°�� 1Íi*
^��ñ]RäRäàÑN/�����Vê��N/��K�ïðV��¤-RSs

/k� HamiltonianV�Ui] eigenvalue- eigenfunctionV�a�Ss/k�
Hamiltonian�-�e§÷izpbN/-s¤�-i*/�ãpä�Section 6.2iK
0 x L4 4 �:;i potentialVî�i*/£¤eZz6�b�a�&�QÐ��V��
�:;i�potentialVî�]�seVb��ª]î�iKe¾�*/èéiO�N/
£¤ek]ê�´¹/���»W�Ui]5T�Ss/Zz6�b�a�&���Q

�sS��Rsk� eigenvalue- eigenfunctionQOU�-Q©,/Ñmi*/���
-��wi�å-�e§÷ê-s¤ëôQ�s�V���£¤e potential�n~{V
å-�eê§÷i*/a¶¤aQ¶¤s¤r»abïñR�bss�aK�Ki*

/�RaR���*�^��-]ÍsSK����¤ÒK*sTs]RS.sS�â

9â9-¦1RSs¾�-]R£¤� 
 
 
10.1� ���k��ç� 
 
 ôpSs/k� Hamiltonian HQ 
  0 'H H H� �        (10.1.1) 
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�£¤]î�z� Hamiltonian 0H -�ç� Hamiltonian 'H � 2Í]�m/�zpbN

� HamiltonianQ 2Í]�m/(^�KsÇsÇ*/�i�¶¤s¤ÊÌab 0H Q«

ùa-s¤�-Qôpes-smes�6[e�-K 2Í*/�1ÍK 0H �!QR-

!QèéVUi]�a�Ss/)T�K5��/0-s¤�-i*^��¤ 1ÍK 'H

V 0H ]�RS-�e§÷{i*/-s¤�-i*/� 

 oh�ãQ*�£¤�Section 6.2iZz6�\]^ potential]ÍsS�sR�V�

W�»W�0 x L4 4 �|}i potential � � 0V x � i*����NV�ª] 0ie¾�

� � sin xV x
L
��� �  iO�N/»W]ÍsSôp/� V*��-U/� 

 

 

 
� 10.1.1  �ç�aa��\]^TOF_`þ 
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 ��»W�Schrödinger equationKC® 

  
2 2

2 sin
2

d x E
m dx L

� �
� � �� �

� �

� �� - -      (10.1.2) 

i*/V��NQ�¾�-K�K�RS>�i*/a¶¤aÒ¯�-Éø]Kïñ´

¹es]RS��W¤Éøies�-KK�t^RSs/�RaR�potential�{Q
]Tesk]ÍsSKUi] Section 6.2i�sSsS�eigenvalue- eigenfunctionK
5T�Ss/Ñmi*/�WNi��»W� 

  

2 2

0 22

' sin

dH
m dx

xH
L

� �

� �

�

��
       (10.1.3) 

�£¤].¾�V£aÇ¤� 
 �¤ 1ÍãQ*�£¤�Section 7.1i Hooke��#]�¤äÚ]ÍsS Schrödinger 
equationQ�s���R�potentialV²(7.1.1)��^] 

  � � 2 31 1
2! 3!

V x kx gx� �       (10.1.4) 

�£¤] 3x ]ùãU/{V*��-U/�Je¾-���£¤e potentialV£^PÀ
]�s�-K Section 7.7]�R��)²(7.7.5)Q���0��»W]K 

  

2 2
2

0 2

3

1
2 2

1'
6

dH kx
m dx

H gx

� � �

�

�

      (10.1.5) 

-RS�Section 7.1i5�� harmonic oscillator��Q�-]RSÔôpSs/k��
QOU�-Qôp/Ñmi*/� 

 w�ö�i 'H V 0H �-�e§÷{i*/� V*/-YU�V���ïñK�º

R�(�R¾esa�RNes�ãpä²(10.1.3)� 0H - 'H -�6t��èAKW¤

�baiK*/Ts�²(10.1.5)� 0H - 'H �èA]ÍsS�W¤i*Ç¤�G]²

(10.1.5)�»W]K���6-èAK�ba] x�R]7¼U/�x�-�s1i 31
6
gx

�{V-�¾�WNQ 'H ]U/�V£a��-RS��xV6t¾emNäè] 21
2
kx

��V-�¾e^��RÇW�{Q 'H ]RemNäsmesa�RNes���£
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¤]�Hamiltonian�¶���Q 0H ]RS¿^Q 'H -U/aK�À�-�Ç�Ø Q

heVbïñRemNäebes���*^�Ò¯�-ç(e�Ki*/�RaR�

W¤s¤�-K�.s.s�ba]e�Ss¾i*Ç¤��ÖtK��+]RS�¯

�]A/�-]U/� 
 �S�²(10.1.1)iK�ç� HamiltonianQ 'H -Ös�V�W���NQ�*/A
é�- Hamiltonian � �1H ��iOU�-]U/��¤RS.¾-²�³´`�i���
m��QU/�-V´¹/�i�#i*/abi*/�UeÑÒ�²(10.1.1)��^] 

  � �1
0H H H� � �        (10.1.6) 

-.¾� 0H � eigenfunction.£ eigenvalueK 

  0 0 0
0 n n nH E�- -        (10.1.7) 

i<��N/�E(- ��-]�R� 0-s¤ superscriptKåî�zê-s¤gÂi

0H �!QR�!Qèéi*/�-Q�RSs/�ïðK� 

  � �� �1
0 n n nH H E� �� - -       (10.1.8) 

Q�t�sÑmi*/���²i�Qî�-.mä²(10.1.7)]e/���S��V-
�s»W]K²(10.1.8)��K²(10.1.7)]�si*Ç¤-ôpbN/�UeÑÒ��

ç � �1H� �� K���ç� energy 0
nE ( wavefunction 0

n- Qµ9�Ñºaâm�p/

âmi*Ç¤-ôpbN/�W�i����µ9�Ñºae���V¶¤s¤�iO

�N/aQ5�£¤-s¤Ñmi*/� 

 �S� 0H � eigenfunctionK��V*/»W-es»W-V*Ç¤V�W���V

*/aesai�ð]ôp/�-]U/���V*/»W]K Section 10.2iÐ¤�
-]R�¯�iKW���Ves»WQôp/� 
 
n¢p3 
 ��å��V*/êå��Vesê-s¤�-K�*T^K�t^Resa�RN

es���is¤gÂK�LyRSs/�� n- �î�z�� 0
n- V��RSs/as

esa-s¤gÂi*/� n- ]LyU/»W� 0
n- V��RSsemNä� 0

n- WÁ
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V��RSsS�å��Vesêk-RSÖ^Ð¤�i*/�W��-K�Wt�²

QLgRShNä�a/-×¤V�Í���1iRS.¾� 
 

 n- ( nE K��èéi*^�T���V-�sµ¶§÷�� K-�s-s¤�-

ab��NbQ��mnéi��U/�UeÑÒ 

  � � � �
0

1 22 ...n n nn
� � � �- - �- � -      (10.1.9) 

  � � � �1 20 2 ...n n n nE E E E� � � �� �      (10.1.10) 

� � � �1 2,  ,...n n- - .£ � � � �1 2,  ,  ...n nE E K�]�èAi��Nabì�£¤-U/��i*

/�²(10.1.9).£²(10.1.10)Q²(10.1.8)]�AU/� 

  

� � � �6 7 � � � � � �6 7
� � � �6 7

� � � � � � � �6 7

1 1 1 1 20 0 2
0 0 0

1 10 0 0 0

2 1 1 22 0 0

...

