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1. (N2Hy) —
double group of permutation-inversion group

— tunneling matrix formalism
1981 J. T. Hougen (N2Hyg) —
J. T. Hougen, Journal of Molecular Spectroscopy, 89, 296-327 (1981).
1978 J. T. Hougen

J. T. Hougen
Kroto (Molecular Rotation Spectra, John Wiley & Sons, 1975)
J. T. Hougen (1978 ) Longuet- Higgins
J. T. Hougen
(N2Hy) —
1 NoH,4
H(1), H(2
H(D) (1), H2)
N(a)
N(b)
H(3), H(4)
11
11 N,H,4 NN
NN -NH,
2 90° 1,2,3,4,a,b —
— (14)(23)(ab)
1.2 N,H,4
N,H,4



3 .-
E (a,1,2)
(ab)(1324)*
1
4 -7 3 -7
NH,-NH,
(b,3,4)
(ab)(13)(24)*
(ab)(1423)*
1.2
1.3
1.3 NoH, S. Tsunekawa,
T. Kojima and J. T. Hougen Journal of Molecular Spectroscopy, 95, 133-152 (1982).
1.3
(Byg", By, for even J; By, By,* for odd J)
K=0 (Y E)
(Agg", Agy for even J; Ay, Ay,* for odd J)
(E',E)
(Alg+i Alu_’ Blg+i Blu_ for odd J) (AZg_, A2u+, BZg_, BZu+ for odd J)
K=1 <

(Asg, Aoy’ By, Byy™ forevend)  (Ai', Aw, Big', By for even J)

(E"E)



(Alg+, Alu- AZg-, 'A\Zu+ )

(E" E)

K=2 < (E"E)
(Blg+’ B BZg_’ BZu+)
(E'E)
< (Blg+’ B BZg_’ BZu+)
K=3 (E+’ E_) (Alg A A29 s Ay )
14 NoH4 — character table
3 — 16
Gis Gis D (isomorphous)
1.1 16 — 1.1  H.C. Longuet-Higgins
Molecular Physics, 6, 445-460 (1963). notation
11 — Gis character table
E | (ab)(1324)* | (12)(34) | (ab)(13)(24) | (12)* | E* (ab)(1324) 12)34)* | (ab)(13)(24)* | (12) | NSwW
(ab)(1423)* (ab)(14)(23) | (34)* (ab)(1423) (ab)(14)(23)* | (34)

Ay 1] 1 1 1 1 1 1 1 1 1| 6
Ayt Il ] 1 1 -1 -1 1 1 1 -1 -1 |36
A |1 1 1 1 1 -1 -1 -1 -1 -1 45
Ay |1 1 1 -1 -1 -1 -1 -1 1 1 3
Blg+ 1]-1 1 1 -1 1 -1 1 1 -1 45
Ba' |1 -1 1 -1 1 1 |1 1 -1 1| 3
Buw |1 -1 1 1 -1 -1 1 -1 -1 1 6
By |1 -1 1 -1 1 -1 1 -1 1 -1 36
E 2|10 -2 0 0 2 0 -2 0 0 |27
E 2|10 -2 0 0 -2 0 2 0 0 |27
NSW="N,H, Nuclear spin statistical weight




[ ] Blu_
A, B, A, B, A, ©B, A, B, E'oE
15 double group

NH;

R;
R, =R+S7(1,0.9)[a,(r.£, &) +d,] [L1]
R ga’gb
V4 NHQ—NHQ

di

a;(y,¢,,¢&,) reference position

& (7:6a:60) 71601 %h

(Kasuya, Science Reports of The Institute of Physical and

Chemical Research, 56 1-39 (1962).) -NH,
8,(7,£,,5)=5"(r00(&,), i=al2
a;(7,8..8,) = Sil(_%oao)aio(‘fb)i i=b34 [1.2]
0 0
a,"(£,)=| 2myry, cos(e,/2)siné, IM |, a,(&)=| 2m,r, cos(a,/2)sin&, /M |
2m,, ry, cos(e, /2)cosé, IM +z, 2m,, ry, cos(e,/2)cosé, IM -z,
N Sin(a, /2) | — I SiN(e, 1 2)
a’ (&) =] —myry cos(a,/2)sin&, IM |, a,°(&,)=| —myr, cos(a, /2)sin&, /M |,
| My My COS(er, /2)C0SE, /M + 24 | My My €OS(ay /2)COSE, IM +12,
| N Sin(a, /2) | — I Sin(e, /2)
a,’ (&)= —-myry, cos(a,/2)sin& /M | a, (&)= -—myr,, cos(a,/2)sin& /M |,
| — My ryy €oS(a, /2)cosé, IM —z, | —myry, cos(a, /2)cosé, IM —z,
[1.3]
M :ZmH +mN My, My H N



A
y
Np Na
X A >z
Co Z=-1 Z=1
Ca
Hs, Ha 14
Hi, H2
[1.3] Mg 1 2oy Qg
}/! éa ! gb
1.4
[1.1],[1.2].[1.3] (N2Hy) —
reference coordinate system
double group — NH,-NH,
(ab)(13)(24)* 1.2
1.2 E
(ab)(13)(24)* NH>-NH,
15 2 path
(trans path  cis path) (trans psth) (cis path)
tunneling matrix element 2
path feasible formalism
(ab)(13)(24)*
(ab)(13)(24)* 2
4 N\ 1
4 < \
\\
= \ =
/
//
2
3/ 2

E 15

(ab)(13)(24)*

path
1.2




1.2 (ab)(13)(24)*

R 2:0,¢ Y Sar S
(ab)(13)(24)* | -R 2,0.9 T=y $p18a 15
(trans path)
-R x+mb.¢ | =7 ShrSa 15
(cis path)
12 (ab)(13)(24)* R x,0.0,7:8,.6, = R x.0,0;m—7;8,, ¢,
f Ri2.0.8:7.80.:6 = Ry + 7,0,y +7m,6,.8, d
(ab)(13)(24)* fd = df
(ab)(13)(24)* R,(i=a12;b,34)
2:0,0.7.8,.8,
[1.1], [1.2],[1.3] d
dR,=R.  (i=abl234) [1.4]
R, (i =al2b34) E
d R,(i=a12;b,34) 2
2,:0.0:7:6.,6, X+ 70,9y + 7.8, 6, 2
2 1.5
feasible /4 O<y<m d
1.5 2 path feasible -0 <y < +00
y — Gy double group Gy double group G
d G 2
double group G;s?
N,H, — double group Gi®  generating operation Gys?

generating operation

A. J. Merer and J. K. Watson

”Symmetry Consideration for

Internal Rotation in Ethylene-like Molecules” (Journal of Molecular Spectroscopy, 47, 499-514 (1973).)

NoH,  Gype? 1.4  double group
Gi®  generating operation
1.4  double group G1s®  generating operation™?
Ge Gis? R 2,0,¢ 4 $ar Sy
E e R X:0,¢ 4 $ar Sy
d R 7 +7m,.0,4 y+7m $arSh
(ab)(1324)* a -R x+7l2,0,¢ —y+rl2 $pCa
ad=da -R | x-712,0,¢ —y—7rl2 $p1Ca
(ab)(13)(24) b R -x.r=0,9+m |V —&pSa
bd=db R T—y, -0, 9+ | y+t7 -&.,-&,
E* c -R | —x7-0.¢+x | —y+7 ~SarSb
cd=dc -R T—y, -0+ |~V -&..—¢,
l.ab,c,d double group Gi®  generating operation
2.A. J. Merer andJ. K. Watson (ab)(1324)* (ab)(1423)*

7




Gi®  generaring operation a, b, ¢, d
da=ad, db =bd, dc =cd;

b?=c®>=d?=e

ba = a’d
[ ] 1.4 [1.5]
1.5  generating operation a,b,c,d Gys?
- GlG
}/! éa ’ gb

(}/!gaigb)eq :(}/0150150)

Hougen’s definition

32

1.5

[1.5]

1.5

}/!ga’gb

[1.6]

1.5 N. Ohashi and J. T. Hougen (Journal of Molecular Spectroscopy, 112,
384-400 (1985).) 32
1.5 double group G? 1)
Gis G R 10,0 /4 $arSo (% &> Sb)eq
E O, =e R Y AN 4 G & Yo +&o, +&o
O, =d R | »#m6¢ y+E & & v |+ +&
(12)(34) 0,=a’ R | xn04 y &, -4 Yo —&, —&
0,=a’d |R |x04 y+ & —& e
(ab)(13)(24)* | O, =bc -R | 164 -yt & & Y|+ +&
Oy=bcd | —R | y+104 -y & & 7 +&p, +&)
(@)(14)(23)* | O, =a’hc | —R | y+m0.¢ —y+7 & ~& |t | =& =&
O, =a’bed | -R | 2,04 —~y & ~& | W ~&, —&
(ab)(1324)* | Oy = -R | y+/2,0,¢ —y+m/2 &, —&a ~Yotrn/2 | =&p +&o
O, =ad R | y—26.¢ —y—/2 &, —& /2 | =&y +&
(ab)(1423)* | O, =a’ R | y-n2.0.¢ —y+7/2 % & —yot/2 | +&p =&
O, =a’d ~R | y+1/2.6.¢ —y—71/2 &, & —o-1/2 | +E =&
(12) O;,=abcd | R | y—n264¢ y—/2 -&, & yorr/2 | =&y +&
O, =abc R 1+7/2,0,¢ y+r/2 &, & Yomr/2 | —So, +&o
(34) O, =a’bcd | R x+7/2,6,¢ y—m2 & —% Yorn/2 | +&o, —&p
O, = *bc R x—7/2,6,¢ Vy+71/2 & —% Yo—1/2 +&0 —So




1.5 double group G? )

Gis Gis? R 2,00 4 $ar G (7%, & Sb)eq
(ab)(14)(23) | Os=a’b R | -0+ y & & Yo +&p +&
Oy =a’hd R —x, =0, 7w+ VHIT &, & Vo—TC +&, +&
(ab)(13)(24) | Owo=b R | 7O+ Y —G —Ga Yo —&0, —&o
Oy =hd R | mxnbn+ y+7 & —& Yo7 ~&o —&o
(12)(34)* Oup=a’ -R | ==y, n—0,n+¢ —y+T &, & —Vo+TT +&o, +&
Oy =a’cd -R | —p.7-6,7+¢ -y & & ~70 +&0, +S0
E* O=cC -R | -, m—6,7+¢ —V+IT &, =& —YVo+TC —&0, &
Os2 =cd -R | =y 70,744 -7 & —% 7o —&o —So
(34)* Oi=a’ -R | 42,707+ | —y+n/2 4 & —votr/2 | =& +&
O.3=a’bd R | x-27-071+¢ | -2 | ~& & /2 | =& +&
(12)* O =ab -R | v 72,7-0,7+¢ | —y+n/2 & =% —Yotr/2 |+ =&
Oy =abd -R | v+ 2, -6, 7+ | —y—7/2 & —& —vo—1/2 +&, =&
(ab)(1423) Os;s=a’cd R -2 n-Ort+d | -2 | & —& vorm/2 | =&p, +&
Oz =a’c R | w2n-0n+p | yn/2 | & & yom/2 | =&, +&o
(ab)(1324) Oss=acd R /2 -G, w+p | y-m/2 &, & vo+r/2 | +&, =&
O =ac R -2, -6, 7+¢ | y+u/2 &, & Vo—1/2 +&, =&
15 1) )
(i) 2 (% G e
(% Sas Eb)eq (% & &)
(7:64:86) = (76:$0:%0) F(7.6a:80)
F(7,82:8) =exp[=A(y — 7,) " 1exp[-B(&, — &) 1exp[-B(&, —&,)°] [1.7]
F(r.8a:8) a
aF(y,8,.8) =F(-y+712,6,,-¢,) [1.8]
(7:64:80) = (=0 +712,-8,,&5)
(=70 +712,-85. &) a (7% &> &)eg
(ii) Og=a’h
(iii)
O, =do,=0,d, O, =dO, =0,d
[1.9]

