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1960 H. C. Longuet-Higgins — Mol. Phys.
6, 445-460 (1963) —
Philip R. Bunker and Per Jensen “ Molecular symmetry and spectroscopy”

J. T. Hougen

NH;
— tunneling matrix formalism

tunneling matrix method

HY = EV¥ [1.1]
W q)llq)z
HO, =W,
L L [1.2]
HD, =W,
[1.2] H T
T H TH = HT [1.3]
HT®, =WT®,,
L L [1.4]
HT®, =WT®,
TO,, T, W

T, =c, P, +¢,D,
T®, =c, ®, +¢,,D,
CDI,CDZ

Ci1:Cppie- [1.5]




Heg Z( ) Jz( L2 J+vee+vne+vm+< , [1.6]

= Q2 ) 4 2m R/
Q,(k=123..)R;(i=123,...)
Vee’Vne’Vnn _ _
[1.6]
(i)
(ii)
(iii)
(iv)
(v)
(i)
+X a T(a,x)
T(a,X)F (X, Yi:Z1 %0, Yy, Zyieeennn, )=F(X, +a,y,Z2;,% +8,Y,, 2,5 ) [1.7]
a=Ax
0
T (A X)F (X, Y1020 X0, Yo s Zyeeenens )={1+AXZQ}F(X1,Y1,21JX2,y2,Zzi ........ ) [1.8]
0
=—h— 1.9
P ox [1.9]
P,=>p, [1.10]
[1.8]
. P
T (A X)F (X, Y1020 X0, Yor Zyeeeen ):{1+|AX?}F(XPyl,zl;xz,yz,zz' ........ ) [1.11]
. P,
T@X)F (X, Y1213 X, Yor Zgieeeenn ):exp{ﬂa;}F(xl,yl,zl;xz,yz,zz' ........ ) [1.12]
(1)
(ii)



JZ

J, Z
2. — (Permutation-Inversion Group, , Pl group)
(€H) (D)-(v) —
(i) (iv)
(i) (iv) —
1963 Longuet-Higgins —
— (i), (iv)
{P}: E
E*
{P*} P*=E*P=PE*
— PP
(feasible operation) — permutation-inversion griup,
Pl group
Longuet-Higgins —
— 12 123

(12)F(R,,0.;R,,0,;R;,04:;....:Q,,0,:....) =F(R,,0,;R,,0,iR;,05;.....Q,,0,;....)
(123)F(R,,0.;R,,0,;R;,04:5...,Q,,0:....) =F(R,,0,;R;,05R,,04;....Q,,0,:....)
(23)F(R,,0,;R,,0,;R;5,04:5....Q,,0,:....) =F(R,,0,;R;,05R,,0,;....Q,,0,:....)
(12)(23)F(R,,0,;R,,0,;R;5,045:....Q,, 0¢5-...) =(12)F (R, 0,;R;, 05 R,,0,:....Q,, 0y -...)
=F(R,,0,;R;,05:R,,0.5.....Q,,0,;-...)
=(123)F(R,,0,;R,,0,;R;,04:5.....Q,,0,:....)
[2.1]



R.,R,R,,.... 1,23,...
0,,0,,05,..... 1,2,3,... Q..o (k=12..)

[2.1] Bunker and Per Jensen

R%, 1 2 3
|
R% 2 1
R’ 3 1

(@) (b) E (c) (123) (d E*
2.1
2.1 (a) 3 R%, R%, R% (b) 1,2,3
R%, R%, R% (b) E
(c) (123) (d) E*

(b) w(R,.R,,R,)=exp[-a(R, —-R")*]exp[-a(R, - R’2)*]exp[-a(R, —R")*] (a>0)
©) A2y (R, R, Ry) = (R, R, Ry)
=exp[-a(R, - R")*]exp[-a(R, —R’2)*]exp[-a(R, - R’:)’]
(d E*v(R,R,,Ry)=v(-R;-R,,-R;)
=exp[-a(-R, —R")*Jexp[-a(-R, - R"2)*]exp[-a(-R, - R":)’]
[2.4]
3 PH, NH

PH; C,, floppy NH

umbrella motion inversion motion
C3v

PorN

g



3.1

Z
PH3, NH; PH; NH;
1,2,3 feasible

operation
PH, : E, (123),(132),(12)*,(23)*,(13) * 3.1]
NH, : E, (123),(132),(12),(23),(13), E*,(123)*,(132)*,(12)*,(23)*,(13) * '
PH; NH; feasible —
PH, feasible
motion NH; umbrella motion N

Hs feasible motion
(12), (23), (13)

feasible
PHs Pl Ge 6 NHg Gro 12
class
PI GG C3V
isomorphic G2 Dsn  isomorphic
Pl Gg class character 3.1
3.1 Pl Gg
E (123), (132) (12)*, (23)*, (13)*




A 1 1
A, 1
E 2 -1
3 3
PI Gy class character 3.2
32 Pl Gp
E (123) (12)* E* (123)* (12)
(132) (23)* (132)* (23)
(13)* (13)
A’ 1 1 1 1 1 1
Ay’ 1 1 -1 1 1 -1
A" 1 1 -1 -1 -1 1
A 1 1 1 -1 -1 -1
E’ 2 -1 0 2 -1 0
E” 2 -1 0 -2 1 0
6 6
4 —
PH; NH;
PH; NH; Gs
G2
R., Q, i
R, =R+S'(x.%9)[a, +r,
i 1(7{ Pla; +r] [4.1]
Q =R+357(x,99)q,
R:R=) mR,
29,9
[4.2] Wilson, Decius,
Cross* Euler

*Wilson E. B., Decius J. C., Cross P. C. , Molecular Vibrations, McGraw-Hill,

N. Y. (1955)
a. . i

PH3



i reference axis system

NH3
roi a,
PHs a; i
NH3 a, i umbrella motion
a;, reference position
reference axis system reference axis system
(PHs)
axis system
[4.1] SHx. 9.9) 3x3

cosgp —sing 0) cos$ 0 sind)cosy —-siny O
S*y,%9)=|sinp cosp O] O 1 0 |siny cosy O
0 0 1\-sin3 0 cosg)\ O 0 1

r.(i=123,P orN) Eckart

> mir; =0, > ma, xr, =0

i=1,2,3,Por N i=1,2,3,Por N

NHs

PH3:  NH3

oy SN Moy SIN &
a, = 0 -A,  a,= S’l(zl,0,0) 0 - A,
Iy, COSct 3 Iy, COSct
Ioy SINQ
a, =500 0 |-A
3 Iy, COSct
a 3.1

A= 0 :
3m,, Iy, COS

m, +3m,
A > ma =0

i=1,2,3,P

[4.2]

[4.3]

[4.4]

[4.5]



[4.1]-[4.5]

R,(x,9,¢),r(=123P);q,
Gs 123 (23)*
generating
operation
4.1 [4,1],[4-5] Ges  generating operation
R | x.9,¢
12
(123 R ;(+2?” 9.4
23)*| -R | m—y, -9 7+¢
rP r1 r2 r3 qk
12
(123) S”( ,0,0)r, S”( ,0,0)r, S”( ,0,0)r, S”( ,0,0)r, S”( ,0,0)q,
(23)* —S*l(o,n,O)rp= —8*1(0,7r,0)r1= —3*1(0,7z,0)r3= —S+1(0,7r,0)l’2= —S”(O,ﬁ,O)qkz
1 00 1 0 O 1 0 O 1 0 O 1 0 O
0 -1 0jr, ||O -1 O|r, 0 -1 0|r, [|0O -1 O|r, ||0 -1 0|q,
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1
4.1