...

n n n n n

n n n n n n

n n n n n n

H H H H H

E E E

E E E

� � � � �

� � �

� � � �

- � - - � - -

- � - -

� - - -

  (10.1.11) 

��²V��R]£bº�^r�emNäebes�i����m��{V��WN
ûN�R¾emNäsmes�UeÑÒ� 

  0 0 0
0 n n nH E�- -        (10.1.12) 

  � � � � � � � �1 1 10 0 0
0 n n n n nH E E H� � �- - -     (10.1.13) 

  � � � � � � � � � � � � � �2 2 1 1 1 10 0
0 n n n n n n nH E E E H� � � �- - - -    (10.1.14) 

²(10.1.12)K²(10.1.7)W���i*^Ui]�mSs/�²(10.1.13)Q�¾�-V´

¹Nä�1z�§÷{ � �1
n- - � �1

nE V5T/�B
]²(10.1.14)V�mNä 2z�§÷{

� �2
n- - � �2

nE V5T/�WtB
]RS 3z�§÷{�4z�§÷{����-5�/�

-K)�±]>�i*/V�PÀ�K-RSK�*T^�z�§÷{Ti5�/�-

KgÂVes�)�RÇ�W�Tisaes¤Ò]�¼U/£¤] 0H - 'H Q«ùU

ti*/�0 
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 ²(10.1.13)Q�¾]*��S� � �1
n-  QUi]�a�Ss/î�z� wavefunction 

6 70
n- ��i��U/�UeÑÒ 

  � �1 0
n m m

m
A��- -        (10.1.15) 

��i 1 2,  ,  ...A A K��AéiWNQ�Nabì�Ss¾�²(10.1.15)� basis function 

6 70
n- K orthonormal setQ¥�Ss/-ôpS£s� 

 
n¢p3 

 0H VHermitiani*NäW� eigenfunctionK.¡s]é?RSs/�-KUi]�

sR�-.^i*/� 0H VHermitianies»WKç(i*/V�PÀ�K-RSïð

VHermitianies 0H QÐ¤�-KTº*/Ts-s¤�-i*T^d¾ãTes�

-]R£¤�²(10.1.15)���i6[e�-K�ïðK�ªkQ¥/ªS�

wavefunctionQ�sS��RemNäsmes-s¤�-i*/�½¾�»W 0H �

eigenfunctionK�c�*/�i�²(10.1.15)K�c��{�j-e/� 0H VÎÏ)�

]ÍsS�Hamiltoniani*Nä�energyVA�bound stateabenergyV÷�continuum 
stateTiªSQ]�� wavefunction��i��S��U/Ñmi*/�PÀ�K-R
SW¤s¤±¤]�c��{�jQ-/�-V>�a¶¤a�{ÂK�ÕR]RS

-]a¾�m£¤� 
 
 ²(10.1.15)Q²(10.1.13)]�AU/- 

  � � � � � �� �1 10 0 0
0m n m n n

m
A H E E H- -� � ��     (10.1.16) 

-e/V���i²(10.1.12)Q�s/- 

  � � � � � �� �1 10 0 0 0
m m n m n n

m
A E E E H� � �� - -     (10.1.17) 

-e/��ab 0 *n- QamS��U/� 
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  � � � � � �1 10 0 0* 0
m m n nm n n n

m
A E E E H d� � �� 2	 - - 3    (10.1.18) 

��Kî�i*/ab�1z��ç energyK 

  
� � � �

� �

1 10* 0

1

n n n

nn

E H d

H

�

J

2- - 3
      (10.1.19) 

-e/�)2Íy��²]ÍsSK²(10.1.21)Q���0 

 z] wavefunction]�U/ 1z�§÷{ � �1- Q5�£¤�²(10.1.17)]�ab

� �0 *k k n%- QamS��U/-� 

  � � � � � �1 10 0
m m n km n kn kn

m
A E E E H� � �� 	 	     (10.1.20) 

��i 

  � � � �1 10* 0
kn k nH H d� 2- - 3       (10.1.21) 

�£¤e notation�É¶�Q�����N£^ 

  � � � �0 0 1
k k n knA E E H� � �       (10.1.22) 

UeÑÒ 

  
� �1

0 0
kn

k
n k

HA
E E

�
�

   � �k n%     (10.1.23) 

a¾RS²(10.1.15)����Aé�¤Ò 0
n- �Aé nA Q�sSUUS²(10.1.23)iz

pbN/�-V�a���iK nA K¶¤R�b5T/i*Ç¤aIWN]K²

(10.1.9)� n- Vðª��NSsemNäebes-s¤��Q�s/�²(10.1.15)Q²

(10.1.9)]�AU/- 

  � �0 0 0 2 ... ...n n m m n n
m n
A A

%

� � � � ��- - � - � - �    (10.1.24) 

-e/�W�i 
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� �

00

0 00 0

2

* *

* 2 *

...
...

n n n n

m n m n n n
m n

d d

A d A d
%

�

� �

�

�

2 2
� 2 2

- - 3 - - 3

� - - 3 � - - 3

�

  (10.1.25) 

i*/V6 70
n- V orthonormal seti*/�-ab 

  � �* 21 2 ... ...n n nd A- - 3 � �� � � �2      (10.1.26) 

-e/�w�²���Ksae/��Ri� 1iemNäsmes�UeÑÒ 
  0nA �         (10.1.27) 
iemNäebes-Ø��N/� 
 a¾RS�energy.£ wavefunction�x�]ÍsS��� 1z�{Ti�§÷{
V5T���Í����T-�S.¾� 

  � � � �10 2 ...n n nnE E H� � �� �      (10.1.28) 

  
� �

� �
1

0 0 2
0 0 ...mn

n n m
m n n m

H
E E%

� � �
��- - � - �     (10.1.29) 

 z]�²(10.1.14)]£^�2z��ç{ � �2
nE .£ � �2

n- Q5�£¤���Kw-ª

¾B¢i*/�Tº � �2
n- Q6 70

n- ��i��U/� 

  � �2 0
n m m

m
B��- -        (10.1.30) 

²(10.1.30).£²(10.1.15)Q²(10.1.14)]�AR�aÍ²(10.1.12)Q�s/- 

  � � � � � � � �� �2 1 10 0 0 0 0
m m n m n n m n m

m m n
B E E E A E H

%

� � � �� �- - -   (10.1.31) 

-e/���i��# 2{y�jim n� Q�s��K²(10.1.27)]£/��ab 0 *n-

QamS��U/� 

  � � � � � � � �� �2 1 10 0
m m n nm n m n nm nm

m m n
B E E E A E H

%

� � � �� �	 	   (10.1.32) 

��KC®î�i*/���S 
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  � � � �2 1
n m nm

m n
E A H

%

� �       (10.1.33) 

-e/���i²(10.1.23)Q�s/- 

  � �
� � � �1 1

2
0 0

nm mn
n

m n n m

H HE
E E%

�
��       (10.1.34) 

-s¤Ø V�bN/�a¾RS�2z��ç energyV5T��� 

  wavefunction]ÍsS� 2z��ç{ � �2
n- �Éø]5T/�²(10.1.31)]�a

b � �0
k k n%- QamS��U/� 

  � � � � � �� �1 10 0
m m n km m n km km

m m n
B E E A E H

%

� � �� �	 	    (10.1.35) 

UeÑÒ 

  � � � � � �0 0 1 1
k k n k n m km

m n
B E E A E A H

%

� � ��  � �k n%    (10.1.36) 

-e/V���i²(10.1.19).£²(10.1.23)Q�s/� 

  � �
� � � � � � � �1 1 1 1

0 0
0 0 0 0

nn kn km mn
k k n

m nn k n m

H H H HB E E
E E E E%

� � �
� ��    (10.1.37) 

ØÙ 

  
� � � �

� � � �
� � � �

� �
� �

1 1 1 1

20 0 0 0 0 0

km mn nn kn
k

m n n m n k n k

H H H HB k n
E E E E E E%

� � %
� � �

�   (10.1.38) 

-s¤Ø V�bN/�G]²(10.1.30)���].sS 

  21
2n m
m n

B A
%

� � �        (10.1.39) 

i*/�-K� n- �ðª���£^²(10.1.27)Q5��£¤]RSÉø]³aN/� 

 Wwi�energy.£wavefunction�]�]èRS 2zTi§÷U/�-V´¹��
Í���Wt]T-�S.¾� 

  � �
� � � �

� �
1 1

10 2 3
0 0 ... ...nm mn

n n nn
m n n m

H HE E H
E E%

� � � � �
��� � �    (10.1.40) 
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� � � �

� � � �
� � � �

� �
� � � �

� �
� �

0 0
0 0

1 1 1 1
0

20 0 0 0 0 0
2

1 1
0

20 0

3

1
2

... ...

mn
n n m

m n n m

km mn nn kn
k

m n n k n m n k

k n
kn nk

n

n k

H
E E

H H H H
E E E E E E

H H

E E

%

%

%

� �
�

� �= >G G� ��? @� �� � �G GA B� ��
� �
� ��
� �� !