0, =0,0, =0,a%h, O, = 0,0, =0, a’hd

1.5 double group G¢'®  Merer and Watson

character table 1.6

J. Mol. Spectrosc. 47, 499-514 (1973).




1.6 Gy  double Group Gig®  character table
G |E (@b)(1324)* | (12)(34) (ab)(13)(24) 12 | E* | (@b)(1324) | d@er | (ab)(13)(24)* 12)
(ab)(1423)* (ab)(14)(23) (34)* (ab)(1423) (ab)(14)(23)* (34)
Gi? e |d|a a> |ad |b bd ab c ac a’c bc a’bc | abc,
a® a’b | a’bd | a’b cd | a’ a’cd | a’cd | bed | a’he
ad abd, acd abcd,
a’d a’bd a’cd a’bed
Ay [1]1] 1 1 1 1 1 1 1 1 1 1 1 1
Al (1| 1 1 |1 |a 1 1 1 1 1 1 1
Ay |1 1|1 1 1 1 1 1 1 |4 1 1 1 1
Ay [1]1]1 1 1 |1 |a 1 1 |4 1 1 1 1
By |1 |1 |4 1 1 1 1 1 1| 1 1 1 1
By |1 |1 |4 1 1 |1 |a 1 1| 1 1 1 1
By |1 |1 |4 1 1 1 1 1 1 1 1 1 1 1
By |1 |1 |4 1 1 |1 |a 1 1 1 1 1 1 1
E' |22 o 2 |- 0 0 0 2 | o 2 0 0 0
E 2 |2 o0 2 |- 0 0 0 2 0 2 0 0 0
E, |2 ]=2] o 2 | =2 2 | =2 0 o | o 0 0 0 0
E, |2 ]=2] o 2 |2 |- 2 0 o | o 0 0 0 0
E, |2 |2]o 2 |2 0 0 0 o | o 0 2 2 0
E, |2 ]=2]o 2 |2 0 0 0 o | o 0 2 2 0
Gis 16 1 Gis G 14
,G1s 10 Oy (=d0Oy) [n=12,..9]
Ei, EnEg Ei 2 On
1.6
N,oH,

tunneling formulation

1.6.1 vibrational framework function

framework

(torsional vibration

barrier height

10

wagging vibration

vibrational framework function




(yiéaigb) (}/!gaigb)eq 15 16

(gaigb)eq :(+§0!+§0) (gaigb)eq :(_50!_50) Veg =Yoo Yo T Y0 Vo~
4 (éaigb)eq :(+§0!_§0) (gaigb)eq :(_50!—'_50)
Yeq =Yoot 712, —yo+ml 2y, —ml 2=y, —7l2 v, =ml4

Yeq @ l143n14,—714,-3rm /4

16 vibragtional framework function (71 8a180)eq = (o +S0:1E0)

framework function 1

11>=vy(r.¢..5) [1.10]
framework function |n>, [n’>
(n=1,23,....8) 15 Q) On, On (n=1,2,3,...,8)

| n>= On |1>: Onl//(]/!gaigb)!
|n'>=0,[1>0,w(y,&,.&,)- (n=123,...8)
On, Oy (n=9,...,16)) |1> [1.9] 2 framework function

a’b  framework function [1>

[1.11]

a’b|l>=a’by(r,&,,E) =v(.E,.E,) =+ (., E) =+|1>  (symmetricwagging vibrational state)

[1.12]

a’b|l>=a’by(r.£,.E) =w(r.én &) =w(r.é,.E)=—|1> (anti-symmetricwaggingvibratioral state)

[1.13]
[1.12]
[1>  real
[1.11] 16 framework function [m> - |n> m - ntunneling process
16 framework function
m - n tunneling process  framework 1 framework k 1- Kk tunneling process
1.5 1) 1—n tunneling process 1.7
l->n n=21 3

11



1.7 NoH,4 tunneling process

151 non-tunneling
152 inversion of both NH, groups
1 -3 internal rotation through the trans path
1 - 4 inversion of both NH, groups and internal rotation through the trans path
1 -5 inversion of one NH, group
1 -6 inversion of the other NH, group
1 57 inversion of one NH; group and internal rotation through the trans path
1 -8 inversion of the other NH, group and internal rotation through the trans path
1 -0 internal rotation through both the cis and trans paths
153 internal rotation through the cis path
1.6.2
G Gy
16 vibrational framework function
(i) 16 vibrational-rotational framework function |n;J,K>, |n’;J,K>, linear combitation Gis
In:d.K>, |n";d,K> (n=,1,2, ....,8)  [1;J,K>=
[1>3,K>, [17:d,K> = (-1)N17>3,K> n=5 I5:0,K> = (+)5>[3,K>, |53 K> =
(-)15">,K>
(i) 16 vibrational framework function |n >, |n’> linear combination Gi?
616(2)
GlG
2 (i)
16 framework function |n>,|n’> (n=1,2,...8) character table
1.8 |n> "> (n=1,2 ...8) Gys? character table
e d a a? |ad | b bd ab c ac a’c bc | a’bc | abc,
a’ a’h |a’hd | a’b cd | a% a’cd a’b | bcd | abe
ad abd, acd cd abcd,
a’d a’bd acd a’bed
character | 16 | 0 0 0 0 8 0 0 0 0 0 0 0 0
27)
1.8 Gy? character table 1.6

12




1
np==> 2" (T)* x(T) [1.14]
g7
g =32, Gis? T
framework function |n>,|n’> (n=1,2,...,8) G
G=A,"+A, +B, +B, +E"+E +2E +E +E, [1.15]
[ ] 1.8 1.6 [1.15]
[1.15]
wo ZZ(F)(F)*TCD [1.16]
T
@ }/! ‘fa ’ ‘fb
¥ =20, (M) To [17]
T
D; " (T) i T
(character)
1.9 framework function |n>|n’> (n=1,2,...,8)
(1) [n>+|n'> (n=1,2,...,8) linear combination
1 2 |[n>—|n>(n=1.2,..,8)
linear combination 19
1.9 Q)
Alg+ Aqy |31g+ B E' E" = E%
[1>+]1"> 1 1 1 1 1 0 1 0
[2>+]2"> 1 1 1 1 -1 0 -1 0
[3>+|3"> 1 -1 1 -1 -1 0 1 0
|4>+|4"> 1 -1 1 -1 1 0 -1 0
|5>+|5"> 1 1 -1 -1 0 1 0 1
|6>+|6"> 1 1 -1 -1 0 -1 0 -1
[7>+|7"> 1 -1 -1 1 0 -1 0 1
|8>+|8"> 1 -1 -1 1 0 1 0 -1

13




)

E1(1)a E1(Dsp E1(2)a E1(2p Ega Eg Eua Eub
1>-17> |1 1 1 -1 1 0 1 0
2>-2> |1 1 1 -1 -1 0 -1 0
I3>-3> |1 -1 1 1 1 0 -1 0
d>-4> |1 -1 1 1 -1 0 1 0
5>-5"> |1 1 -1 1 0 1 0 1
I6>-6"> | 1 1 -1 1 0 -1 0 -1
[7>-[77> |1 -1 -1 -1 0 -1 0 1
I8>-8"> |1 -1 -1 -1 0 1 0 -1
19
[1.16]
1 Ay’ Ay, Big', Buy [1.16]
2 E" E 1.9
E* framework function |n>,|n’> (n=1,2,....8) 1 E*, EY
E1 E1(1)a E1(1)s E1(2)a, E1(2)s 2
E [1.16] D=[1>
WE) = 2(11+1'> -] 2+2'>—|3+3>+|4+4'>)=¥(E*;a). [1.18]
[n+n’>=|n>+ |n’> (n=1,2,...,8)
framework function |n>,|n’> (n=1,2,...,8) E [1.18]
2 E Y(E";a)
1 Y(E™;b)
Y(E";b)=aP(E";a)=2(|5+5>—-|6+6">—|7+7'>+|8+8>) [1.19]
[ ] 1516 [1.16] [1.18], [1.19]
1.9 |[E*a >, |[E"p >
E". >=¥(E";a),
|E"a (E";a) [1.20]
|E"s >=W¥(E";b)
E; [1.16] ®=[1> r=E Y(E,(1)
Y(E,(D)=4(1-1>+2-2">). [1.21]

[n-n’>=|n>-|n’> (n=1,2,...8).
14




framework function |n>,|n’> (n=1,2,...,8) E; 2
[1.16] 2 =
[1.21] generating operation a, b, ¢, d
a¥(E,(1)=4(5-5>+|6-6>) = ¥(E,(2)
b¥(E, (1) =4(2-2'>+|1-1>) = ¥(E, (),
(

[1.22]
C¥(E,(1))=4(3-3>+|4-4>)=¥(E,(3)),
d¥(E,(1) = -4(1-1>+|2-2'>) = -¥(E, (1)),
P(E, (1)) 2 Y(E, ) ¥(E.(2) [1.21]
P(E, (1)) Es
[1.22] a’b|1>=|1>, a’b|1>=1>
lI’(El(l)) framework function |n>,|n’> (n=1,2,...,8) E, 2
linear combination
15 [1.22] Y(E, (D) Gi? [1.22]
Y(E, (1) ¥(E.(2) ¥(E.(3)
abcW(E,(1))=-4(|7-7"> +|8-8>) =ac?(E, (1)) = —¥(E,(4)) [1.23]
Y(E,(4))
Y(E, (1)), ¥(E.(2) ¥(E.(3)) Y(E, (4) linear
combination E; 2
linear combination
al¥(E, 1)+ ¥(E,(2))} = ¥(E. (1) + ¥(E,(2)
al¥(E,(3))+ ¥(E,(4))} = —{¥(E,(3))+ ¥(E,(4))}
b{¥(E,(0)+¥(E,(2)} = ¥(E,())* ¥(E,(2) [1.24]
b{¥(E,(3))+ ¥(E.(4)}=¥(E.(3)+ ¥(E,(4))
c{¥(E, )+ ¥(E,(2)} = ¥(E,(3)+ ¥(E,(4)
[124] E 1 Y(E,(0)+¥(E,(2)+P(E,(3))+¥(E,(4)
W(E,(1)+¥(E,(2) - ¥(E,(3)- ¥(E.(4))
2 W(E, (1)) - ¥(E.(2)+ ¥ (E,(3) - ¥(E.(4))
—¥(E,(0)+ ¥(E,(2)+ ¥(E,(3)- ¥(E,(4)
1.9 E1(1)a Es(1)s E1(2)a E1(2)s

E:

15



(121> [ |545> | [|1£r>] [|222>]  [|1xr>] [|4x4>] [|1x0>]  []1£1>]

|2+2'> |6+6> [2+2'>| | |1£1> |2+2'> |3£3> |2+2'> |2+2'>
|3£3>| [£|7£7> |3£3>| |[|4£4> |3£3> |2+2'> |3£3> |3£3>
a |4+4'> _ +/8+8> b |4+4'> _ |3£3> - |4+4'> _ |1£1 > 4 |4+4'> . |4+4'>
|5£5> |2+2'> |5£5>| |[|5+£5> |5£5> |8+8> |5+5> |5£5>
|6+6> |1£1 > |6+6'>| ||6x6> |6+6'> | 77> |6+6> |6+6 >

|7£7'>| | £|4+4> | 77> ||7£7> |7+7'>| ||6+6> | 7£7> | 77>
||8£8>| | £|3£3>] ||8+8>]| [[8£8>| [|8£8>| |[[5+5>| ||8+8>] [|8£8>|

[1.25]
1.9 framework function
<n|n>=<n'|n'>=1 (n=12,..8) [1.26]
NH;
[ ]
0
Angr Alg+
N(A")
N(A, ") =1/[16(1+S, +S; +S, + 2S5 +2S, +S,'+S,+S;'+S,'+25,'+2S, )] [1.27]
S,=<1|n> (n=2,3,4,57), S,'=<1|n'> (n=1,2,3,4,57)
1.6.3
lJ,K> M Gi®  generating operation a, b, ¢, d
1.4
alJ,K>=+)"|J,K>,
b|J,K>=(-1)’|J,-K >,
[1.28]
c|J,K>=(-1’|J,~K >,
d]J,K>=(=D"]J,K>.
Wang-type
1
J,Kix>=—(J,K>%|J-K>) (K>0)
| NG | | [1.29]
| J,0;+>=J,0>