81(z+2§,9,¢) - 8’1(1,9,@8’1(2—”,0,0),

S’l(—OO)a =a, S’l(—OO)a =a,,S" (—00)a =a,,S" (

S7(0,7,0)a, :—ap,S*l(O,;r,O)a1

=-a,,S" (0,7z,0)a2

SY -y m—-97+¢)=S"(x,%¢)S(0,7,0),

(123)[R,,R,,R;,R;;Q,1=[R,,R;,R;,R;;Q,]
(23)*[R1’R2’R3’RP;QK] :[_Rl’_RS’_RZ’_RP;_Qk]

4.1

4.1

2Km

=-a,,57(0, 7z,0)a3 =-a,,

(123)]| J,K,M >= (123)®” ww (1,4, ¢) = D’ km (;(+%”,9,¢)=e'3 [J,K,M >

00)a =a,,

(23)%| J,K,M >=(23)*® i (1,3 0) = © wu (7 — 7, 7= 9w +¢) = (<1)* ¥ | I, -K,M >

[4.6]

O (1,9, ¢) =07 v ($)e7e™?
O (T-N=D)""0O"km (9

[4.6]

[4.7]
[4.8]




M

K=0 [4.6]
(123)|J,0>=J,0>
J [4.9]
(23)*3,0>=(-1)° | J,0>
J,0> J =-even Ay Ay
J=odd A
K>0
J,K B J,K
e AR [
|J,—-K > 0 e 3 |J,-K > [4.10]
(23)* |J,K > | o D™ []3,K>
[J—K>| [(-D’¥ 0 |J,—K >
13,K>, |3,-K> K#3n>0,n E
K=3n>0
1
—(J, K>+’ 1J,-K>) A
J2
1
—(J,K>—(-1)" |J,-K>) A,
V2
PH3 H ]
2
- - = H
H
Aq
Ge
x(T) 2(T)
2(M)=>n-2"(T) [4.11]
r
n. 0
nF
1
n, =EZ;(‘”(F)*;((F) [4.12]
T



PH3

Gs P 1
1/2 H
a(), p) [1=123]
2° 8
E* 8 Gs generating
operation
fa@a(a®B) ] [a@a@a@] [1 0 0 0 0 0 0 0 aa(2a)]
aQa(2)B(3) a(2)a(3) Q) 0000100 Ofa®a(2p(3)
a) f(2)a(3) a(2) ) (1) 01 00O0O0O0 Ofa@®B@a(3
(123) a@)p2)B@)| |a(2)pR)BD| |0 0 0 0 0 1 0 0)a@)B(2)B?)
LDa(2)a(3) LB(2)a(3)a(d) 001 0000 Of BOaa(3)
BQa()pR)| | B2)@)pB| [0 0 0 0 0 0 1 0 fQa(2)B(3)
BOBR)®)| | 2B | (0 01 0 0 0 0 0 fQL(2a(3)
LBOLR)LA)] [A()BR)AD] [0 0 0 0 0 0 0 1]40)A(2)BA)]
fa@a(a@B) ] [a@a@a2)] [1 0 0 0 0 0 0 0 aa(2)a(3) ]
aQa(2)B(3) aa(3)5(2) 001 000 0 Ofa@®a(2B(3)
a) f(2)a(3) a()BB)x(2) 01 00O0O0O0 Ofa®B@a(3
(23)* a@)p2)B@)| |a@®pE)AE@)| |0 0 01 0 0 0 0)a@)B(2)B0) [4.13]
BDa)aB) | | BLaB)a(2) 000010 0 0Of BOEa(3) '
BQa()pR)| | BDa@)B2)| [0 0 0 0 0 0 1 0} pMa(2)B(3)
BOB2)@)| | BOLE)a(2)| (0 0 0 0 0 1 0 0 fQL(2a(3)
LBOLR)AA)] [ pOLEB)B(ER)] [0 0 0 0 0 0 0 1]51)B(2)LA)]
[4.12] 8x8 8 Ge
[4.12]
4.2 r
E (123), (132) (12)*, (23)*, (13)*
As 1 1
A 1 1
E 2 -1 0
r 8 2 4

10



4.2,[4.11], [4.12] ([4.12] )

r =4A +2E [4.14]
[ ] 4.2 r
[ 1[4.13]
PHs Pl A A,
[ ]
G D(a)’ D(ﬂ)
¢1,¢2"""¢da ViWareaWy, dadﬂ TS
G D(Wﬂ)
Tow, = 3 Y 4D ay, D = Y 4y, DD = 3 4, D 4.5
k m k,m k,m
D(aXﬂ)km,ij = D(Dt)kiD(ﬂ)mj
D(axﬂ) D(a) D(ﬂ)
2P M) = M) (T) [4.16]
4.3
A

11



4.3 PH;

X
r@,)
F(CDr)x F(q)ns)

|J=even,0> A 4A.+2E 4A, 4
|J:0dd,0> A, 4A,+2E 4A, 4
\/15 ().K 300> A 4A,+2E 4A, 4

+(-1)7"3,-K,>)
\;.E(l 3K =3n(>0)> Ao 4A,+2E 4A, 4

— (—1)J_K |J,-K,M >)
| J,K#3n> E 2A1+2A,+6E 2A1+2A; 4
| J,—K >
[ ] 43 x r(@,)xT(®,,)
[ 1K= 3n —

A |3, K > ([aaB]+ el paal+e*[apal) + (-1 | I,-K > (e *[aaB] + e[ faa] +[aBa])
A :13,K > ([BBal+ elapBl+ e *[Bafl) + (1)’ | J,—K > (e *[ BBa] + elaBBl+[Baf])
A, |1, K > ([aaB] + e[paa]+ e *[apal) - (-1)°" | I,-K > (e *[aaB] + e[ faa ]+ [aBa])
A, 13, K> ([BBal+elapBl+ e *[Bafl) — (1) | J,—K > (e *[ BBa] + e[aBBl+ [ Bap])

[4.17]
2Kx
[4.16] e=¢ 3 ,[aaf]=a@a(2)p(3)etc.
(i) NH;
[4.3],[4.4] NH; reference configuration a,
ay =-A
Iy SIN ) Ny SIN @
_ T
a, = 0 -A, a,=39S 1(?,0,0) 0 -A, [4.18]
Iy COSa Iy COSa
A Iy SIN
_ T
a, =S 1(?,0,0) 0 -A
Iy COSa
0
A= 0 [4.19]
3m,, ry, Cosa
m, +3m,

12




PH; [4.4], [4.5] NHs;  umbrella motion
a a
Qg = &, OF T — [4.20]
i=1, N
A
umbrella motion NH;
r.(i=123,N) [4.3]
> m;[da;/da]-r; =0 [4.21]
i=1,2,3,N
[4.21] a
4.4 G2 generating operator
4.4
[4.1],[4.18] G2 generating operation
R | ,9,¢ a
12
(123) R Z+2§,9’¢ a
23)* | -R | 7—y,n-97+¢ | a
(23) R | -—yn-97+¢ T—a
4.4
rN r1 r2 r3 qk
12
(123) 8*1(2—7[,0,0)rp 8*1(2—7[,0,0)r2 8*1(2—7[,0,0)r3 8*1(2—7[,0,0)r1 8*1(2—7[,0,0)qk
3 3 3 3 3
(23)* | -s"*(0,z0ry = | =S*0,7z0r, = | -S*OQz0r,= | -S*O.z0r,= | -S*(Qz0q, =
1 0 0 1 0 0 1 0 o] |[1 0 O 1 0 0
0 -1 0jry (|0 -1 0|~ 0 -1 0 0 -1 0|r, 0 -1 0}q,
10 0 1 0 0 1 0 0 1} |]0 O 1 0 0 1
r3
(23) |1 0 O 1 0 0 1 0 0 1 0 0 1 0 0
0 -1 0|ry 0 -1 0|r 0-10|r,||0 -1 0]|r, 0 -1 0|q,
10 0 -1 10 0 -1 10 0 -1 10 0 -1 10 0 -1
[ ] 4.4
4.4 — (23),