� �

�

�
�

- - � -

-

�

-

�

  (10.1.41) 

 Z���£¤e²V5T�SRTpä��K��-s¤ parameterKÑºbÑRs�
�RÇ��-]gRS� � �1'H H� �  ]RS�ôp��V�a^(UaÇ¤��²±]

K�²(10.1.40).£²(10.1.41)i�Q 1]RS� � �1H  ]èU/�� � �1
mnH e¶Q 'H ]

èU/�� 'mnH íÖt@p/âmi*/�²(10.1.40).£²(10.1.41)K�~T],

p/a�RNes�RaR�energy]èRSK 2zTi�wavefunction]ÍsSK 1
zTiK²QÉpS.s��V£s�WNâm´/]àÑN/d e²i*/� 
 Ú^ÛR]e/V�Í����	�±]�bN�²Q�)bracket notationQ�s/
»WQ�]�S0Wt]T-�S.�¤� 
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n§op3 
 perturbation�Ø V�÷Rs�-¶¤s¤èA]e�Ss/aQ£^�ba]U

/���2�+k]ÍsSx&QùúRS,£¤���i 2�+k-s���K� 0H

.£ 0 'H H H� � � eigenfunctionVWNûN 2ÍRaes-s¤»Wi*/��a

 
 �ç��T-�3 

î�z� HamiltonianQ 0H ��ç� HamiltonianQ 'H -U/� 

  0 'H H H� �        (10.1.42) 
î�z�!QR.£!QèéK3 

 0 0 0
0 n n nH E�- -        (10.1.43) 

T��bracket notationiK 

  00 0
0 nH n E n�       (10.1.43a) 

energyK 2zTi�§÷i3 

  0
0 0

' '' ...nm mn
n n nn

m n n m

H HE E H
E E%

� � � �
��     (10.1.44) 

T��bracket notationiK 

  
0 0 0 0

0 0 0
0 0

' '
' ...n n

n m n m

n H m m H n
E E n H n

E E%

� � � �
��   (10.1.44a) 

��i 

  0 0 0 0' ' * 'nm n mH n H m H d- - 3� � 2     (10.1.45) 

æçèéK 1zTi�§÷i3 

  0 0
0 0

' ...mn
n n m

m n n m

H
E E%

� � �
��- - -      (10.1.46) 

T��bracket notationiK 

  
0 0

0 0
0 0

'
...

m n n m

m H n
n n m

E E%

� � �
��     (10.1.46a) 
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b�sU/ spin 1
2
�kVW¤s¤»Wi*/� 

 
 wi�sR�£¤]ª¢�þ�£�FK 
  0 'H H H� �        (10.1.47) 

�£¤] 0 'H H H� � -]�mbN/� 0H � orthonormale eigenfunctionKz�£¤

]<��N/� 

  
0 0 0

0 1 1 1
0 0 0

0 2 2 2

H E

H E

�

�

- -

- -
       (10.1.48) 

Ô�¶¤i�ss�-i*/V��ab��#����
0 0

1 2E E0  �£¤] 1.£ 2

�®�nmQ-/�-]U/�H� eigenfunction 1- .£ 2- Q 0
1- - 0

2- � linear 

combination-RSOW¤�UeÑÒ 

  
0 0

1 11 1 12 2
0 0

2 21 1 22 2

c c
c c

� �

� �

- - -

- - -
      (10.1.49) 

1- .£ 2- ]ÍsS� eigenvalueVWNûN 1E .£ 2E i*/-U/�UeÑÒ 

  1 1 1

2 2 2

H E
H E

�
�

- -
- -

       (10.1.50) 

��S 

  
� �
� �

0 0 0 0
11 1 12 2 1 11 1 12 2

0 0 0 0
21 1 22 2 2 21 1 22 2

c H c H E c c

c H c H E c c

� � �

� � �

- - - -

- - - -
    (10.1.51) 

²(10.1.51)� 1�y�²]�ab 0
1 *- T�K 0

2 *- QamS��U/� 

  
� �

� �
11 11 1 12 12

11 21 12 22 1

0

0

c H E c H

c H c H E

� � �

� � �
      (10.1.52a0 

B
]²(10.1.51)� 2�y�²]�ab 0
1 *- T�K 0

2 *- QamS��U/� 

  
� �

� �
21 11 2 22 12

21 21 22 22 2

0

0

c H E c H

c H c H E

� � �

� � �
     (10.1.52b) 
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��i 

  � �

0 0

0 0
0

0

*

* '

'

ij i j

i j

ij j ij

H H d

H H d

E H

�

� �

� �

2
2

- - 3

- - 3

	

 

  0 0' * 'ij i jH H d� 2- - 3       (10.1.53) 

UeÑÒ 

  

0
11 1 11

0
22 2 22

12 21 12

'

'
'

H E H

H E H
H H H

� �

� �
� �

       (10.1.54) 

²(10.1.52a).£²(10.1.52b)� non-trivial solutionKsºN� 

  11 12

21 22

0
H E H
H H E

�
�

�
      (10.1.55) 

-s¤ secular equation��£^�bN/�T�K 

  

11 22 11 22
12

11 22 11 22
21

2 2 0

2 2

H H H H E H

H H H HH E

� �
� �

�
� �

� �
  (10.1.56) 

��i energy���Q 11H - 22H -��rR]_0�RS 

  11 22'
2

H HE E �
� �       (10.1.57) 

-R£¤�W¤U/- secular determinantK 

  

11 22
12

11 22
21

'
2 0

'
2

H H E H

H HH E

�
�

�
�

� �
    (10.1.58) 

�� secular determinantQ�sS�eigenvalue- eigenfunctionQ5�/�-KÔTi´
Õ�����iéÒ]À�U/�-V´¹/âÇ¤���ZbÀ�RS,SµRs� 
 ��iKÒ¯�-äa^ elegante��Qo:R£¤�WtHK reali Hermitian
i*/-;<U/�²(10.1.58)i 
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2
211 22

12

11 22

12

2

cos 2
2

sin 2

H HW H

H H W

H W

�� �� �� �
� �

�
�

�

�

�

     (10.1.59) 

-.¾�W¤U/- secular determinantK 

  
cos 2 ' sin 2

0
sin 2 cos 2 '

W E W
W W E

�
�

� �
� �

� �
    (10.1.60) 

-e/��KéÒ]5T/i*Ç¤�UeÑÒ 

  
� � � �

� � � �

0 0
1 1 1 2

0 0
2 2 1 2

' cos sin

' sin cos

E W

E W

� � � �

� � � � �

- � - � -

- � - � -
   (10.1.61) 

��i 

  12

11 22
tan 2

2

H
H H�

�
�       (10.1.62) 

T�K�²(10.1.57)Qô6RS 

  
� � � �

� � � �

0 011 22
1 1 1 2

0 011 22
2 2 1 2

cos sin
2

sin cos
2

H HE W

H HE W

�
� � � �

�
� � � � �

- � - � -

- � - � -
  (10.1.63) 

 �NV 2�+k].m/÷Rs eigenvalue- eigenfunction�²i*/�Wt�sÇ
sÇe�°��-i��²-�ç�-�Ø QùúRS,£¤� 
 
(1)  Tº�perturbationV�ñ]-�¾� 
  12 0H �         (10.1.64) 
-�°´¹/»WQôp£¤�²(10.1.59)£^ 

  11 22

2
H HW �

�  

i*/ab²(10.1.63)K 

  
0

1 11 1 11
0

2 22 2 22

'

'

E H E H

E H E H

� � �

� � �
      (10.1.65) 

-e/�T��²(10.1.59)£^ 2 0�� i*/ab�wavefunctionK 
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0

1 1
0

2 2

�

�

- -

- -
       (10.1.66) 

�Nb�Ø Q��ç�-ùUS,/�²(10.1.65)� energyK��çQ 1zTi-�
�²i*^�T�²(10.1.66)� wavefunctionKî�z� wavefunctionW�TT�-s
¤�-]e/� 
 
)20  z]�¤JR�°Q��S�H]ÍsS���J{)off diagonal term0 12H V

diagonal term�g���]ùUS§��?´¹/µ¶-�s»WQôpS,£¤�U
eÑÒ 

  11 22
12 2

H HH �
//       (10.1.67) 

��»W 

  

� �

2
211 22

12

2
11 22 12

2
11 22

2

41
2

H HW H

H H H
H H

�� �� �� �
� �

�
� �

�

 

��i²(10.1.67)Qô6RSþ���aQ��RS# 2{iÎÒ[/- 

  � �

2
11 22 12

2
11 22

2
11 22 12

11 22

21
2

2

H H HW
H H

H H H
H H

� ��
� �� �

�� � !