16



ald,Kix>=+i)"|J,Kx(=D)" >,
b|J,K;x>=%(-1)" | J,K;x >,

[1.30]
c,|J,Kix>=%(-1)" | J,K;x >
d|J,Kix>= (D" |J,Kix>.
[1.30]
A, |J,K;+> [J=even,K=4n (n=012,..)]
|J,K;—> [J=o0dd,K=4n (n=12,..)]
Ay |J,K;—> [J=even,K=4n (n=12,..)]
|J,K;+> [J=o0dd,K=4n (n=012,...)]
[1.31]
By : |J,K;i+> [J=even,K=4n+2 (n=012,..)]
|J,K;=> [J=0dd,K=4n+2 (n=012,...)]
B, |J,K;—> [J=even,K=4n+2 (n=012,...)]
|J,Ki+> [J=o0dd,K=4n+2 (n=012,...)]
E,: [3,K+> [J, K-> [K=2n+l (n1=012,...)]
be|J, Kt >=J, K+ > A, A, B, B,
2 Eq
[ 1 2 16
1.6.4
1.6.2 1.6.3
— 1
GlG
G 1.6.2 1.6.3
Gle(z)
1 2
2 Eq Eq
2 E', E, Ey, Eg, Ey
E,xE"=E,xE" =E, +E,, E ;xE =E"+E
E,xE,=A, " +A, +B, +B, [1.32]

E,xE, =A," +A, +B, +B,~
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1.9 Eg Eu E', E

|Ega >v’| Egb >v; |Eua >v’l Eub >v; |E+a >v’l E+b >v; |E7"’1 >v’l S >y

|Eg;+>vE| Ega >y |Eg;_>vE| Egb >u |Eu;+>vE|Eua >y |Eg;_>vE|Eub >y [133]

|E"+>,=E%>,, |E5=>=E%>,; [E+>=E%>, |E;=>=Eb>,

alE x>, =%|E;F>,, al|E; > =%|E,;F>,
alE"x> =x|E"F>,, alE x> =t|EF>
b|E,;x>=F|E; x>, DbIE;x>=F|E £>,

[1.34]
b|E";£>,=F|E"x>,, Db|E > =F|E x>,
ClE, x> =F|E;x>,, C|E; x> =F|E;£>,
CIE";z>,9E >, ClEx>,=—|E" x>,
=]
alE;@), >=E.@®y >,, alE.(2), >,=E.(2), >,
blE,@D). > =E@D), >, blE,(2), >,=E,(2), >,
blE, (@), >=E, D), >\, blE,(2), >,=Ei(2), >, [1.35]
c|E,(@, > =E D), >, c|E.(2), >,=E(2), >,

CIE, @y >=~[E@s >, C[E(2)y >, =~]E.(2), >,

|A,":3,KE0)>
A, > ]J,K+> [J=even,K=4n (n=012,...)]
=By >,|J,Ki+> [J=evenK=4n+2 (n=012,..)]

:%H E,i+>,0 3, Ki=>+i"|E;;=> | J,Ki+>]  [J=even,K=2n+1(n=012,..)]

A, >|J,Ki=> [J=o0dd,K=4n (n=12,.)]
=B, >,[J,K;=> [J=0dd,K=4n+2 (n=012,..)]
1 .
=—[lE;i+>,|3,Ki+>+i“|E;;=>|J,Ki=>] [J=o0dd,K=2n+1(n=012,..)]

NG

[1.36]
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1A, 3,K(=0)>
=| Alg > |J,K;=> [J =even,K =4n (n=12,...)]
=By >,|J,Ki=> [J=evenK=4n+2 (n=012,..)]

:%H E,i+>, 03, Ki+>+i"|E;;i-> | J,Ki=>] [J=even,K=2n+1(n=012,..)]

A, > |J,Ki+> [J=o0dd,K=4n (n=012,.)]
=| Blg+ > J3,Ki+> [J=0dd,K=4n+2 (n=012,...)]
—i[|E +> |3, K=>+i"|E;—>,|J,K;+>] [J=o0dd,K=2n+1(n=012,..)]

2
[1.37]

1B, ,K(=0)>
=| Alg > |J,Ki+> [J=even,K=4n+2 (n=01,2,...)]
=By >,J,Ki+> [J=even,K=4n (n=012,..)]
:%H E,i+>,3,Ki=>-i"|E;;=>|J,K;+>]  [J=even,K=2n+1(n=012,.)]

A, >|3,K-> [J=0dd,K=4n+2 (n=012,..)]

=By, >,|J,K;=> [J=o0dd,K =4n (n=12,.)]

—i[|E + > |J,K;+>—iK|Eg;—>V|J,K;—>] [J =0dd,K=2n+1(n=012,..)]

- lIE >,
[1.38]

1By, 13, K(20)>
=| Alg > |J,Ki=> [J=even,K=4n+2 (n=012,..)]
=By >,J,K;=> [J=even K =4n (n=12,.)]

:%H E,i+>,3,Ki+>-i"|E;;->|J,Ki=>] [J=even,K=2n+1(n=012,.)]

A, >, |3,K+> [J=odd,K=4n+2 (n=0.12,..)]
=B, >,|3,Ki+> [J=odd,K=4n (n=012,.)]
—i[|E > |3, Ki=>—i%|E ;= >,|J,K:+>]  [J=o0dd,K =2n+1 (n=012,...)]

2
[1.39]

Ayt Ay
|’A‘ngr >v - |A1u7 >v7
By >, = By >, [1.40]
[Ejix>, = |EE>,
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E" symmetry species:

EJr XA1g+ — EJr X Bngr =E" XA297 =E" XBZg7 — E+

|E" >, |E™ >,
|[E";J,K1>,,|E";J,Kil>, |[E";J,K:2>,,|E";,K;2 >,
Eq K = odd
E* a b
alE";J,K;s>,=E";J,K;s >, , [s=1,2]
b|E*;J,K;s>,=|E";J,K;s>, , [s=1,2]
b|E*;J,K;s>,=-|E*";J,K;s>, . [s=1.2]
E — [1.41]
operation a a

[1.30], [1.34], [1.35]
K = even

|[E";J,K1>,4E+>,|J,K;—=> [J =even]
= E+>,J,Ki+> [J =o0dd]

|[E";J,K;2>.H4E";—> |J,Ki+> [J =even]
=sE"->,|J,K;—> [J=o0dd]

K = odd

|[E";J,K1>.9E @, >,|J,K+> [J=even]
=|E,(1), >, 13, K;=> [J =odd]

|[E";J,K;2>.9E;(2), >,|J,K;+> [J =even]
=|E,(2), >, 1J,K;=> [J =odd]

E" symmetry species:
E E
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K = even

=]
K = odd

=]

[1.41]

[1.42]
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alE";J,K;s>, 5 E7;J,K;s>,,

b|E™;J,K;s>,=E;J,K;s>, , [s=1,2] [1.44]
b|E";J,K;s>=—|E";J,K;s>, . [s=12]
[1.30], [1.34], [1.35] E
K =even
|E";J,Kil>, =[E";—>,|J,K;+> [J =even]
s E"—>,J,K;=> [J=o0dd]
[1.45]
|E";J,K;2>.HE"—>,|J,K;—> [J=even]
=sE"->,|J,K;+> [J=o0dd]
K = odd
|E";J, K>, E, @), >|J,Ki+> [J=even]
=E,@), > |J,K;=> [J =odd
|E;D)y > | [ ] [1.46]
|E";J,K;2>,=E,(2), >,|J,K;+> [J =even]
= E,(2), >, |J,K;—=> [J =o0dd]
1.6.5
NoH, — tunneling matrix formulation
2
H=h,+hJ*+hJ,° +f(3,°+3 %) +gli(J." - 3_*)]+qd, +[r,J, +1J_] [1.47]
J,=J,+iJ, [1.47] h,,h;,h, f,9,9,r.,r
}/!ga’gb
[1.47] Ji Jys Iz
I Jy, Ja 2,60
Jx JX
J, |=S(x.0,9) Iy [1.48]
‘]z JZ
Jy. 3,3, Jy. 3,3, \2
Gi? JodpJ; G generating operation
a,b,cd 1.4

[s=1,2]
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J, J, J, J, J, 1 0 O < J,
alJd, =S(x/2,0,0) Jy[=1-3, b J, [=¢J,|=|0 -1 O v =19y
J, J, J, J, J, 0 0 -1y, -J,
[1.49]
‘]x ‘]x _‘]x
dlJ, |=S(=,00)J, |=|-J,
J, J, J,
J. (=3, iin), J,,
al, =FiJ,, bJ, =cl, =J., dl, =-J,
- - - - - - [1.50]
alJ,=1J,, bJ,=cJ,=-J,, dJ, =,
Hermitian-conjugation operation(t)  time-reversal operation(*)
time-reversal operation(*) complex conjugate
JJrT:\];, \]Jr*:_\];v
o . [1.51]
J, =3J,, J, =,
Hermitian conjugation(f)  time reversal operation (*) 2
¥ VE= (VD= (V)T
a,b,c,d Hermitian (T )

time-reversal invariant * J,,J

h,,h;,h, f,9,9,r,,r

[1.50] [1.51]

ah=bh=ch=dh=h; h"=h; h"=h (h=h,h;orh) [h:A, "]
af =—f, bf =cf =df =f: f'=1f; f" =f [f:By,"]
ag =-9g, bg=cg=-g, dg=9; g'=-9; g =-¢ [0:B, 1] [1.52]
ag=q, bg=cq=-q, dg=q; q'=q; q =-q [g:A, ]
ar, =ir,, br,=cr,=r., dr,=-r_; r;:r¢, r;——r¢ [r. E/]
[ ] Gis?
V T F I’ F
r” <F’(I)|V(D)|F"(C")> 0
I’xI'xI™ Gle(z) Alg+

tunneling matrix element

[1.47]
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< A1g+| hvl'Angr>v
<AL Ih AL > =[N(A, (<1l h, [1>+<1|h, |2>+....4<m|h, |n>+..)

<1Jh,2>, <mfhyn>  tunneling matrix element

tunneling process framework m n tunneling matrix element
<mjhy|n> framework 1 k matrix element <1|h,|k>
0,0, =0, o} 0,0, =0, O; Oy
Im>=0,, |1> [n>=0,[|1> h O.h, =h,
<m|h, |n>=0, <m|h, |n>=<1|h, |k >
hy
framework m n tunneling matrix element framework 1
framework k tunneling matrix element
tunneling process 1.7 1-5 1-6 1-7 1-8
2 tunneling process tunneling matrix element

tunneling matrix element<1|V|n>, <1|V|n’> (n =
1,2,...,8) \Y;
iV =hv,hj,hk

a®v =V,a’hv =V V=V

<1|V|5>=a’<1|V|5>=<6|V |1>=(<1|V"|6>)*=<1|V*|6>=<1|V |6>

[1.53]
<1|V|7>=a’h<1|V|7>=<1|V|8>
[1.53] |1> [n>  real [n’>  real
[153] 2
|1>=F(7.8..S)
O, |1>=a’b|1>=F(r,&,.¢.) =2F(7.4..5,)
|7>=0; |1>=0,F(y.£..6,) =+O;F(7.8,,6,) =+F(y - 712,&,,-¢,)
Lath|7T>=+F(y-nml2,&,,-£)=%|8>
<1|V|7>=<1|V|8>
a’bll>=+1>  a%b[l>=-|1> a%b[1> = +[1>
[153] 2
[1.53]
<1|V |5>=<1|V |6'>, <1|V|7'>=<1|V|8> [1.54]
(ii) V =f
af =—f,a’0f =f,f*=f
<1 f|5>=—-<1|f|6> <1|f|7>=<1|f|8>
[1.55]

<1 f|5>=—-<1|f|6'>, <1|V|T7>=<1|f|8>
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(iii) V=g
ag=-g,a’bg=-9,9" =g
<1]g|5>=-<1|g|6> <1|g|7>=-<1|g|8>
<1]g|5>=-<1|g|6> <1l|g|7>=-<1|g|8>

a’b|n>==*|n>, a’b|n>=+|n> (n=1,234)