(13), (12), E*, (123)*, (132)*
feasible operation

13

umbrella motion




(23) (2.9.9)

1 0 O
Sy, 9.¢) = S~y 7-%7+¢)=S"(1,9.¢)0 -1 0
0O 0 -1

4.4 umbrella motion

(23) feasible
(x,9.0)
(x,9.0)
— (2, 9.4)

G2 generating operation (123), (23)*, (23)
(23)* [4.5] (23)
(23)| 3, K>=(-1)’ | J,—K >

[J,0>: A'(J=even), A,'(J=odd)

|J,K#3n(>0)> |J~-K>:E'(K=even), E"(K =odd)

%(lJ,KzSn(>O)>+|J,—K >):
A'(J =even,K =even), A,'(J =odd, K =even),
A"(J =even,K =0dd), A,"(J =odd,K =odd)

%(lJ,K=3n(>0)>—|J,—K >) !
A,'(J =even,K =even), A '(J =odd, K =even),

A" (J =even,K =o0dd), A" (J =odd,K = odd)

NH; umbrella motion potential
high barrier
(tunneling motion)

tunneling motion
NH; —
NH; —
1 2 1
|1>,=F(a)
2
|2>,=(23)|1>,=(23)F(a) =F(r - )

[1>,,]2> framework funnction

F(a) V
F(a) = aexp[-b(a — ,)’] (72 <a < 72)

14

[4.22]

(123),

[4.23]

[4.24]

[4.25]

[4.26]

[4,27]



F(r-a)

F(z—a)=aexp[-b{a — (7 — a,)¥]

framework function |1>,[2>,6 real
[1>, a=a, Mmnimum
Hamiltonian
Hamiltonian real
G2
| A LA>S=s ——— (1>, +12>))
A 2(1+5S)
1
| ";LA>v:—(|1>v_|2>v)
A \J2(@-9)

S<11l>,=<2|2> =1,

45 |1>,|2>
4.5

[1>,,]2>

v

(123) 1>, = (123)F () = F (@) =|1>,,

(23)*|1>,5/1>,,
(123)|2>,= (123)F (7 —a) = F(r —a) = 2 >,,

S=,<1l2>,=,<2|1>, S

framework function

(23)*12>,52>,,

a=r-a,

potential

[4.28]

[4.29]

4.5

23)|1>,= (23)F (@) = F (7 —a) =| 2>,
(23)| 2 >,= (23)(23) [1>,=1>, .

[4.30]

4.5
Framework function|1> , |2 >, Ih1>,,12>,]
3 H r

E (123) (12)* E* (123)* (12)

(132) (23)* (132)* (23)

(13)* (13)
Al 1 1 1 1 1 1
Ay’ 1 1 -1 1 1 -1
A 1 1 -1 -1 -1 1
Ay 1 1 1 -1 -1 -1
E’ 2 -1 0 2 -1 0
E” 2 -1 0 -2 1 0
x(T[1>,,12>,] 2 2 2 0 0 0
x( 8 2 4 8 2 4

15



4.5 [4.11]
Mi>,,]2>,]1=A"A" [4.31]

11>,,[2>, A A"
framework function [4.28]
framework function

¢
o) — ZZ(F;,) M) *T¢ G T [4.32]
T
CD(F;,) G Fﬁ
[ 1 [432] ¢41>, [4.28]
4.5
r = 4A'+2E' [4.33]
NH; 46 NH3
A’ — _
Ay’ Ay

16



4.6 NH3

L(@,)xI(®,)
[(®,)xT(®,)xI(P,,)

|A;"> [J=even,0> Ay’ 4A+2E’ 0
|A,7>,|J=even,0> A 4A,"+2E” 4A,” 4
|A;”>, [J=0dd,0> A’ 4A,’+2E’ 4 A 4
|A,”>, [J=0dd,0> A" 4A."+2E” 0
|AL>y [3,K=3n(>0);+>

J=even, K=even Al 4A’+2F’ 0

J=even, K=odd A" 4A."+2E” 0

J=odd. K=even A’ 4A,’+2E’ 4A,’ 4

J=odd, K=odd A 4A,"+2E” 4A,” 4
|A27>, [J,K=3n(>0);+>

J=even, K=even A 4A,"+4E” 4A,” 4

J=even, K=odd A’ 4A,’+4E’ 4A,’ 4

J=odd. K=even A" 4A"+4E” 0

J=odd, K=odd A 4A"+4E” 0
|AL>y [3,K=3n(>0);->

J=even, K=even A’ 4A,’+4E’ 4A,’ 4

J=even, K=odd A 4A,"+4E” 4A,” 4

J=odd. K=even A 4A,’+4E’ 0

J=odd, K=odd A" 4A"+4E” 0
|A27>, |J,K=3n(>0);->

J=even, K=even A" 4A,"+4E” 0

J=even, K=odd A 4A,’+4E’ 0

J=odd. K=even A 4A,"+4E” 4A,” 4

J=odd, K=odd A’ 4A,’+4E’ 4A,’ 4
|AL>y [3,K#3n >, E’ 2A,’+2A,’+6E’ 2A,° 2
|A1,>v IJ,'K >
|A27>|J,K#3n >, E” 2A"+2A,"+6E” 2A,” 2
|A">|J,-K >

1
[J,K=3n(>0)xt>=—(J,K=3n(>0)>+]|J,-K >)
V2

17




5 (selection rule)

¥ ¥,
<V | pe |9y >= [ %0 P dr F=XY.Z; [5.1]
He
[5.1] 0
W * ey G
W * ey
Wox W, =) + D) + ... G

*hhkhkArkkhkhkAikhkhkhkhkhkhkhkhkhkhhkhkhhkhirhkhkrhkhkihhkhkihhkhkihhkhkirhkhkihhkihhkkihhkhhihkiihkhihkiiikk

@y rooi i=1
jwﬂdr=o [5.2]

(b) F(a)*’ F(ﬂ) F(a) * F(a)
F(a) *Xr(ﬂ) F(a) =1-(ﬂ)
[(a) | T [5.2]

jwﬂdT:jamﬁodr [5.3]

T
[5.3]
Jwide= 3y DO () dr=3 DO, [y ide [5.4]
] ]
T

gfy"idr=33D" (M), [y idr
=Y > L-DOM), 1y idr =220 (M), *DO(T), 1y ide
[5.5]

ZD(D,)O-)km*D(D;)O-)ji :dié‘aﬂé‘kjé‘mi [5.6]
-

a

[9 ( ) d, Lo ]

18



[5.5] r jwfidr =0

[b] [4.11], [4.12], [4.16]
ST M =5,

[5.7] [5.6] k=m,j=i K, ]
[4.12], [5.6]
62-63 67
*,kkhkhkkkkhkkhkhkkhkkhkkhkhkkhkkhkhkkhkkhkhkhkhkkhkhkkhkkhkkhkhkkhkkhkhkhkkhkkhkhkkhkhkhkhkkhkkhkhkkhkkhkhkhkkhkhkhkkhkkhhkhkikhkkhkihkikkikikk
NH;
l// —
W - — G A

(overall selection rule)
- u-(F=X,Y,Z) NHs;
Gi12  generating operation (123), (23)*, (23)
A2 e = pes (23)* pe =—pp, (23 e = e (F=X,Y,Z)

[5.7]

[5.9]
[5.9]

[5.10]

[5.11]

ue (F=X,Y,2) A"
A, o A E'«< E"
[5.10] EXE"= A,"+A,"+E" 4.6
A A" — — —
reference axis system x-, y-,
z- (Ls 1y s 12,) reference axis system
(,ux,,uy,,uz) (g s by s 7))
Hy Hyx
ty |=S(1,9.9)
H, Hz
Sy, %¢) [4.2] 3x3 Sy, 9 9)
(,ux,,uy,,uz) G2 iy by 7))