�
� �

�

 

��S�²(10.1.63)£^ 

  

2
12

1 11
11 22

2
0 12

1 11 0 0
1 2 11 22

2
12

2 22
22 11

2
0 12

2 22 0 0
2 1 22 11

''
' '

''
' '

HE H
H H

HE H
E E H H

HE H
H H

HE H
E E H H

� �
�

� � �
� � �

� �
�

� � �
� � �

    (10.1.68) 

��i��¤ 1Í�°-RS� 0 0
1 2E E� ]�RS 11 22' 'H H� V-�¾S�?´¹/-
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U/-� 

  

0 12
1 1 11 0 0

1 2

0 12
2 2 22 0 0

2 1

''

''

HE E H
E E
HE E H

E E�

� � �
�

� �
�

     (10.1.69) 

-e/� 
 Z��wavefunction]ÍsSK�²(10.1.67)Qô6RS 

  12

11 22

2tan 2 2 H
H H

I �
�

� �  

�N£^ 

  12

11 22

cos 1

sin H
H H

�

� �

I

I �
�

 

��S²(10.1.61)K 

  

0 012
1 1 2

11 22

0 012
2 2 1

22 11

H
H H
H

H H

� �
�

� �
�

- - -

- - -
      (10.1.70) 

-e/�wi���£¤]
0 0

1 2E E� ]�RS 11 22' 'H H� V�?´¹/-U/- 

  

0 0 012
1 1 20 0

1 2

0 0 012
2 2 10 0

2 1

'

'

H
E E
H

E E

� �
�

� �
�

- - -

- - -
      (10.1.71) 

²(10.1.69).£²(10.1.71)Q,/-��Nb�²K�energy]ÍsSK�ç� 2zT
i�wavefunction]ÍsSK�ç� 1zTiô6R�²-e�Ss/� 
 Ww�2Í�»W]ÍsS�÷Rs�-�ç�]£/�°�QùúRS,��sº
N�»W��energy��V wavefunction£^��çV 1z�âm�z-e�Ss/�
-]LyR�s�Zµ]�ç�i energy- wavefunctionQ5�/»W�wavefunction

Qnz��çTi-Nä energy��K � �1n � zTiÖ/-Í¢ÍTVW¤�-s¤�

-V³aN/�w]*�� 2Í�ãKT�R¾���-Q�RSs/� 
 
�Exercise 10.1.1 
 6t� L� 1z6� particle-in-a-box].sS�potentialVz�£¤e step function
iO�N/»WQôp/� 
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  � � 0V x �   0
2
L ax �

4 /  

  � �V x ��   
2 2
L a L ax� �

4 4  

  � � 0V x �   
2
L a x L�

/ 4  

 

 
 

 
� 10.1.2  TOF_`þ 

 
 

10
La � -RS 1n � .£ 2n � ����WNûN]ÍsS�Zz��ç energyQ5�

£� 
 
n�p3 

 1z��ç energy 0 0'n nH dx2- - Q5�Nä£s� 
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wavefunctionK(6.3.12)]��N/£¤] 

  0 2 sinn
n x

L L
�

�-  

i*/���S 

  

� �

� �

2
1 2

2

2 sin

11 sin

L a

n
L a

n

n xE dx
L L

a n a
L n L

�

�

�

� �� � �� �
� �

2
� �

��
�

 

0.1a
L

� Q�ARS 

  
� �

� �

1
1

1
2

0.1984

0.0065

E

E

�

�

�

�
 

��S 

  

2

1 2

2

2 2

0.1984
8

0.0065
8

hE
mL
hE
mL

�

�

� �

� �
 

 
�Exercise 10.1.2 
 6t� L�Zz6� particle-in-a-box].sS�potentialV 

  � � sin xV x
L

� �
��  

iO�N/£¤e�çVaa��»WQôp/(� 10.1.1)� 1n � ���]ÍsS 1z
��ç energy�.£ 2z��ç energyQ5�£��âR��&��>]*��SK

9n � Ti�jQ-Nä£s�-]U/� 
 
n�p3 
 1n � �î�z� wavefunctionK 

  0
1

2 sin x
L L

�
�-  

��S�1z��ç energyK 
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� �1 2
1

0

2 sin sin

8
3

L x xE dx
L L L

� �

� �

2
� ��

�
�

 

2z��ç energyK� 

  � � 22 1
1 0 0

2 1

'
n

n n

H
E

E E

$

�

�
��  

i*/V���� energygK 

  � �
2

0 0 2
1 2 1

8n
hE E n
mL

� � �  

Z����]ÍsSK 

  2
1

0

2' sin sin
L

n
x n xH dx

L L L
� � 2

� � �  

i*/VnV�é�-t]Kî�]e/�-VéÒ]�a/�Z�� nVÈé�-t
]K 

  1 2

2 1'
4n

nH
n n

� �� � �� ��� �
�
�

 

-e/�
2

1
0 0

1

' n
n

H
E E�

 Q «±] 3,  5,  7,  9n � ]ÍsS�>U/� 

 
 

n  1' nH
�

 

2
1

2

'

1

nH

n
�

� �
� �
� �

�
 

3 0.1698 33.60 10��  

5 0.0243 52.45 10��  

7 0.0081 61.36 10��  

9 0.0037 71.69 10��  

 
¯¹eb 11,  13,  ...n � -n � $Ti�{Q�>RemNäebesV� 9n � TiÖ/
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-s¤�°QÖ/�-V�K]��NSs/�i 9n � iÎÒ[��Ñmi*/��

Nb�jQ-�SØÙ 

  � �

� �
3 2

2
1 2 2

103.63
/ 8

E
h mL

��

� � �  

-e/�0z�1z�2zQT-�/-z�£¤]e/� 

  

2 3 2

1 2 2 2

2
3 2

2

8 103.63
8 3 / 8

81 3.63 10
8 3

hE
mL h mL
h
mL

�

�

� � � �

� �� � � �� �
� �

� �
�

C C
�

 

�âR 

  
� �2 2/ 8h mL

�
�C  

 
 �ç�Q «±]à¤]*��Ss¾Ía�nS±e�KV*/�1ÍK�ÔTi
*sTs]`fRS¹��Ki��ç� seriesKK�RS�¼U/a-s¤�-i*

/��NKÀK 'H �«�]èAU/�w� ExerciseQ,/-�energyK
� �2

28
h
mL

�
]

ÍsS�m����-e�Ss/���RV-�mNä-�sµ¶�¼KssÑmi

*/�RaR�²(10.1.3)]�R� 0H - 'H QhS�éÒ]
� �2

28
h
mL

�
-s¤�Q×s

Í¾a¶¤a�eaea�ºaRs-�Çi*Ç¤�T*�-]a¾(�S,/�V

ss�iKeaÇ¤a�WRS��R� 1z�2z����-�>RS*T^]��¼V

mNä��-]g�S7e�� 0H - 'H �Ö^�QôpS,Nässi*Ç¤� 

 1z��ç energyQ5�/�-KsÍ��e¾´¹/��NK�operator 'H ]è
U/ averagei*/ab´��K�es�RaR�2zW���ç energy�T�K 1
zW��wavefunctionQ5�/»W]K�sÍ��c��jQ¶¤(�S�>U/a�
-s¤�-V�K-e/�energygVsÍ���]PN/�i�RäRäåenergyg
V*/��£^6ts��ab��çKôpe¾Sssê-s¤�°V-bN/�R

aR���� energygV6t¾e��k������VWNWw]6t¾ebes-
s¤ËÜK½¾�»W�bNes�Exercise 10.1.2�»WK��RÇãÁ±]¤T¾
s�Ss/-sp£¤���»W]K�nV6t¾e/-���� energygK 21 n� i
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23]6t¾e�Ss¾R���� 1' nH � n-�]-�¾e�Ss/� «±eéR

Q,S� 3,  5,  7,  9n � ]e/]ÍNS23]-�¾e�Ss/��9e]¤T¾s¾

»WK���]es�RaR����ãÁ±]¤T¾s��»Wi��nQ�c6T
i¨RWÑ"�b¶¤e/i*Ç¤aI-�e-�eéQ�c�H��b¶¤e/

i*Ç¤aI��*�^��-Keaea�ºaR¾�µ-9¶�abes�-s¤

�VÀ£i*/�½¾�»WK�*T^ÒR9-K{ÂResià�Ss/,�si

*/� 
 �c��jQ¶�aiÒ¯9[/�-]DXQÄÍHKRäRä2z��ç energy
Qå E" �°êQ�sS�¾�closure approximation-s¤ëô�àÑN/�2z��
ç energy 

  � �2
0 0
' 'nm mn

n
m n n m

H HE
E E%

�
��       (10.1.72) 