<1l|g|n>=a’b<l|g|n>=-<1|g|n>=0 (n=12,34)
<1l|g|n'>=a’b<l|g|n'>=-<1|g|n'>=0 (n=12,34)

(iv)V=g
a’bq =—q g [157]

<1l|g|n>=a’b<1|g|n>=-<1|q|n>=0 (n=12,34)
<1l|g|n'>=a’b<l|g|n'>=-<1|q|n'>=0 (n=12,34)

<1l|q|7>=a’b<1|q|7>=-<1|q|8>

a‘g=q, q*=—q

<1]q|5>=a’®<1|q|5>=<6]|q|l>=<1|q*|6>=—-<1|q|6>
<1]q|5>=a’<1|q|5>=<6q|l>=<1|q" |6'>=—<1|q|6'>

(iVyV=ry,r.
AlK|=0 V=r,r
GlG
AK[=0 AK|=0
Wang type function
1) Ay’

K=even (K >0 forevenJ; K> O0foroddJ)
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<AL KIHIAL K >—16{N(Ag)}2[h1 +h, +h, +h, +(=1)*'?(2h, +2h,)
h, =h, +h;J(J +1)+h, K?
h,, :%<1+1'| h,|n+n'>=<1|h, |n>+< 1hJ|n'> etc, [n+n'>=[n>+|n">
N(A,) :1/\/16(1+ S, +S;+S, +2sS, +2sS, +S,'+S,"+S,'+S,'+25S.'+25S, ")
S, =<1|n>, S '=<1|n'>, s=(-1)""?
[1.61]
K = odd (>0)
<AL I KIHIAL I K >=8{N(E,)}*[h,—h,+h,'~h,+(i) “** (205 '-20,")K
+5K,1 (_1)J+1~](J +1){f1'_ fz'+ fs'_ f4'+(i)K+l(295'_297')}]
h,'=h,+h,"J(J +1)+h, 'K?,
hnv':%<1—1'| h, |[n—n'>=<1|h, |n>-<1h|n"> etc,
fn':%<1—1'| fln—n>=<1|f|n>-<1f|n">
1 . . .
d, :E<1—1|g|n—n >=<1|g|n>-<1g|n'>,
qn':%<1—1'|—iq|n—n'>:<1|—iq|n>—<1|—iq|n'>, [n—n'>=n>-|n>,
N(E,)=1/,8(1-S, +S;—S, = S,'+S,'-S;'+S,")
[1.62]
(2) Az
K=even (K >0 forevenJ; K>0foroddJ)
<Ay 3 KIH A, 3, K>=16{N(A )} [h +h, +h; +h, + (-1)*'?(2h; + 2h,) [1.63]
K = odd (>0)
< Alg J, K | H |Alg K >= 8{N (Eg)}z[hl'_hZ '+h3'_h4'+(i)K+l(2q5'_2q7')K [1.64]
+5K,1(_1) J(J +1){f1'_ fz'+ fsl_f4'+(i)K+l(295'_297')}]
(3) By’
K=even (K>0 forevenJ; K >O0foroddJ)
<B, 3, K[H|B,";J,K >—16{N(Bg)}2[h1 +h, +h, +h, —(=D)*'?(2h, +2h,)
N(B,) =1/J16(1+ S, +S;+S,—2sS, —2sS, +S,'+S,+S,'+S,'-2sS5,'-2sS,")
S :(_l)KIZ
[1.65]
K = odd (>0)
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< Blg+;J K|H| Blg+;J , K >=8{N (Eg)}z[hl'—h2 '+h,'-h,'—(1)“*(29,'-2q,")K

+ 0,1 (1) I +D{f, -, + =, () (29529, )} :66]
(4) By
K=even (K >0 forevenJ; K>0foroddJ)
<By ;J,K[H By ;J, K >=16{N(B,)¥[h +h, +hy +h, — (-1)""?(2h, + 2h,)] [1.67]
K = odd (>0)
<By 13, K[H|By ;J,K>=8N(E,)¥[h'-h,+h,'~h,'~(i) " (295'-2q, " )K L63]

+5K,1 (_:l-)J J (J +1){ fl'_ fz'+ fs'_ f4'_(i)K+l(295'_297')}]
(5) Alu_
K=even (K2>0 forevenJ; K >O0foroddJ)
<A, KIH[A, I, K>=16{N(A )¥[h +h, —h, —h, + (-)*'?(2h, - 2h,)]
N(A,)=1/\/16+S, —S, — S, + 255, — 2sS, +S,+S,'~S,-S,+255,-2sS,")  [L.69]
S = (_l)KIZ

K = odd (>0)
<A, 3, K[H|A,;J,K >=8{N(E,)¥[h,'-h,'=h,'+h, +(i)* " (2q,'+2q, ") K
+ 8 (DI +D{E - () (205420, )Y [1.70]
N(E,)=1/,8(1-S,-S;+S, —S,'+S,+S,'-S,")

(6) AZuJr
K=even (K >0 forevenJ; K>0foroddJ)

<A2u+;J, K|H |A2u+;J, K >=16{N (Au)}z[h1 +h,—h, —h, +(—1)K’2(2h5 —-2h,)] [1.71]
K = odd (>0)

<A, KIHIA, I, K >=8{N(E,) ¥, '~h,—h,"+h, +(i) (29, +2q, )K
+8,, (=17 I +){f, =, =+ £, +(1) " (205 +29,")}] [1.72]

(7) Buy
K=even (K>0 forevenJ; K >O0foroddJ)
<B, ;J,K|H|B, ;J,K>=16{N(B,)}[h, + h, —h, —h, — (=) '?(2h, - 2h.)]
N(A,) =1/¢16(1+ S,-S;—-S,—-2sS; +2sS, +S,'+S,'-S,'-S,'-2sS,'+2sS, ") [1.73]
S = (_l)KIZ

K = odd (>0)

26



<By, i3, K[H|By 53, K>=8{N(E,)}[h'~h,"~h,"+h,'~()) " (205"+20,)K

K , , [1.74]
+ 5K,1 (_1)J+1J (J +1){f1'_ fz - fs'+ f4'_(I)K 1(295 +2g7 )}]
(8) BZuJr
K=even (K >0 forevenJ; K>0foroddJ)
<B,,";J,K|H|B,";J,K>= 16{N(Bu)}2[h1 +h, —h, —h, —(—1)K’2(2h5 —-2h,)] [1.75]
K = odd (>0)
<B,, "3, K|H|B,";J,K >=8{N(E,)}[h,'—h,'-h,+h,'—(i)**}(2q, +2q, K
+ 5K,1 (_:l-)J J (J +1){ fl'_ fz - f3 + f4 '_(i)KJrl (295'+297 ')}] [1-76]
(9) E"
K =even

<E";J,KA|H|E";J,K1>=8{N(E)¥(h,—h, +h, —h,) (K >0foreven J; K >0forodd J)
<E"J,K;2|H|E";J,K;2>=8{N(E")}¥(h, —h, —h, +h,) (K>0forevenJ;K >0forodd J)
<E";J, K1 H|E;J3,K;2>=8{N(E")N(E")}20;K) (K >0)
N(E*)=1/,/8(1-S,—S,+S, +S,-S,'-S,'+S,")
N(E")=1/,8(-S,+S,-S, +S,-S,+S,'-S,")

[1.77]
K = odd (>0)
<E";J,K1|H|E";J,K1>=16{N(E, (D))} [h,+h, +2hs"+5, , (-1)’ IQ +1)( f,+f,+2f,")]
<E*;J,K;2|H |E*;J,K;2 >=16{N(E, (2))¥'[h,"+h,'—2h;'+3, , (-1) IQ@ +1)( f,+f,'~2f,")]
<E% 3, K1 H|E"J,K;2>=16{N(E,D))N(E, (2)}h, +h, +3, . (-1)’ IQ +1)( f,"+f,")]
N(E, (1)) =1//16(+S, + 2S5 —S,"-S,'-2S;")
N(E,(2)) =1/,/16(L+S, - 2S; - S,'-S,+2S;")

[1.78]
(10) E
K =even
<E;J,KA|H|E; I, K1>=8{N(E")} (h,—h, +h,—h,) (K >0foreven J; K >0foroddJ)
<E;J,K;2|H|E;J,K;2>=8{N(E")}¥ (h, —h, —h, +h,) (K>0foreven J;K > 0forodd J)
<E;J,K1|H|E";J,K;2>=8{N(E")N(E")}(-2q:K) (K>0)

[1.79]
K = odd (>0)
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<E7;3,KA|H|E7; 3, K1>=16{N(E, ()} [, +h, +2hy +5, , (-1)" 1 IQ@ +1)( f,'+f,+2f,")]
<E7;3,K;2|H|E™;J,K;2>=16{N(E, (2))¥ [, "+h,'—-2hs "+, , (-1)** I +1)( fy'+f,'—2,")]
<E7;3,KAH|E7;J,K;2>=16{N(E,D)N(E, (2))} °[h, "+h, +J, , (-1)"* IQ +1)( f,+f,")]

[1.80]
[1.61]-[1.80] 2,3
1. ,16{N (El(l))}2 S 0
1 0
tunneling matrix formulation
2. internal rotation tunneling K =even |<1|h,|3>+<1|h,|3>]
K = odd |<1|h,|3>-<1|h,|3>] trans path tunneling  cis path tunneling
K staggering cis path
tunneling parameter <1|h, |3'> 0
3. NyH4 tunneling 1.3 inversion tunneling
internal rotation tunneling NoH, 1.3
4|hsy| 4|gs|K K K=1 K-doubling
N2oH4 —

tunneling matrix formulation

1.6.6 tunneling matrix formulation

framework function —

1,3, K>=[1>J,K>
|15, K>=d|A>J,K>)=(=D" |15 J,K >

|n;J,K>=0,(1>J,K>)=n>0,|J,K> [1.81]
In;J,K>=0, [17J,K >= ()"0, (115 J,K >) = (-D)* |n'> 0, | J,K >)
(n=12,..8)
[1.81] 0,]J,K> 14, 15
110 O, | J,K >
04],K> 19,K> Os|d,K> i“19,K>
O,]d,K> (-1)99,K> OglJ,K> (-9, K>
O3]d,K> 19,K> 07J,K> i) J9,K>
04, K> (-1)99,K> Ogld,K> i1J,K>
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framework function

|1+153,K>=LJ,K>+|1;3,K>=(1>+(-)" |1'>)|J,K >
|In+n;J,K>=0,|1+1,J,K>=0,[1;JK >+0O[1';J,K >

[1.82]
=(In>+(-)"|n'>)0, |J,K>= O ;) K >+0 J; JK >

(n=12,..8)
din+n;J,K>=n+n";J,K> [1.83] , n+n5J, K>
Gie — linear combination
— [n+n,J,K>|n+n"J,-K >
(n=1.2,...,8) Gie
1.11,1.12
111 |n+n’;J,0> (n=1,2,...8) Gis (=G) character table
e a |a |b ab c ac a’c be abc
a a’b a’b a’c a’bc | a’bc
character | 8 0 | 0 |41 0 0 0 0 0 0
D
K=0 G
J=even:G=A_"+A, +B, +B, +E"+FE
[1.83]
J=odd:G=A, +A, +B, +B, +E"+FE
1.12 |n +n’;J,K(>0)>, |n +n’;J-K> (n =1, 2, ...,8) Gis (= G)
character table
e a |a |b ab c ac a’c | bc abc
a’ a’h | a a’c a’bc a’bc
character | 16 0 0 (0 0 0 0 0 0 0
A1)
G=A, +A, +B, +B, +A, +A, +B, +B, +2E"+2E [1.84]
— [1.82] framework function