19



-10 0

(1233”(%,19,(15)=3+1(2§,0,0)(Zu9,¢), (23*S%(1.94)=| 0 1 0[8"(1.99)

1 0 O
235" (1. 9.¢)=|0 -1 0 [S"(1.99)
0O 0 -1
[4.4]
[ 2 . 27 i
cos— sin— 0|
Hhy 3 3 Hhy
A23)| u, = —sin%r cos%r Ol u, |, (23)*| uy
M, 0 0 1|4,

uo| |10 0, Hy
(23) luy =10 -1 0 :uy = _:uy
] (00 =1ju, | [-4

(temy) E, w A

7

ﬁabmbmw
—ﬁabv—lbmw

| A 'sevibla >=

| A,";evibla >, =

<A'jevibla| u, | A'evibla>=<A'jevibla| u, | A'evibla>=0
<AMevibla| g, [ A" evibla>=< A" evibla| u, | A" evibla>=0

<A'eviblaf g, | A" evibla>=< A 'jevibla| u, [ A" evibla>=0
<A‘evibla| g, | A';evibla>=< A" evibla| u, | A" evibla>=0

< A'evibla| g, | A" evibla ># 0

Hy s

6 NHs —

0 0-1 [5.12]
-10 0)-p Hy
10 —py =4y
0 -1 —H, H, [513]
[5.14]
[4.27]
)
>1
[5.15]
>
[5.16]

[framework function>|symmetric rotor wavefunction>

NHs —



NHs

H=h, +hJ*+hJ,’

[6.1]
hv,hj,hk
[6.1] J  reference axis system 3., J,.3,)
(Jx"]y"]z) (JX7JY’JZ)
Jx JX
3, |=8"(x.9.9)| 3, [6.2]
‘]z JZ
(JvaY1Jz) G2
Ay [4.4] (2. 9.9.)
[ 27 .27 ]
cos— sin— 0|
‘]x 3 3 ‘]x ‘]x _‘]x
A23)(J, |= —sin2—7r cos%r 0)J,, 23)*J, =] J,
Jz 0 0 1 _‘]z ‘]z _‘]z [63]
JX JX
(23)[J, |=|-J,
‘]z _‘]z
J? ¥ G A
H G]_Z
[6.3] h,, hj, h, Al
[6.1] K K=0
[4.27]

<ASLAK I, K|H|ASLAS I, K'>
=9 (q|h (15 +<1[h |15 I@ +1)+ <1]h [1> K2+ <1[h [25+<1|h 2>JJ+D+<1|h |2>K?)
1+S ! i
<A"LAKKIK|H|ASLAS K>
= O (q[h |15 +<1]h |1> I3 +D+ <1|h |15 KP=<1|h |25 —<1|h, 2>JJ+D)-<1|h |2>K?)
1-S ! i

<A'LAK I KH|A"LAS I K'>=<A"™ LA J,K|H|A';LA>|J,K'>=0
(I<KK'<))

[6.4]
[6.4] |J,K,M>
M |J,K>

framework function [1> ,[2 >,
[1>,]2 > [6.4]
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<1|h, |1>=(23) <1|h, |1>=<2]|h,|2>

h,h,

<1lh,|2>

4.6

[6.1]

tunneling matrix element

(- (23)|1>=2>, (23)h, =h,)

[6.1]

A’ |A”;LA> |J=0dd,0> <A;’;LA|<J,0[H| A,”;LA>|J,0>
[Ar7;LA> |J,K=3n(>0) ;+> | <A,";LA|<J,K|H| A;”;LA>|J K>
J=o0dd, K=even
[A27;LA> |J,K=3n(>0) ;+> | <A,”;LA|<J,K|H| A;””;LA>|J,K>
J=even, K=odd
|Ay;LA> |J,K=3n(>0) ;-> <A;’;LA|<JK[H| A LA>|J K>
J=even, K=even
|A7;LA> |J,K=3n(>0) ;-> | <A,”;LA|<JK|H| A;””;LA>[J,K>
J=o0dd, K=odd
A7 |A;”;LA> |J=even,0> <A,;”;LA|<J,0|H| A,””;LA>|J,0>
[Ar7;LA> |J,K=3n(>0) ;+> | <A,";LA|<J,K|H| A;";LA>|J K>
J=odd, K=odd
[A2”7;LA> |J,K=3n(>0) ;+> | <A,”;LA|<J,K|H| A;””;LA>|J,K>
J=even, K=even
|Ay;LA> |J,K=3n(>0) ;-> <A;’;LA|<J,K[H| A7 LA>|J K>
J=even, K=odd
|A7;LA> |J,K=3n(>0) ;-> | <A,”;LA|<JK|H| A;””;LA>[J,K>
J=o0dd, K=even
E’ |Ay;LA>|J,K # 3n>, <A;’;LA|<JK[H| A LA>|J K>
|A7; LA>|J,-K>
E” |A7;LA>|J,K # 3n>, <A,;”;LA|<JK|H| Ay”;LA>|J, K>
|A7; LA>|J,-K>

1
[J,K=3n(>0)x>=—(J,K=3n(>0)>+|J,—-K >)
N2

[6.4]
function |1>
<1|h; |1><1|h;|2> S 3
2
[6.4]
2

1
m(<l|hj |1>+<1]h;[2>) — <1fh;[1>, +<1[h;[2>]

S [6.4]

ew

1
E(<l|hj |[1>-<1]h;|2>) — <1|h;|1>,, —<1|h;|2>,,

22

framework

[6.5]

[6.6]



S <1|h;|1>

new

<l|hj [1> ., <1| hj | 2>

th hk
[6.4] S

0

framework function

umbrella motion

E”
K[=1 : E’
E”
K|=2 E’

—
|K|:6 [ AZ’

formalism

23

~<1|h;[1>,

<1|h;|2>,,~<1|h;|2>

[6.6]



CH30H —
tunneling matrix
formalism
CH30H —
Principal-axis method PAM
H(4)
@)
4
Cq
H(2)
H(3) | H(1)
(i) (PAM)
PAM
n=R+S7(x,9¢)a(r)+d] [7.1]
[7.1]
d;
a,(7) T reference configuration
[4.1] R, —»r, r,—>d,
(a) initial configuration
configuration  a’
0 — I SING lon SN
a’. =0 a’, = 0 a’, =a’, + 0
0 l'co COSO oy COS
Iy SIN B
0 4,27 . .
a, =S (?(I—l), 0,0) 0 1=123 [7.2]
— Iy COS S
bond length r.q,roy Moy s a, fB, o

24



(b)

a', =a’ k=C,0,H,

. [7.3]
a'y; =S (7,000’ i=123
(c)
S ma’, =0
a', =a' —-A' k=C,O,H,,H,,H,;,H, [7,4]
[ — (M, +My)re Sin s +m, 1y, sina )
me + My +4m,,
A'= 0 [7,5]
(m, +mg)r, COSO + My, Iy, COSa —3m, I, COS S
me + My +4m,,
(d) PAM reference axis system
reference axis system principal axses
[7.2] -[7.5] CHs Cav
reference axis  principal axis
a™™M =870, %ppy 0)a", k=CO,H,H,,H;H, [7.6]
r.=R+S™(x,9¢)a™™ [7.7]
(e) Transformation properties of variables appearing in Egs. [7.3]-[7.7]
CH30OH — Gs
E, (123), (132), (23)*, (13)*, (12)* 71 Pl G character
table [7.3]-[7.7] Ges  generating operation
7.2
7.1Pl1 Gg character table
E (123), (132) (23)*, (13)*, (12)*
AL 1 1 1
Az 1 1 -1
E 2 -1 0
7.2 [7.3]-[7.7] Ges  generating operation
translation Rotation internal rotation
E R 79,0 T
(23)* -R T—y,n—-9,7+¢ -7
(123) R 7,9,¢ 7+27/3
[ ] 7.2
(i) PAM Hamiltonian operator
[7.7]