Q5�/]C^�;]���� energygVm]�èAi E" -s¤R]Öm/-R£

¤�;]�W¤s¤�-V>�i*/-U/-� 

  

� �

� �

2

2

1 ' '

1 ' ' '

n nm mn
m n

nm mn nn
m

E H H
E

H H H
E

%

�
"

= >� �? @" A B

�

�
    (10.1.73) 

-e/V����# 1{yK 

  � �2' ' ' nnnm mn
m
H H H��       (10.1.74) 

�£¤] � �2'H -s¤ operator]èU/ÅÆRiO�N/�(Problem 10.1.1) 

��S 

  � � � � � �6 72 22 1 ' 'nnn nnE H H
E

� �
"

     (10.1.75) 

-e/���Ø K��c{�jVe¾e�SsS� 'H .£ � �2'H ]èU/ÅÆR

�,ab 2z��ç energyQ5�/�-V´¹/-s¤Ìi�_.&�½s�RaR�

�������±ùÌK�´-s�S�
0 0
n mE E� -s¤�P]m]7¼U/ energy

gQm]�èA].¾�-s¤;<]*/��ªkQeUªS���VB¢ energy
QÄÍe9Ss¤�-K*^pes�-Kë¤Ti�es�(10.1.73)K�RÇ���
²i<��N/£¤e E" -s¤å�r� energygêV*/�-ôpSfTaU�i
*/V�W�]��±e¨?V*/ÑmiKes� 
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�Exercise 10.1.3 
 Exercise 10.1.2�k]ÍsS 2z��ç energyQ closure approximationi5�£�
Exercise 10.1.2�Ø V÷Rs-U/- E" K¶�+�6t�]e/a� 
 
n�p3 
 Exercise 10.1.2i5��£¤] 

  8'
3nnH � �
�
�

 

  

� �2 2 4

0

2 4

0

2

2

2' sin

2 sin

2 3
8

3
4

L

nn

xH dx
L L

xdx

�

�

�

�

2

2
�

��

�
�

��
�
�

     (10.1.76) 

��S²(10.1.75)£^ 

  

� �
22

2
1

2

3 8
4 3

0.0295

E
E

E

= >G G� �� �? @� �" � �G GA B

� �
"

�
�

�
      (10.1.77) 

��RQ

� �
3 2

2
2

103.63

8
h
mL

�

� �
�
-�Rs-.¾- 

  
2

28.13
8
hE
mL

" � �       (10.1.78) 

-e/��NK 3n � ���-� energyg � �
2

21 9
8
h
mL

� ]�s�RaR����-]´

�a�Á�±gÂV*/ÑmiKes� 
 

 Ww�/ð-YUS¹�£¤]��ç���²���K�ñ]æ½]����W�
i�bN�²K÷Rs�RaR�WNQ#�U/f]e/-�s¾Í��PÀ±eN

�]»¼U/��ç�zéQ 1z-a 2z-ai][/�-VTº�°i*/�]�
W��°Xi�pæ½e�Q�/�-K½¾�»W]´¹es�i*/�ØÙ���

��]è�R���-s¤��K�Ì´]�°Q³AU/a��() 1Í]aa�S
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s/�æ½e�-QJ�H]-�SK/p�sµ¶01±e�-]×p/���¬�

ii�å��£¤e�°�]ÍsS�sRemNäebes-s¤�-KmRsP

Ài*/ê-YU��KwYR�£¤e�-V]*��abi*/� 
 
�Exercise 10.1.4 
 äÚ].sS�potentialV 

  � � 2 3 41 1 1
2 6 24

V x kx gx hx� � �      (10.1.79)     

iO�N/-U/��ij'�UeÑÒ potential�# 2{yW�Q�ç-RS 1z�
�ç energyQ5�£� 
 
n�p3 

  

3 4

3 4
23

1 1'
6 24

1 1
246

H gx hx

g h

� �

� �� �
55

 

1z��ç energyK 

  � � � � � �1 'n n nE H d� 2- � - � �  

i*/V��Ý'£^ 3� ��ç{K�zRes�-V�a/���S 

  � � � � � �1 4
224n n n

hE d� 2- � � - � �
5

 

izpbN/�-]e/�(7.5.5),(7.5.6)£^ 

  � �1
2
b b�� ��  

��S 

  � � � �� � � �41
296n n n

hE b b d- � - � �
5

�� �2  

-e/�²(7.5.30).£²(7.5.31)£^ 

  � � 1 11n n nb b n n�
� �� � � �- - -  

  
� � � � � �

� � � � � �� �

2

1 1

2 2

1

1 1 1 2

n n n

n n n n

b b n b b n b b

n n n n n n

- - -

- - - -

� � �
� �

� �

� � � � � �

� � � � � � � �
 



���������������������� 
Lecture Note on Quantum Chemistry by T. Azumi 
Chapter 10: Page 24 

� � � � � � � �� � � �� � � �
� �� � � � � � � �

� �� � � �� �� �

3

2 2

2
3 1 1 1

2
1 3

1 2 1 1 2

1 2 1 2 1 2 1 1

1 2 1 2 3

n n n n

n n n n

n n

b b n n b b n b b n n b b

n n n n n n n n n

n n n n n

� � � �
� �

� � � �

� �

� � � � � � � � � � �

� � � � � � � � � �

� � � � � � �

- - - -

- - - -

- -

  

� � � �� � � �
� � � � � �

� �� �� � � �
� � � �

� � � �

4

3

33
1 1

3

33

22

1 2

3 3 1

1 2 3

3 3 1 1 terms other than 

3 1 terms other than 

n n

n n

n

n n n

n n

b b n n n b b

n b b n b b

n n n b b

n n n n

n n

� �
�

� �
� �

�
�

� � � � �

� � � � �

� � � � �

� � � � �

� �� � � � !

- -

- -

-

- - -

- -

 

��S 

  � � � �4 223 1n nb b d n n- - �� � �� � � � !2  

a¾RS 

  

� � � �

� �

21 2
2

22
2

3 1
96

1
32

n
hE n n

h n n

� �� � � !

� �� � � !

5

5

     (10.1.80) 

 
�Problem 10.1.1 
 ²(10.1.74)Që�"£� 
 Hint3��<�Q�s/� 
 
�Problem 10.1.2 
 Exercise 10.1.4�Ñ/-RS��ç 

  31'
6

H gx�  

]ÍsS� 2z��ç energyQ5�£���»W��c{�j�¤Ò�µ9�é{�
,Vî�ie¾�2z�ç�2XiK÷EeØ V5T/eRsãi*/� 
 
�Problem 10.1.3 
 Section 6.5i÷E]�¾�-Q©,�fg�*/\]^TOF_`þ)� 6.5.10�
!QRQ�ç�i�t�÷Ee�-ùú"£� 
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�Problem 10.1.4 
 ��é n� harmonic oscillator� energyK 

  1
2n
nE h �

� 
        (10.1.81) 

izpbN/�-KUi]�sR����²Qæéø+iO"ä 

  1
2

nE n
hc c

�
�

        (10.1.82) 

-e/V����C���BiK�Herzberg���]��S�NQ 

  � � 1
2e
nG n �

�*        (10.1.83) 

�£¤]OU�-V½s�w²V�^rÍc^C®� 

  � � � �1 eG n G n� � �*       (10.1.84) 

�£¤]���éV 1Í7e/��� energygKZ<]e/�-VÅÆ�N/�Ra
R�PÀ���iKW¤Ksaes� 
 HCl]ÍsS�ÀCs�ÏQO]�UV���Oab�a/£¤] nV6t¾e/
]ÍNS energygKJRºÍ-�¾e�Ss¾h,]*/� 
 

n  � � � �
1

0
cm

G n G
�

�
 � � � �

1

1
cm

G n G n
�

� �
 

1  28859.  28859.  

2  5668 0.  27821.  

3  8347 0.  2679 0.  

4  109231.  25761.  

5  13396 5.  24734.  