generating operation a, b, ¢

29



[1+153,K>1  []5+5J,K>] [11+153,K > ] [12+253,-K >
[2+2J,K> |6+6;J,K> [2+2;),K > [1+15J),-K >
[3+3;J,K> [7+7;J3,K> [3+3;J,K> [4+4J,-K >
a [4+4J,K> _ |8+8;J,K > b [4+4;J,K> () [3+3;J,-K >
|5+5;J,K> [2+2;J,K> |5+5;J,K> |5+5;J,-K>
|6+6;J,K> [1+1;J,K > |6+6';J,K > |6+6';J),-K >
|7+7;J, K> [4+4;J,K> |[7+7;J3,K> |7+7;J,-K >
118+85J3,K>| ||3+3;J,K>] 118+85J,K > | 118+8J,-K > |
[1+153,K > ] [14+4;3,-K>]
[2+2J,K> |3+3;J,-K >
|3+3;J,K> [2+2;3,-K >
c [4+4],K> () [1+1;J,-K > [1.85]
|5+53J),K > |8+8;J,-K >
|6+6;J,K > |[7+7;J,-K>
|7+7;J3, K> |6+6';J,-K >
118+85J,K > | [|5+5J,-K >
Gis —
1.13 —
Ay Ay Aqy Ay’
(1+153,K>7 [s+13-K > ] 1] [1] 1] [-1] 1] [1] 1] [
[2+2;),K>| |sR+2;)-K> 1) |1 1 (-1 1 “1
[3+3;J,K> sB+3;J-K > 1 |1 1| |-1 1| |41 -1
|4+4;],K> sp+4;J-K> 1| |1 1| |1 1| |1 -1
|5+5;d,K>|" | sb+5;J-K> 1 |1 1 |1 1 -1
|6+6;J,K> sp+6;J—K > 1] |1 1| |-1 1 -1
|7+75J,K> S[ff+7;J-K> 1] |1 1/ |1 1| |1 -1
118+8;J,K>]| |sB+8,;J-K>] 11 11 1 =1 1| 1= 1
s=(-1)" o o - -
Big Bag B Ba*
[124253,K > [ s+153-K > | (1] 1] 1] [-1] (17 [1] 17 [1]
[2+273,K>| |sR+2;]-K> 1)1 1]]-1 1 -1
[3+3;J,K> sB+3;J-K> 1 1 1|1 -1 |-1 -1 |1
|4+43),K> sp+4;J-K> 111 1)1 -1 [-1 -1 11
|5+5;d,K>|" | sb+5;J-K> -1/ |1 -1/ |1 -1/ |-1 -1 1
|6+6;J,K>| |[sb+6;J-K> -1 |1 -1 |1 -1 |-1 -1 |1
|7+7;3,K>| |s[/+7;J-K> 1) |1 -1 11 -1
[18+8;,K>| |sB+8;J-K>) 1) | -1 [ 1] 1] [1] L1 -1
s=(-1y"
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E'(1)a E'(1)y E'(2)a E'(2)y
(14153, K>] [sh+1;9-K > (17 1] (0] [0] (0] [0] (17 [-1]
|2+2;J,K> sp+2;J-K> -1 |-1 0|10 0|10 -11 |1
|3+3;3,K>| |sB+3;J-K> 1| |11 0l]0 0l]0 1] (-1
|4+4;0,K>| |sp+4;)-K> 111 0|0 0l]0 -1| |1
|5+45;3,K>|" | sp+5;J-K> 0|0 1|1 1[|-1 0|0
|6+6;J,K>| |sp+6;J—K> 0[]0 -1 [-1 -1 |1 0[]0
|[7+75,K > sff+7;J-K > 0]1]0 -1 |-1 1] (-1 0|10
[18+8;,K>| | sB+8;J-K > 10] O] 1] 11 1) 1) 10] 10
s=(-1y"
E(1)a E(@)p E'()a E(@)p
(14253, K > [sp+130-K > ] [17 1] [0 [0] [0 [0] (17 [-1]
|2+2;J,K> sp+2;J-K> -1 |-1 0|10 0|10 -11 |1
|3+3;3,K>| |sB+3;J-K> 111 0l]0 0l]0 1| |1
|4+4;0,K>| |sp+4;0-K> -1| |1 0|0 0l]0 1|1
|5+5;3,K>|" | sp+5;J-K> 0|0 1|1 1[|-1 0|0
|6+6;J,K>| |sp+6;J—K> 0[]0 -1 [-1 -1 |1 0[]0
|[7+75,K > sff+7;J-K > 0]1]0 1)1 -1 |1 0|10
[18+8;,K>| | sB+8;J-K > 10] O] -1 -1 1] -1 10] 10
s=(-1)"
1.13 K K20 K=0 2
J = even Ay, A, Big', Bu, E*(1), EX(1) J = odd Ay, Ay, By,

B E*(2), E«(2)
framework function

phase factor

NoH;  tunneling matrix formulation
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2. (HF)2

(HF)2 —
J. T. Hougen and N. Ohashi Journal of Molecular Spectroscopy, 109, 134-165 (1985).)
HF dimer [(HF),] 2.1) HF monomer internal
rotation motion tunneling
tunneling process
J. T. Hougen and N. Ohashi
tunneling internal rotation motion

2.1 HF dimmer

2.1 tunneling motion model

2 HF monomer HF
tunneling model
configuration) Con Cyy 2.2
tunneling  cis path tunneling (i) trans path tunneling  feasible
path tunneling  feasible , (i) trans path tunneling cis path tunneling
(2), (i) 2 framework (iii)
2.2  framework 2 (27) framework 1
framework  cis path framework
2 tunneling path potential energy surface
(HF), tunneling motion potential energy surface
Barton and B. J. Howard Faraday Discuss. Chem. Soc. 73, 45-62 (1982).
J. T. Hougen and N. Ohashi J. Mol. Spectrosc. 109, 134-165 (1985).)
o1, &

32

(intermediate
trans path
(i) cis

feasible

4 framework

trans path

2.3
AE.



trans path

cis path

| \/ / """"" \ I

2.2 tunneling motion model
framework 1 framework 2 (27)

3

+ 10
t
82
0
-1

1
-2m -m

2.3 (HF)2 6, 6 bending potential energy surface.
Barton and B. J. Howard Faraday Discuss. Chem. Soc. 73, 45-62 (1982).
J. T. Hougen and N. Ohashi J. Mol. Spectrosc. 109, 134-165 (1985).
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2.2

HF dimer i Ri
(reference coordinate system) a ( )
R, =R+57(1.6,4)a,(6,.6,) i=12(H  ); abF )] [24]
aj o, 6 HF monomer HF monomer
6, & 2.4
0
a, (6,,6,) = S (o0, 6,,0) +S’1(0,—p(91 +6,),0) 0
(me /mHF)r -(1/2)z,
0
a,(0,,0,)= S0, 6,,0) + 8’1(0,—;7(91 +6,),0) 0
—(m. /mHF)r | 1/2)z,
[ 0
a,(0,,0,)= S7(o, 6,,0) +S* 0,—p(6, +6,),0) 0 ) [2.2]
—(m, /mHF)r |- 1/2)z,
0
ab(91,92)=8’1(0,92 0) +S° (0 -p(6,+6,),0) 0
(my /mHF)r @/2)z,
My, Mg H F Mpur = My + Mg o HF
Zo 2 HF P
p = [(mH mF /mHF )(r0)2 ]/[(l/ 2)mHF (20)2]z Imonomer / Idimer
[2.2] a
Zmiai(gligz) =0,
| | [23]
S ma, (0,,0,)x 200) o (s_q g
i 00,
[2.3] 2 IAM internal axis method [2.2]
2 S7(0,—p(6, +6,),0) IAM
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2.3 trans path tunneling

2.

6, 0>

2.1 22  (HF): trans path tunneling

character table 2.2

2.1 (HF)2 — trans path tunneling

R Z, 9: ¢ 911 92 (011 92)9(]

E R Z; 0: ¢ 011 92 0101 920
(ab)(12) R iy, 70, T 6, 6, 6", 6"
(ab)(12)* R %60, ¢ 0, 6, 6’ 6"
E* -R w—y, =0, w+¢ 6, 6 0°, 6’

2.2 (HF)2 — G4 character table

trans path tunneling

E (ab)(12) (ab)(12)* | E* operators
Ay 1 1 1 1 Jy 10
A |1 1 -1 -1 Uz, 1y 10
By |1 -1 1 -1 I 3z
B, 1 -1 -1 1 Ly, Ly
framework function
framework function [1>, |2>=(ab)(12)|1> [2.4]
1> 6,=0.", 6, =6, real
11>, [2>
1
|A, > =l >=—==[|1>+|2>], |B,> Fu>=——[|1>-]2>]
2(1+9S) 2(1-9) [2.5]
<1l|1l>=<2|2>=1, S=<1|2>.

[2.5] |~ | > lower upper tunneling splitting
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2.1
(@abh)12)| J,K >= (-1’  |J,-K >
(ab)12)*|J,K >= J,K >
E*|J,K >= (1)’ | J,-K >

[2.4] lee>, [eo>, [oe>, [00>

| ee >=i(| J,K=even>+(-1)’|J,-K >)

V2

| eo >=i(| J,K=even>—(-1)’ | J,-K >)

V2

| oe >=i(|J,K =odd > —(-1)" | J,-K >)

V2

| 00 >=i(|J,K =odd > +(-1)" | J,—K >)

2
(K =0 1/~2 1/2)

lee>, |eo>, |oe>, 00>

2.2

[2.5] A Bu

H=h,+AJ,”+BJ*+CJ,*+q), +D,(J,J, +3,J,)

<1|q|l>=<2|q|2>=0 (- q* =-q, |1>:real)
<1]q|2>=(ab)(12) <1|q|2>=<2]|q|1>=<1|q"|2>=—-<1|q|2>=0

QJy

H=h,+AJ,*+BJ*+CJ +D,(J,d,+J,J,)

h=h,+AJ,*+BJ,*+CJ,*>; D=D,(J,J,+J,J,)
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[2.7]

J,,J

x1¥y1vz

[2.8]
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2.3 trans-path tunneling

Aq (overall) A, (overall) By (overall) B, (overall)

[I>|ee> [I>|oe> |u>|eo> lu>Joo> | |I>jeo> | [I>Joo> | |u>|ee> |u>|oe>

<eel<l| | <ee[<lIh|I>|ee> | <ee[<I|D|I>|oe>

<oe|<l| | <ee|<I|D|I>|oe>* | <oe|<l|h|I>|oe>

<eol<u| <|h|> <D >
<oo|<U| <D} | <hj>
<eo[<| <h> <D |>
<ooll| <D} | <h>
<eel<u| <> <D >
<oe|<u| <D | <hp
0 Au, By, Bu
( [2.2]) D,(J,3,+J3.J,)
— 2.4
2.4 trans path tunneling
overall symmetry
species
lee>|1> Ayg 10
lee>|u> Bu
leo]l> Bg
leo>|u> Au 10
|oe>|1> Ayg 10
|oe>|u> Bu
|oo>|1> Bg
|oo>|u> Au 10
ee>, [eo>, |oe>, [00>
2.4 cis path tunneling
2.4 cis path tunneling —
2.1 2.2 2.6 character table trans path

tunneling 2.2
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25 (HF): — cis path tunneling

R Z, 9: ¢ 911 92 (011 92)9(]

E R X 0: ¢ 011 92 0101 920
(ab)(12) R —y, 76, T4 0, -6, -6.°, -6,
(ab)(12)* R w47, 0, ¢ 60, -6, -6.°, -6,
E* -R w—y, =0, w+¢ 6, 6 0°, 6’

2.6 (HF)2 — G4 character table

cis path tunneling

E (ab)(12) (ab)(12)* | E* operators
A, |1 1 1 1 1 10
Ay 1 1 -1 -1 Jx Mz 10
By |1 -1 1 -1 N
B, 1 -1 -1 1 Jy: Hz
framework function [2.4] [2.5]

trans path tunneling

(ab)(12) | J,K >= (=1)° | J,—K >
(ab)12)*| J,K >= ()% | J,K > [2.10]
EX|J,K >= (1)’ | J -K >.

lee>, [eo>, |oe>, 00>

lee>: A, ;leo>: B, ;loe>: B, ;joo>: A, [2.11]
H=h,+AJ,”+BJ*+CJ,*+q), +D,(J,J, +3,J,) [2.12]
[2.12] W, [28]
[23] 2 IAM
D, (J,J,+J.J,) trans path tunneling

h=h,+AJ,*+BJ,*+CJ,°, Q=qJ, +D,(J,J, +J,J,)
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2.7 trans-path tunneling

Aq (overall) A, (overall) By (overall) B, (overall)
|I>|ee> |u>|oe> [I>j]oo> | |u>|eo> | |I>|eo> | |u>|oo> | |I>|oe> lu>lee>
<eel<|| <ee[<l|h|l>|ee> <ee<l|Q|u>|oe>
<oel<ul| <ee[<l|QJu>|oe>* | <oe|<ulh|u>|oe>
<oo<l| <h> | <lQ>
<eol<u <QP" | <l
<eol<l| <lh|> <IQl>
<oo|<u| <QP" | <hp
<oel<l| <lh}> <IQ>
<ee|<u| <Q>" | <>
0 Au, Bg, Bu
AK= +1 Q
cis path tuuneling — 2.8
2.8 cis path tunneling
overall symmetry
species
lee>|1> Aq 10
lee>|u> By 6
leo]l> By 6
leo>|u> Ay 10
|oe>|1> By 6
|oe>|u> Aq 10
|oo>|1> Ay 10
|oo>|u> By 6
24 K K
|1> (J+1)15 — Ju, J=1,2,3, ...
trans path 6, 10, 6,... cis path 10, 6, 10,....