r.=R+S™(x,%¢)a™ +S(x, 9 ¢)a™™

25
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1 ;
T :EkarK2

[7.9]
k
[7.8]
H. W. Kroto “ Molecular Rotation Spectra”, JOHN WILEY &
SONS 19 266-268
1 ‘L - 1
Ezk:mk[s (1, 8,)a™ 1 [S (g, % p)a™ ] =—(|wa2 +lho,+1,0,) [7.10]
I e I B W LR S BT [7.11]
k
(I, =3my (rg sin 13)2 )
[ 1[7.10]
[ 1[7.11]
Zm [S™(x.9,9)a""]-[S™ (1, 9,9)a™" ] = Zm [SS*a™"]-[SS*a™" k]
—Zm [SS*a™M]-a" Zm [SS *a™V; [7.12]
i=1,2,3
S=S"(y,%¢).
sS
0 -0, o,
SS™ =| o, 0 -o, [7.13]
-0, o, 0
( Kroto p18, p269)
[ 1[7.13]
Zm [SS—l PAM
i=1,2,3
_ Zm [Cl) (y PAMZ. PAM —z PAMyPAM)+C() (Z PAM).(PAM _XPAMZ. PAM)+C{) (X PAMyPAM _ PAM).(PAM)
- i X i i i i y \ =i i i i z i i i i
i=1,2,3
[7.14]
zm[w (y PAM Z-PAM _ Z-PAM y PAM )]
i7=1'2‘3 I X I I I I
yi 2" =[S0, Fpa ,0)" 1,[S (0, Fpay 10)S H(2,0,0)a% ],
=[S7(0, Jpay :0)a"; 1,[S (0, Fppy ,0)S *(7,0,0)S(z,0,0)S *(z,0,0)a° ], [7.15]

=[S - (0, 3pam ,0)@% 1, [S N (0, Fpam 10)8.71 (z,0,0)S(z,0,0)a’; I,
y
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—1sint —7cost O cost sint O 0
5(2,0,00S(,0,0) =| 7cost —7sint —sint cost 0|=|a,
$(7,0,0)S*(£,0,0) 0 0 0 0
1

0 0 of O 0 0 0 0

o, =t [7.16]
_w‘ry'i
Y™™ <1870, Gpuy ,0)2" 1,[S (0. Gpus 0)| 0% |1,
0

COSGppay O SINGppy || X" CoOSYppy 0 SINGppy | —@. V" [7.17]

= 0 1 0 v 0 1 0 o_X';

—sinGp,y 0 COSPppy |1 2" , -sin9,,, 0 cosI,, 0 )

=sin Iy, 0. Y" V"= L0 ¥"Y;'

A (A 2y, 2y)
Ax A, =SIN Gory ﬂ,y =0, A, =c0S%y

2,y "M = 1 o X' X 4C0S Gy, @, 2" X, [7.18]
> mlo, (v, 2™ 2"y "= 0,00, [7.19]
i=1,2,3

zmi[wy(ziPAM X, PAM X, PAM ZiPAM )]=0 [7.20]
i=1,2,3

zmi[wz (XiPAM Yi P - yiPAM Xi P )] = COSl9PAM wza)rlr = ;{‘szwrlr [721]
i=1,2,3

() (d) PAM reference axis system CH30OH
S7(0, Foam :0) s (Zpam + Foar » Poam )

3 3 Sil(Z‘PAM"gPAM’¢PAM)
a(x,x") a(x,y") a(xz")

s (Zpam » Foam  Peam ) = | ALY, X") a(y,y") a(y,z") [7.22]
a(z,x") a(z,y") a(z,z")
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_w‘r y'i
Yi P Z'iPANI =[S - (Zpam » Foam » Poam )" ]y[S - (X pam » Foam + Poam ){ o X }]z
0

a(x,x") a(xy") a(x,z")| x" a(x,x") a(xy") axz") |-y,
=lla(y,x") a(y,y") a(y,z")|y" a(y,x") a(y,y") a(y,z")|| o.X;
a(z,x") a(z,y") a(z,z)| z" , a(z,x") a(z,y") a(z,z") 0 )

=[a(y,x")x"; +a(y, y")y"; +a(y, z")z"; l[-a(z, X")w. y'; +a(z, y")w X ]

_w‘r y'i
ZiPAM Yi P = [S 71(Z‘PAM + Soam 1 Poan ) 1, [S - (X pam + Foam + Poam ){ o X }]y
0

a(x,x") a(xy") a(x,z")| x" a(x,x") a(xy") axz") |-,
=lla(y,x") a(y,y") a(y,z")|y" a(y,x") a(y,y") a(y,z")| o.X;
a(z,x") a(z,y") a(z,z")| z" ) a(z,x") a(z,y") a(z,z") 0 ,

=[a(z, x")x" +a(z, y")y"i+a(z,2") 2" I[-a(y, X" ). y'i +a(y, y")o X ]
a(y,x")a(z,y")-a(y,y")a(z,x") = a(x,z")

z miXi"yi'=7zmi(xi'_A'x)yi'=07 z mizi"yi'=7zmi(zi'_A'x)yi'=0 etc.

1=1,2,3 1=1,2,3 1=1,2,3 1=1,2,3

> mlo (y, " 2™ -2,y = Lo, 0,
i=1,2,3

PAM . PAM PAM PAM
> mifo, (2,7 %™ =% 2, =01, 0.
i=1,2,3

z m; [a)z (Xi Y Yi e Yi o X Y )= 10,1 0,

i
i=1,2,3

[7.27-29] 4, =a(x,72"),4, =a(y,z"),4, =a(z,7")

T =%(|Xa)x2 +1,0,° + IZa)ZZ)Jr%ITwT2 +(hao, + Ao, +4,0,)l 0,

Hamiltonian
[7.30] T X-, Y-, Z-
Jo(a =X, Y, 2) r 0
J, = al =l o, +1,1 o (x=x,Y,2)
ow,
oT
=—-=1low, +1 A,@
p aa)T T T Taﬂz'yvza o
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[7.23]

[7.24]

[7.25]

[7.26]

[7.27]

[7.28]

[7.29]

[7.30]

[7.31]

[7.32]



T J, (e=xy72) p

pfialf

r=1-1,>2,"11,=1-34,p.,

p.la=xy,2) T

T: z i\]az_{_F(p_ zpaJa)z
a=x,y,z 2' a a=X,Y,z
Fz—l
rl.

1
HPAM = Z _Ja2+F(p_ ZpaJa)z +V(T)

a=x,y,z 2Ia a=x,y,z
.0
p= —|h5
PAM
(1) (iv) RAM Hamiltonian

Jon T. Hougen, 1. Kleiner and M. Godefroid
559-586 (1994).]