 
���-K�potential� 3z�{]7¼U/ anharmonicity���-ôpbNSs/
)Exercise 10.1.4i���£¤]�4z�{��ç energyK÷i*/ab energyÓ{
KnV6t¾e/]ÍNS6t¾e/Kºi*/����-Q�Ra�£0� 
 w�O�£¤eÀ³Ø QOU�³±e²-RSz�£¤e²VzpbNSs/� 

  � �
21 1

2 2e e e
n nG n x� �� �� � � �

� �
* *      (10.1.85) 
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��i e ex* K� e* ] ex Qvm���-ôpS�£sV�GñK�W¤Kôpº� e ex*

-s¤ 2Í�Æ�i 1Í��éQOU-heRSs/� 
 Wt��K]fp£� 

 (1) wO�À³s�ÏQ��-�£¾OU£¤] e* .£ e ex* Q5�£�W���

W�²ab��>R-À³R)w�O0-QO��iùú"£� 
 (2) Problem 10.1.2Q�ô]RS�²(10.1.85)V 2z��ç�]*/�°Q³AU

/�-]£�S�bN/�-Q�"� 
 (3) ��»W�¶¤s¤�°Q³AU/� V*/aQ�ba]R�aÍ�W�

�°�3C'Q{Â"£� 

 (4) ��»W e ex* K¶¤s¤²iO�N/a� 

e.���Ø Kãpä Herzberg�Q7e9��)G. Herzberg, "Spectra of Diatomic 
Molecules"0� p.93]´Ss/�÷YKs��SÉøi�å�ç�Q�s/-Ø K
�¤e/ê-s¤+Ra�sSes������AA±e9��-Kü�Såþ&V

à¤9��iK�W����÷YRaes�VZµ±i*^���S��VR�a^

RSes-eaea9�����´¹es�-]e/� 
 
�Problem 10.1.5 
 Problem 10.1.4].sSK�²(10.1.85)��³±e²Q potential� 3z�{� 2z�
ç energyi�´R��ÀK potential� 4z�{� 1z�ç energy)Exercise 10.1.40
- potential� 3z�{� 2z�ç energy)Problem 10.1.40QWÑ"�{]ÍsS�²

(10.1.85)��³²K��±]�´�N/���»WK e ex* K¶¤s¤²iO�N/a� 

 
�Problem 10.1.6 
 Exercise 10.1.4���.£�Vá�N/n�|}Q�"�) 0,  1,  2,  ...n � �UUS

���éi�^rÍaQ{Â"£0 
 
 
10.2� ��RSs/k]ÍsS��ç� 
 

 ���iK�î�z� Hamiltonian 0H � eigenfunction]��Ves-;<RS¹

��eßW¤;<RemNäebea��a�*T^K�t^-YUSKsea��
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-×¤�G]��OPK½J*sTsi�*��� 
 ��RSs/-¶¤s¤-�ÇiTºsaK	�Ø �²(10.1.40),²(10.1.41)Qh

Nä�bai*/�;^] 0
n- V��RSs/��� 1Íi*/-U/���»W�

²(10.1.40).£²(10.1.41)]O�N/j�ai��Vî��{V 1ÍWw*/�-
]e/���S�W�{]ÍsS�R���Vî�iesc^·$RSRT¤���

£¤]��ç���Ø V·$RSRT¤-s¤�-K�î�z� wavefunction�Ö
^�VêCiea��-s¤�-QgÂRSs/�Zµ]K)�R���VemN

ä0�î�z� wavefunction-s¤��K 0H QzpNäZ�±]ìT�SRT¤�R

aR���k]ÍsSK¿£V7e/�ÔTi´Õ��sRS¹�£¤]���RS

s/ wavefunction�«�]K�c��>�'V*/Ñmi�*/«�QUNä�
ç{V·$RSRT¤-s¤*ÑNeØ ]e�SRT¤V�êCe«�QU/

-�W�£¤e·$Q4ß�-V´¹/�i*/�W��W��-Q «±]{ÂR

£¤� 

 e.� 0H � eigenfunction�a]��-p��R���Vs¾Ía*��-RS��

Ô²(10.1.41)i5�£¤-RSs/ n- VW���R� wavefunction� 1Íiesc

^�²(10.1.40)(²(10.1.41)Q�s/�-K´�gRÒpesÑmi*/�ÔTi�å�
�Ves»Wê-*sTseOPRaRS¹ea��V�÷E]K�¤s¤�-Që

�Ss/�-]e/� 

 Ô���RSs/î�z� wavefunctionK 0 0 0
1 2,  ,  ...,  m- - - i*/-RSZµ'K

ñÑNes�UeÑÒ  

  0 0 0
0 1,  2,  ...,  j j jH E j m� �- -      (10.2.1) 

].sS� 

  0 0 0
1 2 ... mE E E� � �       (10.2.2) 

G]��Nbm�� wavefunctionK¡s]é?RSs/-ôpS£s�)sÍi�é
?U/£¤]U/�-V>�i*/�0�S��Nbm�� wavefunction�êCe�
�ØWab�¡s]¸rem�� wavefunction 

  0 0

1

1,  2,  ...,  
m

i ij j
j
c i m

�

� ��� -      (10.2.3) 

Q¥/�-V´¹/��¤RS¥bN��Rs wavefunctionK(K^��RSs/�
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��£¤e wavefunction���-^�K�cG^�>�'V*/V�W�ai 'H ]

èU/�� 0 0* 'i jH d2� � 3VUUSî�]e/£¤e�Q«ù�¶¤(�S��£¤e

wavefunction��Q5�/aK�abôp/�--RS�-]a¾� 0H  �

eigenfunctionQ 0 0 0 0 0
1 2 1 2,  ,  ...,  ,  ,  ,  ...m m m� �� � � - - �£¤]-/�UeÑÒ	ò�m�Q

��RSs/��]«ùÑmi*/��Nab�¤� �*/�-K� 0
1�  ab 0

m� T

i� wavefunction.£ energy]ÍsS��çQ5�/�-i*/� 0
1m�-  W�]Í

sSK��Kes�i���²QW�TTàs�/Ñmi*/abu�SYU/�

 Kes� 
 ��-B
]� 

  � �� �1
0 1,  2,  ...,  i i iH H E i m� � �� - -     (10.2.4) 

Q�¾Ñmi*/V���i i- .£ iE Q²(10.1.9).£²(10.1.10)�£¤]���

m��Q�¤� 

  � � � �1 20 2 ...i i i i� � � �- � �- � -      (10.2.5) 

  � � � �1 20 2
i i i iE E E E� � �� �       (10.2.6) 

�NbQ²(10.2.4)]�AR�²(10.1.12).£²(10.1.13)Q´R��-B¢£¤]R
Sz�Ø Q�/� 

  0 0 0
0 1i iH E�� �        (10.2.7) 

  � � � � � � � �1 1 10 0 0
0 1 i i i iH E E H� � �- � �      (10.2.8) 

²(10.2.7)K²(10.2.2)£^Ui]�^r�Ss/�²(10.2.8)£^ � �1
i� .£ � �1

iE Q5�

/Ñmi*/V���i�²(10.1.15)-B¢£¤]� 0H � eigenstate 

0 0 0 0 0
1 2 1 2,  ,  ...,  ,  ,  ,  ...m m m� �� � � - - i��U/� 
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  � �1 0 0

1 1

m

i j j j j
j j m
A A

� < �

� �� �- � -      (10.2.9) 

��²i����# 1{V��RSs/ wavefunction��]ÍsS�j�# 2{VW
�Ê�wavefunction]ÍsS�ji*/�j i� �{KC®# 1{�j�a]]TN/�
��²Q²(10.2.8)]�AU/� 

  
� � � �

� � � �� �

0 0 0 0 0 0
1 1 1

1 1

1 1 0

1

m

j i j j j
j j m

m

ij i j
j

A E E A E E

c E H

� < �

�

� � �

� �

� �

�

� -
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���r��²� non-trivial solutionK)Ui] Section 4.4i�sR�£¤]0 
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-s¤ secular equation��£^�bN/�UeÑÒ��� secular equationQ�sS�
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iE V 1z��ç energy-e/Ñmi*/�m�� � �1
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W�¤Ò� 1Í 1Í� � �1
iE Q²(10.2.13)��r��²]�AR�aÍ 
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(10.2.10)�UeÑÒ 

  � � � � � �� �1 10 0 0 0
1

1
j j j i i

j m
A E E E H

< �

� � �� - �     (10.2.16) 
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�Exercise 10.2.1 
 Section 8.1].sS�uvwQZ[Kç)UeÑÒ potentialQlmesKç0RS
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�NQ�sS�1z��ç energy-RSz�Ø Q�/� 
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�Exercise 10.2.2 
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�Problem 10.2.2 
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CHAPTER 11 
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 ��)�)variation theory0K��ç��)perturbation theory0-X9i� Schrödinger 
equationQ�°±]�¾��-��¯±e��i*/��� 2Í����p��RS
RTpä������D�xiKTºN/�-Kes�WNµ¶6¿e��i*/a

bW�¯(Q£¾��RS.sS�bs�s� 
 
 
11.1� ��)� 
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�Qî�abÍmSs/�UeÑÒ� 0E K�Ó��)ground state0]ÍsS�eigenvalue
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UeÑÒ 
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Q�/���SRayleigh ratioK 
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�âR��i²(7.1.4)Q�sSs/�trial functionK²(11.1.14)Q²(11.1.12)]�AU/
�-]£^ 
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Q�/���i 5]èU/(7.2.2)².£�]èU/(7.2.4)²Q�sSs/� 
 