2154-2162 (1983).

trans path tunneling model
A. S. Pine and W. J. Lafferty, Journal of Chemical Physics, 78,

tunneling process  trans path tunneling
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trans path tunneling

2.5 trans path tunneling  cis path tunneling feasible

double group G4@ character table
2.9 double group G4@

R X 0, ¢ 01, 6 (01, B)eq

E e R 70, ¢ 0, 0> 0, 6,°
d R +y, 6, ¢ -0,, -0, -0, -6,

(ab)(12) | a R 71, 70, 7+ 6., 6, 6.’ 6,
ad R —, =0, T+ -0, -0, -0, -6/

(ab)(12)* | b R 26, ¢ 02, 0, 0., 6/
bd -R w+y, 0, ¢ -0, -0, -0, -6/

E* ab R n—y, n—0, m+¢ 0., 6> 0/, 6,°
abd -R —x, =0, 7+¢ -0;,-6; -0, -6,

2.10 double group G4@ character table

e a b ab d ad bd abd

Ags 1 1 1 1 1 1 1 1

Ay 1 1 -1 -1 1 1 -1 -1 Lz
Bgs 1 -1 1 -1 1 -1 1 -1 J;

Bus 1 -1 -1 1 1 -1 -1 1 )
Ag |1 1 1 1 -1 -1 -1 -1 Jy

Ayd 1 1 -1 -1 -1 -1 1 1 My
Bgd 1 -1 1 -1 -1 1 -1 1 Jx

Bud 1 -1 -1 1 -1 1 1 -1 Hx

framework 4 framework function

1>, |[I'>=d|1>, |2>=a|l>, |2'>=a|l'>=ad]|l>

|AgS >, = N(Ags)(|l>+|1'>+|2>+|2'>)
|Bus >v: N(Bus)(|l>+|1'>_|2>_|2'>)
|Agd >, = N(Agd)(|1>—|1'>+|2>—|2'>)
|Bu > =N(By)(1>—|1>-|2>+[2'>)

|J,K>
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alJ,K>=(-D"" |J-K>
b|J,K>=J,K> [2.15]
d|J,K>=(D"]J,K>

lee>, |eo>, |oe>, 00>

lee>: A, ;|eo>: By jloe>: Ay, j[00>: By, [2.16]

[2.14],[2.16] —
|A;;J,K=even>= A, > |ee> [|A;;J,K=o0dd>=A, > |oe>
|A,;J,K=even>=B, > |e0o> |A,;J,K=0dd>=B, >, 00> 217
|By;J. K =even>=|A > |eo> |B,;J,K=odd >=| A > 00> '
|B,;J,K=even>=|B, > |ee> |B,;J,K=o0dd >=|B, > oe>

Notation |Ag; J,K =even > Ag —

G4
K tunneling splitting staggering
hy hy
<IJ,KTh, |TJ,K'>=<T, | h, | T, > 6.
<[, |h|,> T 4
2 ' 1
<AgIh AL > =H{NALHOY[<1|h, [1>+<1]h, [I'>+<1|h, |[2>+<1[h, [2'>]
<By 0, By >,= {N(B,)¥[<1lh, [1>+<1|h, |I>-<1[h, [2>-<1|h, |2'>]
<Ay lh [A >V:4{N(Agd)}2[<1|hv|1>—<1|hv|1'>+<1|hv|2>—<1|hv|2'>]
<By|h, |By >=4N(B,)¥[<1|h, |1>-<1|h, |[I'>-<1|h, |2>+<1|h, |2>]

[2.18]
[2.17], [2.18] tunneling splitting

K = even tunneling splitting ~ |<1|h,|2>+<1]|h, |25

K = odd tunneling splitting ~ |<1]|h,|2>-<1]h, |25

trsna path tunneling  cis path tunneling feasible staggering
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3 Internal Axis Method (IAM) developed by J. T. Hougen

PAM (principal axis method), RAM (rho axis method) IAM (internal
axis method)
formalism (iv)
1985 J. T. Hougen
formalism H,O
J. T. Hougen Journal of Molecular Spectroscopy, 114, 395 — 426 (1985).

L. H. Coudert and J. T. Hougen
(Journal of Molecular Spectroscopy, 130, 86 — 119 (1988).)

formalism

3.1 Tunneling matrix element
J. T. Hougen formalism tunneling matrix
tunneling matrix element

tunneling matrix element

framework 1 — n  tunneling process tunneling matrix
element
<LI KM H I KM >= [ [, @00 (£,0,8) ¢4 | Hipw (E)O (1,6,8) - iz, d7
VP A R AR X:0:0)m Vin X:0:0)km U7y
[3.1]
framework n phase change
formalism framework 1 — n tunneling process

tunneling matrix element
<LJ,K'M|H|n;J,K" M >

= 3 Dk (@ B 7o) | [ W (OO (.08 | H ()P (1,6.0), 0 fi7, A7,

[3.2]
D(J)K"k(apn’ﬁpn’ypn) Sil(apn!ﬁpn!ypn)
DY K%k (D(J)(Z!0!¢)K,M
2J +1
CD(J)(Z191¢)K,M = 872 Dk (x.0,9) [3.3]
[3.2] Dk (@ gy Bon ¥ pn) formalism s Bons 7 pn
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framework 1 — n  tunneling process

switching Qpns Bonr ¥ pn - “&Xis switching angle”
[3.2] [3.2]
H H,
H=H,6+H,
HV - H r

<1LJ,K'M | H |n;J, K"M >= D(J)K"K'(apn1/8pn17pn)'[{Wv1(§)}*Hv{l//vn(g)}drv
[3.1]
<LI,KLMH [0,K"M >= i [l (O H . ()7,

[3.5]

formalism

[3.5] D(J)K"K'(apnaﬁpn’ypn)

apn’ﬁpn’ypn

motion

tunneling matrix element

Hougen’s IAM formalism [3.2]
tunneling matrix element  framework 1
framework m  n (m,n#1) tunneling matrix element
framework ¢ tunneling matrix element

<m:vib—rot|H |n:vib—rot>=0, <m:vib—rot|H |n:vib—rot >
=<1:vib—rot|H|q:vib-rot >

43

axis

[3.4]

[3.5]

[3.6]

Coriolis
1AM

tunneling

formalism

framework 1

[3.7]



|1:vib—rot >=[1>]J,K,M >
| m:vib—rot >=0,_ |1:vib—rot >,

|n:vib—rot>=0, |1:vib—rot >, [3.8]
|q:vib—rot >=0, |1:vib-rot >,
E=0,=00,,, 0, =0,0,,
0,,.0, —
3.2 Local IAM tunneling path coordinate system tunneling matrix element
Local IAM tunneling path coordinate system tunneling path
global global Local 1AM
tunneling path coordinate system global
global i

reference coordinate system

reference coordinate system i R,
R, :R+871(ZR’HR!¢R)ai(§)R [3.9]
7,0,9,a,(&) R reference coordinate system £
t 511521531“'1§t1
(x.0,9) reference coordinate system
(g 6r. ) coordinate system
— O, =EO,,...,.0,,..,0, O, =E
reference coordinate system
Xri1O0r 08 O, n=12,.5s
0,8 (xr 0z 42)8; (E)r =S " (g, O #2)S " (e Bras V)2 (008 [3.10]
Sil(aRn’ﬁRn’an) 0, Agns Brar ¥
(Arns Bras Vea) = (7,0,0)
[3.10] reference coordinate system framework function

In,J,K>=0,{1>J,K,M >}

0 [3.11]
=1 Y. D% (@py: Brn Vo) | 3. KM [N >
k
n=123,...,S [1>= F(s) > |In>=0, |1>= F(O,¢) >
Local IAM tunneling path coordinate system reference coordinate

system R, 7,0,0,& [3.9]

Local IAM tunneling path coordinate system R, x.0,0;&

tunneling path step function

44



tunneling path formalism

tunneling motion tunneling path

random walk tunneling

tunneling path Local IAM tunneling path coordinate system

tunneling matrix element
1 - ntunneling (n=1.2,...9)

tunneling,
Local IAM tunneling path coordinate system

framework 1
1 - ntunneling path

1 - nLocal IAM tunneling path coordinate system

1 - n Local IAM tunneling path coordinate system reference coordinate system [3.9]
a;($)x
2 (&) pn =S (@ pn (7, Bon (10), 7 50 (1)) (&) [3.12]
(Xr:0r: %) (X pn+Gpn Bpn)
Ri =R+ S (X Opns Bpn)S (@0 (1), Bon (10,7 50 (71))25 (E) [3.13]
1 .
S (@pn (1), Bon(112): 70 (17,)) 1 — ntunneling process
3x3 ZonOps®n 1 — n Local 1AM
tunneling path coordinate system m 1
- n tunneling path path parameter 180 E 5l
§1=§1(77n), §2=§2(77n), §3=§3(77n), -------- ) §t=§t(ﬂn) [3.14]
1 — ntunneling process T tunneling
Tunneling path T
framework 1 7, =0 frameworkn 77, =1
1 — n tunneling process a;($) o
da,
() 2151

D ma; (&), XTZO

i n

[3.12] [3.15]
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Zmiai (5) pn x [dai (5) pn /dnn]

1 —ca,,SB,, sa, O0|dy,/dn, [3.16]
287 (apn’ﬁpniypn)' an(é)R_i_[l(é)R] SOlpnsﬁpn COlpn 0 dﬁn/dnn _0
SB o 0 1|da,/dn,

1(&)g = Ezmiai(é)R -8;()g _Zmiai(g)Rai ()e
L, (£)r= D L (£)p(d& /dn,) [3.17]
L. (&)r :Zmiai(g)R x0a;(&)r 108,

[3.16] )

—Cca 8B, sa,, O0|dy,/dn,

pn

Lryn (g)R +[I(§)R] Sapnsﬁpn Capn 0 dﬁn /dnn = 0 [318]
B 0 1l|da,/dn,
S 7 (0t (17, = 0), B (11, = 0),7, (17, = 0)) = $7(0,0,0) [3.19]

(@00 (170): B (1107 50 (1))

1 - n Local IAM tunneling path coordinate system tunneling matrix element
framework 1 framework n framework function
framework 1 framework function

reference coordinate system [3.91,1 — n Local IAM tunneling path coordinate system (n=1,2,.....,t)

[3.13] [3.19]
2J +1 .
|1,J,K,M >pn:|1>|J,K,M —F(f) —7F>—D Km(;(pn,epn,qﬁpn) [3.20]
framework n framework function

|n;J,K,M >pn:On{|l>|J,K,M >pn} (n=12,...,1) [3.21]