(iii) RAM Hamiltonian
Rho Axis Method

[7.33]

[7.34]

[7.35]

[7.36]

IAM Hamiltonian
[Journal of Molecular Spectroscopy, 163,

H RAM = e’i¢RAMJz /he’i‘gRAM‘]y/he*ilRAMJz Ih H oAM eilRAM‘]z/hei‘gRAM‘]y/hei¢RAM‘]Z/h [737]
X ram v‘gRAM 7¢RAM
>l A, p=lp +p, +p, 1" [7.38]
a=Xx,Y,z
RAM Hamiltonian
Hamiltonian
11
Heay = TE[JaJﬂ+JﬂJa]+F(p—pJZ)2+V(T) [7.39]
a=Xx,Y,z af

e*ilRAMJz/h[JX + in]eilRAMJz/h
—i9amdy /7 - 19gam Jy /7
e I, +id Tt

e*WRArvlJz/h[JX + |J y]ei¢RAMJz/h

— e[ i), ]
—etwi [ +id ]

—e [, +i] ]

29
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J

X
e—i¢RAMJZ/he*iSRAMJy/hefi;(RAMJZ/h Jy eilRAMJZ/heiSRAMJy/heimMJz/h

: [7.41]
J, '
=™ (=2 ram —Fram —Pram )| J y
J,
[7.40], [7.41]
reference axis system [7.7]
reference axis system (e Jy,9,)
JX JX
~igram Iz /7t n ~1Sram dy 17t —igpay 3, /1 izram Iz 170y 19ram Iy 17 Nigpan 3, /7
J,| = e e e’ J, |e¥ e e [7.42]
J, J,
(1. %.9)
Sil(%:9,¢) = efi¢RAM‘]z/heiigRAMJylhefilRAM‘]z/hsfl(zi9’¢)eilRAM‘]z/heigRAMJylhei¢RAM‘]z/h [743]
Jx J X
I, =S"(x.9.9) I, [7.44]
‘]z JZ
[J,,3,1=0 (a=xy,z; i=X,Y,2)
RAM
r, = R +e—i¢RAMJZ/fle*i‘9RAM‘]y/he*ilRAM‘]z/hsfl(Z’lg’¢)ei}(RAMJZ/hei‘gRAMJy/hei¢RAMJZ/haPAM [7 45]
=R+ Sil(la 8,9 )Sil(_ZRAM —Fran —Pram )a™My .
Hamiltonian [7.37] RAM [7.45]
[7.45]
r=R+S - (., 9 ¢ )S™ (=X ram —Fram 1~ Pram )a™M
Hamiltonian [7.37]
py =0
Xram =0, Praw =0
—i 9w dy I i9gam Iy /1 .
€ ’ [pxp‘]x+pzp‘]z]e ’ :COS‘gRAMpprx+S|n‘9RAMpprz [7 46]

+COSTgay 2, P, —SiN Gy 0, PI,

30



COS Fpam Py — SIN Fppy P, =0 [7.47]
tan &, = £ [7.48]

~i 9 Iy /7 19 3y /7

e Loxpd+p,pJ. Je

1/2

— ppl
PP [7.49]

p=lp. +p,]
Hamiltonian operator

Heaw = F(P—03,)7 +V (2) + A(COSGpyy I, —SIN Gy J )

z

) , , [7.50]
+ B(Sin Fpam I, + €08 G dy )" +CJ,
RAM Pl  Gg 7.1
(iv) Internal Axis Method (1IAM)
IAM IAM Hamiltonian
IAM Hamiltonian RAM Hamiltonian
Ho =€ H ey, e [7.51]
IAM Hamiltonian
p Jdynd,
e MY i) o' =PI, £id,]
e—iTpJZ/hJ eierZ/h =J
_ ‘. ’ [7.52]
e—ITpJZ/h pelerZ/h — p+p\]Z
e—ierZ/h f (T)eiTpJZ/h — f (T)
Hian = sz +V (7)
+ A[COS Gppy I, —SiN Gy ({COS 73], —{sin p7}J )]
[7.53]

+ B[sin 9p,yy J, + €08 Gy ({COs pr}3, —{sin p7} )]°
+C({sin pr}J, +{cos pr}J,)’

[ 1[7.53]

reference axis system
rk — R +e7iprJZ/hS—l(Z”9’¢ )eiprJZ/haRAMk

=R+S(x,9,¢)S " (-pr,0,0a™"M [7.54]
=R+S7(1,9,¢ )57 (=p7,0,0)S " (~ Zram —Fram —Fran )2

IAM Pl CH3;0OH
7.3
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7.3 1AM

Pl CH;OH
translation rotation internal rotation
E R 29,0 T
(23)* -R T—y,x—9,w+¢ -7
123 R 2
(123) ;(+27[p,l9,¢ 7+27/3
3

[ ] 7.3

IAM PAM RAM

7.2 T 0

T3#E PAM RAM
1AM
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tunneling matrix formalism

tunneling matrix
formalism formalism Jon T. Hougen N2H,4
— Journal of
Molecular Spectroscopy, 89, 296-327 (1981) NoH, 2 NH, umbrella
motion (inversion motion) N-N

— tunneling matrix
formalism
N2H4
tunneling matrix formalism
JonT. Hougen  N;H4

[7.36] PAM [7.39] RAM
1
| m>= e™ (m=0,11%2,..) free rotor wavefunction
\N 27
J K>
tunneling matrix formalism NH; framework function
J K>
<l|hjn> (n=1,2,3,...) tunneling matrix element
n=1 non-tunneling
formalism
tunneling matrix element
tunneling matrix
formalism ()
(2J+1)x(2J+1) (i)
(i) formalism
tunneling matrix formalism
2
CHsOH
E, (123), (132) 3 Pl  Gs 1, 2,
3 3 81 Pl Gs; character table
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8.1 Pl G; character table

E (123) | (132)
A 1 1 1
E+ 1 0] ol
E. 1 o o
.27
w =exp(i—
p( 3 )
CH3OH (123) (132) PI. G; 3 (class)
3
E+ E. 1
2
Hy =Wy Hy*=Wy * 8.1]
A23)y = oy [(A23)y]* = 123y * = 0>y *
* H real
(Hermitian )
E+, E.
separable degeneracy
r.=R+S™"(y,4¢)a™ (k=1,2,3;4,5,...) [8.2]
k=1,2,3 k> 4
CH3OH reference axis
(123)S (1. % ¢) =S (7. 9,4) [8.3]
a_PAM K r
(123)r =7+ 2?7[
aPAMl(T +2—7[) =a™M 2(2’), a™M 2(1’ +2—7[) = aPAMs(T), aPAMs(T +2—7[) = aPAMl(T)
3 3 [8.4]
aPAMk(T-I-Z?”):aPAMk(T) (k>4)
a"™ (r+27)=a" (1) k
3 CH
bond
aPMy PAM reference axis
principal axis
Hmiltonian
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(a)

2
H=h,+A),"+BJ,*+CJ *+D,[J,J,+J,3,1+D,[J,J, +3,3,1+ D, [, +J,J,]
+igJ, +ird, +isJ,
Iy
H=h,+AJ,”+BJ,* +CJ > +iqd, +ird, +isJ, [8.6]

[8.5]

X,V,Z reference axis h,,A,B,C,D_,,D

xy 1 yz1

D,.q.r,s

[8.5], [8.6] 3 1 Coriolis

PAM [8.5] JJy principal axis
system <D,|2> tunneling matrix element

<n,|2>
formalism A
Hy " =h*+a*3,? +b%3,2 +¢*J, % +d,,"[3,3, +3,3,1+d,,"[3,3, + 3,3,1+d,,"[3,3, + 3,3,]

E(E+, E)
Hy o =h®+a®J,° +b"J ° +¢®J 2 +d,“[3,, +3,3,1+d,,"[3,3, +3,,]1+d, [J,3, + 3,J,]

+ig"J, +irtJ, +is®J,

effective Hamiltonian

A E
A E d, . d,

H ' =h*+a* 3,2 +0* 3.2 +¢* 3, A

H'y " =h®+a® 3,2 +b'" 3% +c® 3,7 +ig®J, +ir® J, +is® J, E
[8.3] (r.9.¢)  Gs

(J,,dy.d,)
J,idy.d, A h,,AB,C,q,r S A
tunneling matrix formulation —
Hermitian conjugation operation time reversal operation
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time reversal operation operation

operation T THT =H*=H(r,,p,-S,)
* s, |
s, — -S;
real i
H T

TH THT? TH@)=THT ' T®d
Hermitian conjugation T time reversal operation

* ¥

H'=H;J,"=J,, J3,/'=J, 3J,'=3,

h"=h (h=h,AB,C); h' =—h (h=q,r,s), [8.7]
H*=H;J*=-J,, J,>*=-J,, J,*=-J,
h*=h (h=h,,AB,C,q,r,s), [8.8]
[8.7], [8.8]
h* =h (h=h,,AB,C), h* =—h (h=q,r,s) [8.9]
(b)
| 73, K > > > [8.10]
= I;int.rot. > J,K >
I (1,9,9) Gs
JK> A
[8.10]
r

framework function

|1>=F(z), |2>=(123)]|1>= F(H%”), |3>=(132)|1>= F(r+%”) [8.11]
11> 3

framework function |1>, |2>, |3>

NH3
8.2 [1>,]2>, ]3>
8.2 1>, 2>, [3>
E (123) | (132)