 ²(11.1.16)Q,/-��NKChapter 7i5��ground state�wavefunction)(7.4.12)
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i 1n � -.s���0W���-e�Ss/��NK��T�T�	ò]«9âtrial 
function²(11.1.10)Vèé�-RS¡U����]��°��Í�^V���]Z8R
�]U�es�Zµ]K�9e]¤T¾Ksaes�VFGi*/�RaR��¤1
Íâm¤T¾s¾ãQz]�W¤� 
 
�Exercise 11.1.2 
 ÎÏ)���Ó���wavefunctionQvariation theoryi5�£� 
trial function-RSK 

  � �trial expN r� �- �       (11.1.17) 

Q�s£���i NKnormalization factor� 
 
nLp3 
 ÎÏ)��wavefunctionKUi]÷Ee�QChapter 9i5�S.^�ground state]
ÍsSK�w�£¤] r�ãéèé��]e/�-V�a�Ss/�)O 9.7.10��
S�variation theoryQ�sS�K�RS��parameter�V÷R¾5T/a¶¤aVÃÂ
�*/-�Çi*/� 
 
n�p3 
 Tºtrial functionQnormalizeRS.�¤� 
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3
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��S 

  � �
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      (11.1.19) 

HamiltonianK²(9.1.5)izpbNSs/� 
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          (11.1.20) 
�Nb�²Q�sSRayleigh ratioQ�>U/Ñmi*/V�ãpä 
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��iBohr radius 0a ]reduced mass�§÷QR� 0 'a �(9.3.24)²� 
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-s¤Ø V�bN/���S 

  trial 3
00

1 exp
''
r
aa

� �
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�
     (11.1.24) 

-e/���Ø K�O9.7.1]zpbNSs/ 1s- �wavefunctionW���i*/� 

 
�Exercise 11.1.3 
 6t� L�\]^TOF_`þ�ground state�eigenfunction.£eigenvalueK 

  � � 2 sin xx
L L

�
�-       (11.1.25) 

  
2

28
hE
mL

�        (11.1.26) 

-e/�-QUi]Section 6.2i�sR��²(6.2.12).£²(6.2.7)����iKW�
�Q�bes-RS�s¾Ía�trial functionQôpvariation theory]£^W�3C'
Q{ÂRS,£¤� 
 Schrödinger equationQ�ae¾-���[��£^�wavefunctionK 0x � .£

x L� ].sSî�]ebemNäebes�-�T��ground statei*/ab
2
Lx �

]ÍsS�ÝiemNäebes�-KÔTi��sabû�VÍ¾i*Ç¤�W�

i���2Í� ÒQX�Uwavefunction-RSz�2Í�trial functionQôp£¤� 
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  � � � �1 x x L x� �-        (11.1.27) 

  � � � �22
2 x x L x� �-       (11.1.28) 

���Q�sS��� � � � �1 2,  x x- - �sºNV£^£swavefunctioni*/aQ{Â

"£� 
 

n�p3 

 Tº � �1 x- ]ÍsSnormalizeRS.�¤�normalization constantQ 1N -RS 

  � �
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1
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L Lx L x dx
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��Snormalize�N� � �1 x- K 
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B
] � �2 x- ]ÍsS�normalizeRS.�¤� 
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� �-       (11.1.30) 

� �1 x- ]ÍsS�Rayleigh ratioQ5�S,/� 
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B
] � �2 x- ]ÍsS�Rayleigh ratioQ5�S,£¤� 
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� �1 x- .£ � �2 x- ]ÍsS�Rayleigh ratioQùúU/- � �1 x- ]ÍsS��V-�s�

W�i� � �1 x-  - � �2 x- �2ÍâmiùU/ebä � �1 x- ��VÑºaeVb¡s

wavefunction-s¤�-K´¹/��âR�÷RseigenvalueQ�bemNä���£
¤]Ø�RS�@RSsbN/âÇ¤V���i5��2Í�Rayleigh ratioQ÷Rs

eigenvalue-ùUS,/-� 1� � 2� �¶Òb�ae^6ts�-V�a/� 

 � �1 x- T�K � �2 x- �trial function-÷Rseigenfunction � �exact x- -�g7QK�t

^U/��]��11.1.1] � �exact x- � � �trial x- �.£ � � � �exact trialx x�- - QplotRSs/�

���ab� � �1 x- ��V((¡swavefunctioniK*/V�¶Òb���

wavefunctionabKae^ºNSs/�-V�a/i*Ç¤�  
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�  Problem 11.1.1 
 hydrogen-like wavefunction�ground state�wavefunctionQ�trial function-RS 

  � �2expN r� �- &  

-s¤Gaussian functionQ«�variation theoryi5�£� 
 

  [Coffee Break]� wavefunction�®�nm 

 
 ��iKeigenvalue(eigenfunction�®�nmQ�²(11.1.2)�£¤]energy�Bs�
ab�s�í0�1�2����-®]nmSs/����²K�£¾-bN/popular
e��iK*/V�¯��-RSK��S���i*/�UeÑÒ�ÔTiK�

eigenvalue(eigenfunctionK´ba���éiO�NSs��ãpäChapter 6i�sR
�\]^potential�»W�²(6.2.7).£²(6.2.12)�E(- K n-s¤��éi<��
N�nK1�2����-s¤÷�Qé]cbNSs��Chapter 7�ij.ç�i��²
(7.3.15).£²(7.4.10)T�K²(7.4.12)�E(- K��é nið<�N���»WnK
0�1�2����-�î�abK¢T/÷�Qéi*���T��Section 8.1i�sR�
uvw�Z[&�iK���émK0�91�92����-î�Q],�aÍ÷�A�Q
éi*����²(8.2.8).£²(8.2.7)�SOxw�Z[��iK��é jK0�1�2����
-s¤î�Q]�÷�Qé�G]Chapter 9i�sR�ÎÏ)��»W�²(9.3.22).£
O9.7.1�]K��énK1ab�T/÷�Qéi*�����£¤]�sºN�»
W��E(- K*/ìT����]£^<��N���éið<�NSs��WNQ
�Z�«,i�p/�-K´¹es�ãpä�*/HVåharmonic oscillator�E(- V
0abK¢T/�K¶¤�s(â�ÎÏ)�e¶-B¢£¤]1ab�T/£¤]R�

sê-s�S� nE ( n- QOU²i�¹ n-.sSs���Q 1n � ]Öt@p/�-

K��±]KD>�iKes�RaR�/sÓ�s¬-RS�harmonic oscillator��
�éKî�ab�T/�-]e�Ss/Ñmi�WNQ�H�ÞÂiW¤Éø]s¬

-7e/��Q-�Sss��-K×pes�W9e�-Q�N�b�s�ºb]Þ

%V6t¾e/äa^i½¾�H�V:|Q�/i*Ç¤� 
 ���-K�building�X�ép���-QôpS,Nä�a/i*Ç¤� ¯�1
XK��5��iKfirst floor�	Õ��).£;���Å�½¾�;0iKground 
floor-ë¤� ¯�2XK�5��iKsecond floor�	Õ��).£;���Å�
½¾�;0iKfirst floor-ë¤� ¯(�5����²-	Õ����²-V7e/
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�-K*T^ss�-iKesa��NesV�HðKW�üs��-Q¡¾��S

s/ab�sR�Þ%Kes�RaR� ¯i�*/building�Ä(V�Z�K <
���£^�	Õ��!V«tâab-s¤�[i�1X��-Q�ÓX-aî�X
-ss�2X��-Q1X-s¤#]7nm��=®�(É¯å�Ï��O�QW¤R
SRT��b�½��>wK´��K�es�âÇ¤V�(K^Þ%KªmbNes

i*Ç¤���é�s¬QÉø]�pbNes��°�£¤e�-i*/� 
 ��£¤e�/sxÈ]�+s�s¬V*/��-K7e^�²(11.1.2)�®�n
m]ÍsSK�WNµ¶dsgÂV*/ÑmiKes�®�nmQÉÔþÕ��]