— O, 1 - n Local IAM

tunneling path coordinate system ;(pn,Hpn,qﬁpn;f
On
O,R; :Rin O,R; :_Rin [3.22]
[3.22] coordinate system reference coordinate system

1 - n Local IAM tunneling path coordinate system
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[3.22] reference coordinate system [3.10]
Sil(ZR’0R1¢R)ain (&)r = Sil(ZR’0R’¢R)Sil(aRn!ﬁRn’}/Rn)ai(Ong)R

_Sil(ZR’0R1¢R)ain ($)r = Sil(ZR’GR’¢R)Sil(aRn!ﬁRn’an)ai(Ong)R [3.23]

871 (an ! 0pn!¢pn)sil(apn (n)!ﬁpn (77)!¢pn (n))SJrl(ZR ! GR !¢R)

871 (an ! 0pn!¢pn)871 (a pn (n)!ﬂpn (77)! ]/pn (U))ain (g)R
= Sil(an’epn’¢pn)Sil(apn (n)!ﬂpn (U)J/pn (n))sil(aRn’ﬂRn’an)ai (Ong)R

- Sil(an ! 0pn!¢pn)871 (a pn (n)!ﬂpn (77)! ]/pn (U))ain (g)R
= Sil(an’epn’¢pn)Sil(apn (n)!ﬂpn (U)J/pn (n))sil(aRn’ﬂRn’an)ai (Ong)R

[3.24]
1 - n Local IAM tunneling path coordinate system On

an’gpn’¢pn;§

On[sil(}(pn,Hpna¢pn)sil(apn (n)!ﬂpn (U)J/pn (U))a. (g)R] [3 25]
= Sil(an’Hpn!¢pn)Sil(apn (n)!ﬂpn (U)ann (n))sil(aRn!ﬂRn’an)ai (Ong)R |

[3.25] 1J,KM> " $7(x.0,9)
DYk m
2J +1
13, KM >= /Sﬁ_tD“)KM (1,0.9) [3.26]
framework n framework function

I3, KM > =0 {15 J,K,M > |

:| n> zD(J)Kkl(aRn1ﬁRn1an)D(J)k1k2 (apn(nn)1ﬁpn(nn)1ypn(nn))|‘]1k21M >pn:|
kiky

2
| ek 871'

2J +1
:| n> Z D(J)Kkl (aRmﬁRn’}/Rn)D(J)klkz (apn (nn)1ﬁpn(nn)1ypn (nn)) D(J)kzM (an’epn1¢pn):|

[3.27]
871(110!¢)871(apn (nn)!ﬁpn (nn)!ypn (nn))sil(aRn!ﬁRn’an)

a7



D(J)(aRn’aRn’]/Rn)D(J)(apn(nn)!ﬁpn(nn)!}/pn(nn))D(J)(Z!01¢)

framework n framework function |n> n
[3.27] (@ (1), Bon (110, 7 50 (7,))
@’ Bon Y n ) = (@ (0 =1, B (10 =1),7 0 (7, =1) [3.28]

N3, K,M >, =0, 415/ J,K,M >, |

[3.29]
:l n> ;D(J)Kkl (aRn’ﬁRnian)D(J)klkz (apnoiﬁpnoiypno) | ‘]’kZ’ M >pn
1 - n Local IAM tunneling path coordinate system 1 - ntunneling process

tunneling matrix element

<LJ,K'M|H|n;J,K" M >
- Z[D(J)K"kl (aRn’IBRn’7Rn)D(J)k1k2 (apno’ﬁpno’ypno)
kik,
%[ [ @00 (0. 000 b0 )kt | H W O (20, 0p0 )i JA7,07,]
[3.30]
v ) A1 v, (6) =y, (0,8) =n> ®V(%,0,4) =13, KM >
[3.30] tunneling path tunneling path
[32] [3:30] Zons O 0m)  (£:0.9), (@00 B Vi) (@gns Bons ¥ n)
(Agns Brar Vra) = (0,0,0)
[3.29] framework function | n;J,K,M>,

1 - n Local IAM tunneling path coordinate system (&rys Brar Vre) = (0,0,0)

I3, KM > =n> > DD (e Bon ¥ )3 KM >

k
2J +1
—n> Zk: DDV (@’ Bon s o) WDWKM (o6 Bon)
[3.31]
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1—n Local IAM tunneling path coordinate system (X pnrOpns o)

_ - 0 0 0 -
S 1(7(r)n’9pnv¢pn)S 1(O‘pn v/Bpn 17 pn )=3S 1(ZR O Pg) [3.32]
reference coordinate system (Xr:Or 9R)
2J +1 2] +1
ZD(J)Kk(apn ’ﬂpn ’ pn ) D(J)k (an!epn!¢pn) D(J)KM (ZR!0R1¢R) [333]
reference coordinate system framework n
|J,K,M> 1—>n Local IAM tunneling path coordinate system axis-switching
> D @pys B 7o) | 3.6, M >
k
J. T. Hougen “ A Generalized Internal Axis Method for High Barrier Tunneling Problems”

formalism
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3.3 axis switching angle [3.16]

[3.15]  [3.16]

2 Mia; (&) x[da () / d77,]
;Z[Sl(apn,ﬁpn,ypn)miai(é)R]X[d{S1(apn,ﬁpn,ypn)ai(é)R}/dnn]
= Z[S’l(apn,ﬁpn,ypn)miai(é)R]X[S’l(apn,ﬁpn,mn)dai (&)r/dn,]
+Z[S*1(apn,ﬁpn,7pn)miai (E)eIX[{AS ™ (et s Bon 7 pn) A, 381 (€]
= S0t g B 7 on) 2 (§) g x 08y (€) /7,
+Z[Sl(apn,ﬁpn,7lpn)miai (E)rIX[{AS ™ (s Bon 7 pn) A1, 301 (€]
=Sty fynr ¥ 5n) [2 M (E) 5 x 01, (£)g /7,

+Zi:miai (©)r ><{S”I(apn,/5’pn,7pn)d31(apn,/3pn,7pn)/df7n}ai(é)R]

[ ] 1
Lk(é:)R :Zmiai(g)R ><aai(é:)R /6§k

Zmiai(ég)R xda;(§)g /dn, = zzmiai (&)r x(0a;($)r 105, )(dS, 1dn,)
= > L (&) (dg, /dn,)
= Lnn ($)x

[ ] 2

dS(0,0,7)S *(a, 8,0)
dn

cacf —sacf sp cacf Ssa —cosp
SNa,B0)=| sa ca 0|, S(a, B,0)=|-sacf ca sasp

—casfp saspp cf sp 0 cp

S”(a,ﬂ,y)%f’m S(cr, £.0)5(0,0,7)

cy —sy 0 cy sy O
S70,0,7)=|sy cy 0], S™0,0,7)=|-sy cy 0

0O 0 1 0 0 1
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w_d_a{sacﬂ —COZC,B 0}

{Casﬁ sasf cﬁ}

d q Ca -sa 0 +d_ 0 0 0
n T sasp casp 0| "M —cocp sacp —sp
-sy —cy O
-1
U007 Gl g g
! "o 0 o

S(@, £,0)5(0,0,5) 0 z)j e, )]
i S(a’ﬁ’o){s(o’o’y)W}sl(a,ﬁ,0)+s(a,ﬁ,0)w
" n

S™(a, 5,0)

S(a, ,310){3 (0,0,.) W}
n

o0 -Sa —Ca 0
_j_ys(a’ﬂ’o){l 0 0}3l(a’ﬂio)‘j_ys(a,ﬁ,O){Cacﬂ —sacf sﬂ}
" 0 0 O n 0 0 .
0 —-cf  sasf
_3_{ cs 0 Casﬂ}
! —-sasp —casp 0

S(a, p,0) r —S(a,B,0) ca -sa O
n dn

| sasp casp O
[—casf  sasp cﬂ}

457(@,f.0) _ da ~sacf —cach 0}

+d_'33(0‘,,3,0) 0 0 0
dn

|—CacB sacf —sp

0 -1 0 0 0 ca
§ 0 0 0 7 —-Ca So 0
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dS (e, B.7)

S a, B.7) an
0 -cf  sasp 0 -1 0 0 0 co
:3—7 cp 0 casp +3—a 1 0 0 +j—'8 0 0 -sa
T _sasp —casp 0 Mo o o "-ca sa 0
S”(a,ﬁ,}/)—dSI(daT;ﬁ’y)a
B [a, ] (—a'-y'cp)a, +(B'ca+y'sasf)a,
:S”(a,ﬁ,y)w a, [=| (a+y'cP)a,+(-f'sa+y'casf)a,
7 |, (-B'ca—y'sasp)a, +(B'sa—y'casP)a,

a | [-Bsa+ycasp] [a, ] [-casp sa O]y
=|a, |x|-p'ca-y'sasp|=—a, x| sasp ca O|p
a —a-y'cf | a, cp 0 1j¢

z L

Ax(BxC)=(A-C)B-(A-B)C

b, |[a,] |(ab, +a,b, +a,b,)a, a’
[a,.a,,a,] b, |/, |=|(ab, +a,b, +a,b,)a, |=]|a,a,
b, ||| a, (a,b, +a,b, +a,b,)a, a,a,
ax[$" (e, B,7)dS (@, B,7)  drjla

cp 0 1|

—casp sa O[] | a° aa, aa,|[-casp sa
=(a-a)| sasp ca 0| pB'|-la,a, a ? a,a, | sasp ca
cp 0 1|¢ cp 0

X y

aa, a.a 2

y“z z

X

—cacf sa Oy
=[E(a-a)—aa]l sacf ca O|p

cp 0 1|«
Zmiai(g) pn ><[dai (5) pn /dnn]

:Sil(apn!ﬁpn!}/pn)' an(é)R—i_[l(é)R] SOlpnsﬁpn COlpn 0
cBom 0 1

1(&)r = Ezmiai(é)R -8;()r _Zmiai (&)rai (&)

—ca,,SB,, sa,, O}prn /dn,
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[—casp sa O] '] —casp sa Ofy'l|[a,
=(a-a)| sasp ca 0| p'|-1la,,a,,a,] sasp ca 0] p'|a,
i ' cp 0 1| ,

a
a
a
0
0
1

|

a,a,
2

a

a, a

y

y

}{

z

ISIERC N

dp,, /dn,
da,, /dn,

|

|

a'Xa'Z
a,a,

z

2

:

|

b
b
b

X

y

z



34 Ar-S0;

Van der Waals Ar - SO, L.H. Coudert, K. Matsumura, and F. J. Lovas
Journal of Molecular Spectroscopy, 147, 46 — 60 (1991).