A 1 1 1
E+ 1 Q) o
E. 1 o )
x(1>,2>,13>) | 3 0 0 A+EA+E_
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8.2 framework function |1>, 2>, |3> A E, E-
[4.32]

oM ZZZ(F)U)*T¢ G T
T

|5 int.rot.> (I"=A,E,E.)

|A;int.rot.>:;(|l>+|2>+|3>)
J3(L+29)
|, ;int.rot. > EQ);int-rot >= (1> +0? |2 > +0|3>) [8.12]
J31-9)
| E_:int.rot. >=| E(2):int- rot >=;(|1> +0|2>+0%|3>)
J31-9)
|1>  real, [2>, [3>  real
<lj1>=1 S
S=<1]|2>=(132) <1|2>=<3|1>=<1|3> [8.13]

| A;int.rot.>,| E_;int.rot.>,| E_;int.rot.>

[8.12] E,E_
E(1), E(2)
(c)
<ilh/[j> (i, =1,2,3) tunneling matrix element
Hermitian conjugation operation  time reversal operation ¥

(id)h=h, AB,C

<1|h|1>=(123)<1|h|1>=<2|h|2>
=(132)<1|h|1>=<3|h|3>
<1|h|2>=(<2|h"|1>)*=<2|h*|1>=<2|h|1>
=(132)<2|h|1>=<1|h|3>=<3|h|1> (. (132)|2>=(132)(123)|1>=|1>)
=(123)<1|h|2>=<2|h|3>=<3|h|2>

[8.14]
(i) h=q,r,s
<1|h|1>=(<1|h"|1>)*=<1|h* |[1>=-<1|h|1>=0
<2|h|2>=0, <3|h|3>=0
<1|h|2>=(<2|h"|1>)*=<2|h*|1>=-<2]|h|1>
=—-(132)<2|h|1>=-<1|h|3>=<3|h|1>
=(123)<1|h|2>=<2|h|3>=-<3|h|2>
[8.15]

[8.14], [8.15] 11> real, 2> 3> real
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[8.14], [8.15] [8.10]

<A JK[HIA I K'>

=1 128 [(<1|hv|1>+2<1|hv|2>)6KK.+(<1|A|1>+2<1|A|2>)<J,K|JZZ|J,K'>
+
+(<1|B|1>+2<1|B|2>)<J,K|J,* I, K'>+(<1|C|1>+2<1|C|2>)< J,K[J,*|J,K'>]
[8.16]
<E@);J,K|H|EQ);J,K'>= (D"  <E@2);J,~K'|H |EQ); I -K >
:ﬁ[(<1|hv|1>—<1|hv|2>)5KK.+(<1|A|1>—<1|A|2>)<J,K|JZZ|J,K'>
+(<1|B|1>-<1|B|2>)<J,K[J I, K'>+(<1|C|1>-<1|C|2>)<J,K|J,*|J,K'>
-v3<1q|2><J,K|J, I, K'>—3<1|r[2><J,K[J, |J,K'>—3<]1|s|2><J,K|J, |J,K">]
[8.17]
<E(1);J,K|H]|E(2);J,K'>=0
[8.16], [8.17] K, K’ -J<K,K'<J
[ ] [8.14],[8.15] [8.16], [8.17]
[8.16], [8.17] Coriolis interaction iqd, +ird, +iJ, A
E
(d)
oy, iz Gz A
AcAE-E(E, ©E ,E &E)
A-E [8.6] 1
hy
S
framework function |1>, |2>, |3> linear
combination |Asint.rot>, |E.; int.rot.>,
|E.; int.rot.> S [8.17], [8.18]
S S
A2 [8.17], [8.18]
<l]A|1>, <1jA12>, S 3
A A E A
2 [8.17], [8.18]
1 1
(<1lA|1>+2<1|Al2>)=A,+2A,, —(1|A|1l>-<1|A|2>)=A,-A,,
1+2S 1-S
1 1
1+28(<1|B|1>+2<1|B|2>):Bll+2812’ §(<1|B|1>—<1|B|2>):Bll—Blz,
l+128(<1|C|1>+2<1|C|2>):C11+2C12, %(<1|C|1>—<1|C|2>):C11—C12,
1 1 1
E<l|q|2>:q12, E<l|l’|2>=l’12, §<1|3|2>2312,
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[8.16], [8.17] S=0 <1|A|1>, <1]A|2>
S=0
A, :l thi <1l|A|l> +1 2 2 <l|A|2>
3\1+2S 1-S 3\1+2S 1-S [8.10]
A, :l t 1 <1| A|1>+£ ijti <1l|A|2>
311+2S 1-S 3\1+2S 1-S
A, Asz <1]A|1>, <1]A|2>
S=0 A11:<1|A|1>, A12:<1|A|2>
A11,A12, Bi1, Bia... [8.16],[8.17] S
=0
(e)
CHsOH
CHsOH 3 —
(23)*, (13)*, (12)* CH30OH reference axis  y-
(23)*S ™ (y,9¢) =S (r-y, 7 -G 7+¢)=S"(x,%¢)S (0, 7,0)
7.1
(23)*(J,,9,,3,)=(-3,,d,,-J,) [8.20]
q,rs
(23)*(q,r,s) =(-q,-T,s) [8.21]
[8.22] (23)*(123)=(132)(23)* [8.16] (23)*|1>=|1>
<1l|s|2>=(23)*<1l|s|2>=<1|s|3>=—-<1|s|2>=0 [8.22]
[8.23] (23)*2>=(23)*(123)|1>=(132)(23)*|1>=(132)|1>=|3>
(23)*[1> = |1> (23)*[1>=|(23)*= - |1>
[8.22] =X Coriolis isd,
(f) tunneling parameter
formalism
Aq1, B1g, Ci1 tunneling parameter <1|A|2>,<1|B|2>,<1|C|2>;
<1l|q|2><1|r|2><1|s|2> A1z, B2, Ci2; Qi2, 2, S12
[7.36] PAM
1
How = 2 5= 3. +F(P= 2.0,3,)° +V (@)
a=Xx,y,z a a=Xx,Y,z
2
W. Gordy and R. L. Cook “ Microwave Molecular Spectra”  JOHN
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WILEY & SONS 587 H.W.Kroto “ Molecular Rotation Spectra”
(JOHN WILEY & SONS) 207-208

Her (D) = (A + A, +(By +Br)J,  +(Co +CL)I, + FWLY D pJ,
a=X,y,7

[8.23]
+%FWF(2) zpapa‘(‘]aJa'+Ja'Ja)+EF’

a,a'=x,Y,z
aza'

WY =-2<v,E|p|V,E>3,,

E. —

vT vl

' 2
W, :1+4FZ.|<V,F| plv,I>|

Al

a T

pa: 1

[

) [8.24]
= — B :—’ C :—’

A 21 o2 0

z X y

1
F=——, r=1- AP,
2rl azxzyl p
Ar :WF(Z)szZ’ Br :WF(Z) przi Cr :WF(Z) prz’

(T=AE I, )

a
1

[8.16], [8.17],[8.198 [8.23], [8.24] tunneling matrix formalism
PAM [8.23]
J I, (a#a')

3A, :WA(Z)FpZZ _WE(Z) szzi 3By, :WA(Z) pr2 _WE(Z) przi

[8.25]
3C, =W,“Fp,” -W_“Fp *.