0�1�2����-R��K��lecture note��³wW¤R���i*^�çaV1ab�
T/Qéi®�Qnm�-RS�6R�Þ%K×bes���-��Ó��Q0�Ö
×��Q1�2����-®�nmQ�¤s¬�UeÑÒ	Õ��!�X�[�]��
S���®�nmQU/�²K�PE� <Q]��
[aiµµ<ÙRÍÍ*/£

¤]×p/� 
 
 
11.2� ����)�)Rayleigh-Ritz���0 
 

 trial function trial- Q�*/cbN�é�wavefunction)basis function-ëÑN/0�

�� 1 2,  ,  ...,  n- - - )basis set-ëÑN/0�linear combination-RSOU�-Qôp

/�UeÑÒ 

  trial
1

n

i i
i
c

�

� �- -        (11.2.1) 

��ibasis function 1 2,  ,  ...,  n- - - K�*/<T��èé�QRSsS���a]K

��parameterK]TNSses�T��WNbKZµ]KorthonormaliKes� 

 ��trial function]ÍsS � � 1,  2,  ...,  ic i n� Q��parameter-U/variation theoryQ

linear variation theory-s¤�UeÑÒ�Rayleigh ratio �V	-]e/£¤e ic ��Q

«ù�-]U/�wYR�£¤] i- KD�i*/� 

  trial trial

trial trial

*

*

H d

d
� 2

2
- - 3

�
- - 3

      (11.2.2) 
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]²(11.2.1)Q�AU/-z²�£¤]e/� 

  
*

*

i j ij
i j

i j ij
i j

c c H

c c S
�
��
��

�       (11.2.3) 

��i 

  *ij i jH H d� 2- - 3       (11.2.4) 

  *ij i jS d� 2- - 3        (11.2.5) 

-.s��²(11.2.3)£^ 

  * *i j ij i j ij
i j i j

c c S c c H��� ���      (11.2.6) 

x�Q *kc il�U/� 

  *
*j kj i j ij j kj

j i j jk

c S c c S c H
c
�� �

� �
�� �� �     (11.2.7) 

��)�£^ 

  0
*kc

�
�

�
�        (11.2.8) 

-e/£¤] 1 2,  ,  ...c c Q«ù�-]e/�(11.2.8)Q²(11.2.7)]�AR� 

  � � 0j kj kj
j
c H S� �� �       (11.2.9) 

-s¤�r��²V�bN/�Í����²(11.2.9)Q «±]�ttÇU-�z�£
¤]e/� 

  

� � � � � �
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H S c H S c H S c

H S c H S c H S c

H S c H S c H S c

� � �

� � �
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� � � � � � �
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  (11.2.10) 

��£¤e�r��²ab�Q5�/]K�Ui]Section 4.4(Section10.2i�sR�
£¤]�Wt]�Usecular equation��Q5�Nä£s�UeÑÒ 
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   (11.2.11) 

�NK�]èRS nz��²-e/�nV3Ww�»W�¨K�8é��V´¹emN
äÉø]K5Tbesa�RNesV�éR�>�i-]a¾¨Q5�/�-K>�

i*/�G]HVHermitiani*/c^�n���KUUSÀé-e/Ñmi*/��
�n��Àé��¤Ò�	-��V���-�£s�°�-e/� 

 �V5T��b�W��Q²(11.2.10)]�ARSAé 1 2,  ,  ...,  nc c c Q5�/�-]e

/�n����²V*^�b�éV n�i*/ab�K�bNW¤]×p/V�ÀK
²(11.2.10)� n����²K¡s]¸riKe¾�¸re�K 1n � �Raes�W�
i�¤1Í��²V� i�GñKnormalization conditionQ�s/�²(11.2.1)V
normalize�N/-s¤���UeÑÒ 

  trial trial* 1d �2- - 3       (11.2.12) 

£^ 

  * 1i j ij
i j

c c S ���       (11.2.13) 

V� ��-e/�wYR�£¤]�basis functionKZµ]K.¡s]orthonormali

Kes�i� ij ijS � 	 �£¤]Kebes�-]LgR�s��ÒÇ9�basis function

Z«QnormalizeRS.mä ijS ��J{]ÍsSK 1iiS � -.sSss�-]e/� 

 
�Problem 11.2.1 
 Exercise 11.1.3i�\]^TOF_`þ�ground state��-RS�2Í�trial function
]ÍsS{ÂR��UeÑÒ�normalize�N�trial function²(11.1.29).£²(11.1.30) 

  � � � �1 5

30x x L x
L

- � �  

  � � � �22
2 9

630x x L x
L

- � �  

�2ÍQôp�Ñmi*/V�W�sºN]ÍsS�Rayleigh ratio�÷Rs
eigenfunction£^Kae^6ts�UeÑÒ2Í-�WNµ¶ss�°iKes�-V
�a��� 
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 ¯ProblemiK� � �1 x-  - � �2 x- �linear combination-RStrial functionQOR���

-�£s�°�Q5�S,£�G]��11.1.1�£¤e�Q�sS�Exercise 11.1.3�
Ø -ùú"£� 
 
�Problem 11.2.2 
 ÓV��]e�Ss/Zz6�\]^potential�a�&�Qôp/�UeÑÒ�
potentialK 

  � � � �0VV x x x L
L

� 4 4  

��k�!Qèé]�U/©�èéQ 

  
� �

� �

1

2

2 sin

2 2sin

xx
L L

xx
L L

�

�

�-

�-
 

�2Í���ØW-RS��Ó���ÉÔþÕ�Q�����i5�£��Q��±
]5���� «±]V Q�Ó��be\]^potential��Ó���energy�10��1
]-^energyQ5�£�e.��>QÉø]U/��] 1L � -RS£s� 
 
 

  [Coffee Break]� basis-base 

 
 ²(11.2.1)�£¤]�*/wavefunctionQ�´�a�wavefunction�linear combination
-RSOUk��&�wavefunctionQ�Óèé)basis function0T�Kø]�Ó)basis0
-s¤ëôiOU���basis��-QÓü�Sbase-ë¤HVs/V�W¤s¤Óü
sK,�-�es�iLgQRSµRs� 
 Ý��r»abh/-�base�basis�¶Òb�´�a�å��ê-s¤gÂ]�s
bN/�iK�¶¤ü¤�a-s¤-�baseK��*/��]�RS�basisK?�±
e��]�sbN/�ãpäå��@Á���KR�a^¥bNSs/ê-s¤k�

å��êK"base"i*^�å�������KAA!]¥bN�ê-s¤k�å��ê
K"basis"i*/� 
 Í����Webster's New Dictionary of Synonymsab�Z�Q|ÚRSWt]�U� 

Base may be applied to the lowest part or bottom of something without strong 
implication of purpose as a support or prop (the base of a tree) (base of a 
monument) but more often it implies specific reference to a broad bottom or to a 
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substructure on which a thing rests or seems to rest for support or by which it is 
kept upright or stable (the base of a pyramid) (the base of a lamp) (the base of a 
triangle). 
Basis like base may be used in reference to something that underlies and supports 
or to something that serves as a starting point, but the term is rarely applied to a 
physical or material thing; thus, one may speak of the base (but not the basis) of a 
monument, or of the basis (not the base) for a certain belief.  

 e.�base-s¤ëôK���&]-�SKåB�ê-s¤gÂi��-�TEU
V�]àÑN/�-KCÁ��-.^i*/�T��w�Webster�é�]�´S¹/
hJ��åÓ�ê-s¤gÂibase-s¤ëôV����Æ]àÑN/�-�*/i
*Ç¤�RaR��NWÁ]Kbase-s¤ëôKµ-9¶´S¹es�iKeaÇ¤
a� 
 �Nâm]�VK�t^RSs/�]�basis��-Qbase-Óü�Së¤�K¶¤
RSi*Ç¤aIÀ¯�-U/-�~é�]ÍsS���VW�)8a�RNes�

basis�~é�Kbasesi*/�bases-s¤~é�Q,S�W�øé�Qbase-×�SR
T���a�RNesV�e9-�mRsóâ��¤s¤ÓüsK�*�a�indices
-s¤~é��øé�Kindicei*/-×��^�analyses-s¤~é��øé�K
analysei*/-ûüs)÷Rsøé�K�ë¤Ti�e¾�&Kindex��&Kanalysis0
U/�-°�£¤eói,�-�es�i¾NßN�LgRSµRs� 
 