\/§q12 =2<V,E| p|v,E>%,

\/§r12=2<v,E|p|v,E>%, [8.26]

X

Al
J3s, =2<V,E| p|V.E > Iy a

y

[8.25], [8.26]
A1z, Bz, Ci2; Q12, 12, S12 w,®-w.® <v,E|p|V,E> * ”

H internal rotation Fp ? + %Vs (l —C0s 37) [827]
V3

40



1
P B R O O S 1,1, —=A, etc

I
Aps Ar Ay
A, 1A ﬂ =0pl, i1, SlZIy [8.28]
I T
I CH30OH
F LA A0 4, [8.24]
Vs
(9) 2
2
(1) —
Go [E, (123), (132), (456), (465), (123)(456), (123)(465), (132)(456), (132)(465)]
(1,2,3 H 4,5,6 H )
(2) character table
8.3
O1= | O2= Os3= O4= Os= Oe= O= Os= Og=
E (123)(456) | (123)(465) | (132)(456) | (132)(465)
(123) | (132) | (456) | (465)
A 1 1 1 1 1 1 1 1 1 16
E1+ 1 0] a? 1 1 W 0] a? o 16
Ei1- 1 a? 0] 1 1 o o [0 w
Ex |1 1 1 W [od [0 a? 0] o 16
Eo. 1 1 1 P 10 o [0 @’ [0
Ea+ 1 0] a? 0] o a? 1 1 0] 8
Es- 1 a? 0] a? w 0] 1 1 o
Ea+ 1 0] a? o 0] 1 a? 0] 1 8
Es- 1 a? 0] w a? 1 0] a? 1
(iii) Framework function
[n>=0,1> (n=1,2,3,....,9) [8.29]
(iv) Symmetrized internal rotation functions constructed from framework functions
9
| Ajint.rot.>= N(A)Y [ n>,
n=1
9
| E;,;introt.>= N(E))>_ x5 (0,)*In> (i=1234) [8.30]

n=1

9
| E;_;introt.>=N(E))> x5 (0,)*|n> (i=1,234)
n=1

<1|1>=1S, =<1|2>,S, =<1|4>,5, =<1]|6>,S, =<1|7 >,
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N(A) =1/,/9(1+2S, +2S, +2S, +2S,)

N(E,)=1/,/9(1-S, +2S,-S, -S,)

N(E,)=1/,/9(+2S,-S,-S,-S,) [8.31]
N(E,) =1/,/9-S, -S, - S, +28,)

N(E,)=1/,/9-S, -S, +2S,-S,)

(v) Hamiltonian matrix element
<A;J,K|H|A;J,K'>=<J,K |<A;int.rot.| H| A;int.rot. > JK'>
=9N(A)® D FAMI<Llh, [n> S+ <1 Aln><J,K|JI,*|I K>
n=1,2,4,6,7 [8.32]
+<1|Bn><J, K[ |I,K'>+<1[C[n><J,K[I*]I,K'>]

fA(n=1)=1 fA(n=2467)=2

<E.;J,K|H|E,;J,K'>

=<J,K|<E,,;int.rot|H|E,, ;int.rot> J,K'>

=(-D)**" <J,—K'|<E_;int.rot)H|E,_;int.rot> J,— K >

=IN(E)> D F5(MI<1lh, [n>+<1|Aln><J,K[J,*[J,K'>+<1|BIn><I,K[J,* I K'>

n=1,2,4,6,7
+<1|CIn><J,K[J,*[J,K'>]
+9N(E,)’ Z\/ggEi (M<1lg|n><J,K|J,|J,K'>+<1|r|n><J,K|J, |J,K'>

n=2,4,6,7

+<1|s[n><J,K[J, |J,K">]

[8.33]
[8.33] f5(n), g% (n) 8.4, 85
8.4 f&(n)
n=1 n=2 n=4 n==6 n=7
= -1 2 -1 -1
E> |1 2 -1 -1 -1
Ez |1l -1 -1 -1 2
Esl1l -1 -1 2 -1
8.5 g“(n)
n=2 n=4 n==6 n=7
Eil-1 0 -1 -1
E>| O -1 -1 1
Ez|-1 -1 1 0
Es| 1 -1 0 -1
1
S,=5,=5,=5,=0 [8.32], [8.33]

tunneling parameter
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[8.32], [8.33]
> 2002 ©0,)*<m|h|n>=9> 4" (0,)*<1|h|n>

m=1

9

n=1l m=1
(r=AE, E_E,E, E; E, E,,E,; h=h, ABC,q,r,s)
[8.35]
[ ]
9 9 9
22 (0)*<1hin>=0, > " (0,)*<1|h|n>= > z"(O,)*<m[h O, |n>
n=1 n=1 n=1
0,0, =0, O, [n> 0,0, |1>=0, [1>=k >,

2 (0,)=x"(0)x" (0,
27(0)=x"0)x" (0O,)*

n=1

9 9 9
22 (0)*<1hin>=% 7"(0,)x (0)*<mlh|k>=> x"(0,)x"(O,)*<m|h|n>
=1 k=1

9 9 9
2220, (0,)*<mlh|n>=9% ¥"(0,)*<1|h|n>
n=1

m=1 n=1
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[7.40]

g trawd: /7 (‘]x + in)eizRAMJz/h — gtizran (Jx + in)
e*iSRAMJy’h(JZ iiJX)ei‘gRAM‘]y/h R (J, +id)
@ ran J2 /1 (‘]x iin)ei¢RAMJz/h — gtifum (Jx iin)
[ 1]

U :e—iodzlh(Jx iin)eiDdZ/h

ou i

&Ly uslul, =1 QU -Ul,) = eI, 3, i, T
oa T h n n

i - 1 H HE i 1 sl 1 H i 1 H
—e VI (ind, xi-Th) e = Hie M (J, £i] )" = +iU

U =ue™
a=0 U=J,+iJ, U=e(J, £iJ,)
[7.41]
JX
—igpamJz 1 4" 19ram Iy 1Tt L —iypa 3, 11 ixram Jz 11 A 19Ram dy 11 Ligean 3, 11
e RAM e e RAM ‘]y e RAM e e AM
J,
Jy
+1
=S (—Xram —Fram —Pram ) Jy
J

z

[ ]

e*ilRAMJz/h (J ) +iJ y)eilRAMJz/h — eiilRAM (Jx +iJ y)
e*ilRAMJz/hJXeiZRAMJz/h — i(eilRAM + e*ilRAM )J . +£(ieilRAM _ ie*ilRAM )J y
2 2
= (COS Zram )« — (SIN Zram )J y
e*ilRAMJz/theilRAMJz/h — %(eilRAM _e*ilRAM )‘]x +%(eilRAM +e*ilRAM )‘]y
|

= (SIN Zram )J ¢ +(COS Zram )J y
J J

et g it g 00) g,
] J

Z Z
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J

X
e7i¢RAM‘]z/heiiSRAM‘]Y/hefilRAM‘]zlh ‘]y eilRAMJz/hei‘gRAM‘]y/h igpam I, /1

e
‘]z
I,
:e7i¢RAMJz/he*iSRAMJy/hsiJ.(_ZRAM 0 0) J ei‘gRAM‘]y/hei¢RAM‘]z/h
L 1 y
J

z

X

J
:S+1(_Z 0O)e*i¢RAMJZ/he7i‘9RAM‘]y/h J ei‘gRAM‘]y/hei¢RAM‘]Z/h
RAM 11 y
J

z

J
= S (= g 10,05 (0~ 0)e it g , o, /1
J,
J, J,
=" (— X ram 1010)S+1 (0,—Iram 10)S+1 (0,0,~@gam) ‘]y =s* (—Zram = Fram —Pram ) Jy
J, J

z
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