(i) tunneling motion model

SO2 Ar SO2 a

tunneling motion model 3.1

Ar

)
O
o

framework 1 intermediate configuration framework 2
3.1
(i) — framework function
0o (1,2
Ar 0

v
N

O

y
S
3.2
reference coordinate system reference coordinate system
3.2 Ar-S0, SO2 Ar
z @) X yz
0 0 z 802 C2 0
0 = +0,, 0 =-0, [3.34]
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R; =R +57(xz.6:.4:)a; (0) (1=1,2,S,Ar)

0 0 0
a,(0)= 0 , as (@)= 0 +S N (n12,0,-712) 0
Mso Mar 2m,
Eeva—— Ro - RO —— 0
My, + Mg, | Mp +Mgo, | mg +2m,
0 (—1)it0
a,(0) = 0 +S N (n12,0,-712) 0 . (i=1 2
m m
Ar RO S ro
My + Mg, | mg +2mg
[3.35]
[335] Ro SO2 Ar I'o, to
I, =y C0S(LOSO/2), t,="rysin(£L0OSO/2)
— o] 1 2 E, (12)*, (12), E* — Ga
(12)* generating
operation (12)*, (12) [3.35]
A2)*[R; xr: 0k 0r; O1=[-R;- yp, 7 =0y, 7w + ¢5; 0] [3.36]
A[R; xr .0k 0r; 01 =[R; xg +7,60,0s; -0]
2 framework function
[1>= (),  [2>=(12)[1> = Hu(-6) = (). [3.37]
(iii) 1AM tunneling matrix element
Ar-S0, 2 framework tunneling process tunneling matrix element
[3.30] [3.30] n=2,¢&=06
<LJ,K'M|H|2;J,K"M >
= Z[D(J)K"kl (%2 Bras 7R2)D(J)k1kz (a pZO’ﬁpZO’}/pZO) [3.38]
kik,
<[ O0 (120,082 o | H e O (2,012, 612)1,0 107,07
axis-switching angle Opys ProrVry [3.36] 2
Qgy =7, Pry =Vgr2 =0 [3.39]
tunneling motion
axis-switching angle apzo,ﬁpzo,ypzo [3.18]
tunneling motion model
SOz SOz a reference coordinate system  x
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S (a2 (1), By (), 72 () x
S (o (), By (1), 72 (M) = S (712, By (), -7 12). [3.40]

ay =a,1=0)=112, 1,° =y,(1=0)=-x/2 [3.41]

[3.39], [3.41] [3.38]
<LJ,K'M|H|2J,K"'M >

_ z[(_i)K"Jrkd ) e (,szo) [3.42]

% -[/-[r{vlvj'(e)q)(J) (Zp2’9p2’¢p2)K‘,M } H {WVZ (9)®(J)(Zp2!9p21¢p2)k'w| }dTrdTv]
[3.42] hy
<LJ,K'M|H|2;J,K"'"M >

Kk - [3.43]
= ()" d Vi (8,,") [ . (0)} Hi,, (0))de,
[318] apz (77)! }/pz (77)
(M) =712, y,(n)=-nl2 [3.44]
S™(r12,0,-7/2)=57(0,0,0) framework 1 smooth
[3.44] [3.18]
0 10 0
L, (@) +[1@):]sinB,, 0 0]dp,/dn,|=0
sinB,, 0 1 0
dﬂpz /d772
[1(6):] 0 = _an (0)r [3.45]
0
Icomplex;xx (0) 0 0
[I(H)R] = 0 Icomplex; yy(e) Icomplex; yz (0) '
0 I complex; yz (0) I complex; zz (0)
4o [3.46]
S0,;A
dn,
L, (0) = 0
0

55



[3.45]

dﬂpz _ ISOZ;A dH

- _ ISOz?A do __Bcomplex do

d 772 I complex; xx (0) d 772 - I complex; B d 772

Icomplex;xx

complex
Pro==p 0

S0,

3.1

Bcom ex
ﬁpzo = :sz (772 :l) = _A—pI(Zﬂ-_ZHeq)

SO2

[3.49]

S0,

2m —20,,

@) o

3.1

IAM formulation

Aso2 dn,

complex; B

Ar

tunneling motion model
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[3.48]
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4 extended permutation-inversion group

(CHsNHy2) 2
— extended
permutation-inversion group
1 (N2Ha4) NH2-NH:2

extended permutation-inversion group

CFsNO extended permutation-inversion
group J. T. Hougen and B. M. DeKoven
Journal of Molecular Spectroscopy 98, 375-391 (1983). extended Pl group  tunneling
matrix formulation (CH3NHy) —

N. Ohashi and J. T. Hougen (J. Mol. Spectrosc. 121, 474-301(1987).)

extended permutation-inversion group

1 (N2Ha4) G16d
2 (HF)2 G4 permutation-inversion (PI) group double group
CO2 2 O
1 2 — E, E*, (12), (12)*

—_ Gs CO2 th E, C2, ov, on

(z ) a
Rz() o0 RAa) ,extended group

— E CO2

D,, infinitive extended permutation-inversion group G4(°°)

extended permutation-inversion group
P. R. Bunker and D. Papousek, J. Mol. Spectrosc. 32, 419-429 (1969).
CO2 R;

R, =R +S7(x.6,¢4)a,

—2m X/ mg X X
ac = S™(7,0,0) 0 , a, = S™(7,0,0) 0 , a,= S(7,0,0) 0
-my(z, +2,)/m, o +2; —Ieo + 2,
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(X, 2, 2 )

R{(i=C,1, 2) 7 R/
ity 1 SHx, 0.5 (r.00) =S (1 +7.6.9)
R:a) —
R(ax)
R:(a)
R, (@IR; (2.0.4); 7i %7, ,]=[R; (x—a.,0,¢); y+a; X175, 7,]
R:(c) R,(@)R, =R, R ) R/

infinitive extended permutation-inversion group G4(°°)

1 (%7

w(x,0.4,7:%2,,2,) = F(0,¢) f(x;2,,2,)e"’e"

K=1
Ry (x.0,¢:7:%2,,2,) =w(x,0,4,7,% 2,,2,)
1
\A
R:(a)
extended Pl 2 extend o0 extend
m extend Pl
41 1AM
— PAM, RAM,
1AM
IAM [7.54]

R, =R+S™(1,60,6) S (=pa,0,0)S ™ (—Zrant—Frant—Bram)S ~ Koants Oonna» Bomn S (2,0,0)[@% +d, - A}

[4.1a]
R, = R+Sil(7(’ 0,9) s (_pa’o’o)sil(_zRAM’_GRAM’_¢RAM)84(}(PAM s Ooprts Poam ){[aok +d, ]-A}
[4.1b]
[41a] =123 (H) [41b]  k=4,5, ...
[4.1a] a’
a’% =S (271'/3,0,0)8.01, a% = 871(271'/3,0,0)8.02, [4.2]
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[4.1a, b] A
> m{S*(@,00a% ~A}+ > m{a’ ~A}r=0

i=1,2,3 k=4,5,...
_ 2 2 2 _ |a VNI
p—\/px' +py P ps—fls (s=x,y,2) [4.2]
x,y,z PAM 1,
A, (s=x.,y".7") PAM [4.1a, b]
s (_paaoao)sil (—Xram —Oram —Pram) PAM
_ di, dk
[4.1a, b] S7'(-pa,0,0)
8; =57 (=p0,0)S ™ (~ZrawFramPraw)S ~ (Zeams Ooaus Boan S " (2,0,0)°% A} (I=123)
2, =S (=p2,0,0)S ™ (~ X ram—FramPrau)S " (Loaws Foams Boam )8k —A} (k=45....)
[4.3]
0a. (a)
m;a;(a)x———=0 [4.4]
j=1,2,3;4,5
4.2 —
E, (123), (132) 3
— Gs 41 Gs character table 4.2 [4.1a,Db]
4.1 Gz character table
E (123) (132)
A 1 1 1
E+ |1 w o
E- |1 o w
@ =exp(i2z/3)
4.2 [4.1a, b]
R 26,4 a
E R 26,4 a
(123) | R x+2mp/3,0,¢ o+2m/3
(132) | R xy—2mp/3,0,¢ a-21/3
4. E-, E.
separable degeneracy
[4.1a, b] 4.2 (123)3 Rj(j=1,2,3,45,...)

(123)3Rj =R/ 4.2
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(123)3(R; 1. 6, ¢; @) = (R; y2mp, 6, ¢, o+2m)

[4.5]

[4.1a, b] (1232 Rj =Rj Rj (123)3
[4.5] Yol (123)3 R; 2. 0. ¢;
@) IAM R 2 6. ¢, a)
(123)3 extended Pl
4.3 extended permutation-inversion group
Yo
p=p/m  (mp m > p) [4.6]
4.2 (123) o pm
a
a R;x6 ¢;a00 - (R;y+2np/3m, 6, ¢; a+2n/3) [4.7]
R: %6 ¢;0 e
e: R x0.¢a0) > (R 104 a) [4.8]
asm. (R x 6 ¢;0 - (R;y+2np, 6, ¢; a+2mm) [4.9]
\A (x. 6. ¢; )
w(x+27,0,0) =y (x,0.4) X [4.10]
Fla+2mz) =F(a) [4.11]
o m [4.9]
a’" =e [4.12]
e,a,a’,a’,..... a2 at™? at™t 3m
— Gs extended Pl  Gam 4.3 extended permutation-inversion
group Gam character table
4.3 extended permutation-inversion group Gzm character table
e a & a | asm-2 asm-1
A 1 1 1 1 1 1
E1 1 € & & g’ gl
E2 1 & e e’ e! g’
...... 1
Em 1 em g'm 1 g’m gm
...... 1
Eom 1 g'm em 1 gm g’m
...... 1
Esam2 |1 g2 e! g0 e &
Eam1 |1 gl g’ g & €

& =exp(i2z/3m)
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4.3 3

=(E1, Eam-1), (E2, Eam-2), .... separable degeneracy pair
- — extended permutation-inversion group Gz
E D6 &, a8, ...8m3

(123): & &,......,&@m2
(132): &, &, ......,8mt

'GS A, E+, E.- A, Em, E2m
IAM a m
g=2 [4.13]
m
B
2r 4 am
af=p+—,a f=L+—, ... al'pf=p+2r=p [4.14]
3m 3m
m
[4.5] & R/ R;x 6 ¢; D)
R/ m (R x 6 ¢:p)
2 2 2 2
Ri}: Rr6.68), Rz+=2.0,6:8+5) e, R: 7+ M- 0,4, 8+m-0T) [4.15]
m m m m
1:m
20.9; P [4.15] m
. 27p . 2n 27p . 27
F(1,.0,6:8)=F (x +=,0,¢;+"=) = ccooooo.e. .. =F(y+(Mm-1)Z,0,0; 6+ (M-1)=2) [4.16]
m m m m
[4.16]
2r 2r
aSF(7.0.018)=F (x+ 00,91+ T = F(1.0.4:8) [4.17]
4.4 tunneling matrix formulation
extended Pl tunneling
matrix formalism formulation m-extended
permutation-inversion group (N2H4)

tunneling matrix formulation
4.4.1 vibrational framework function
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vibrational

framework 3 m 3m

3m vibrational framework function

|1>=F(B), |2>=a|l>=F(B+27/3m), |3>=a’|1>= F(B +47/3m),........

[3m>=a®*"" = F(B +[3m-1]27/3m)

3m framework function
function

[4.17]

3m symmetrized vibrational framework

[A>=N,(1>+]|2>+[3>+...4|3m-1>+|3m>)

|E, >=Ng,(|1>+e7|2>+&7% 3> +....+ &% |3m=1> +£|3m >)

|E, >=Ng(1>+&7 2>+ |3>+...+&" |3m—1>+&%|3m>)

[4.18]

|Es, >=Ngn(1>+e? 2>+ 3>+ 467 |3m-1>+&77|3m>)

|Eyy >= Ny (1> +€|2>+67 3>+t &2 |3M=1>+&7"|3m >)

4.4.2

(2,0,9) Gsm

|J K>
ik 2P
alJ,K>=e 3 |J, K>
4.3 | J K>

(K<0,s=|]Kp] modulo3m)
4.4.3 —
Gs

|A;J,K=0>=J,K=0>A>
|A;J,K(>0)>=J,K(>0)>E;, >
|A;J,K(<0)>=J,K(<0)>E >

|E,;J,K=0>=J,K=0>E, >
|[E.;J,K(>0)>=J,K(>0)>E, >
|E,;J,K(>0)>=J,K(<0)>E,, >

|E ;J,K=0>=J,K=0>E,, >
|E ;J,K(>0)>=J,K(>0)>E,, >
|E ;J,K(>0)>=J,K(<0)>E,, . >

[4.20] |E;JK> E-

generating operation a

a(x,0.9) = (x +2pz/(3m),0,9)

[4.19]

A(K=0 ), Es K>0, s= Kpmodulo 3m ,Esm-s

R/

(s = Kp modulo 3m)
(s=| Kp| modulo 3m)

(s = Kp modulo m)
(s = Kp | modulo m)

(s = Kp modulo 2m)
(s =[ Kp | modulo 2m)

[4.20]
Gs symmetry species
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| JK>|Es>  Es

443

H=h,+hJ*+hJ,7+(fJ,°+fJ7%

ql,+rJ, +rJ_
1AM
D, [J,J, +J.J,]+D, [J,J +J J,]
AK =% 1
[4.21]
J, J, cos(2zpl/3) sin(2zp/3) 0O J,
a3, |=5(™4 00)| 3, |=| ~sin(2zp/3) cos2ap/3) 0|3,
J, J, 0 0 1,
al, =e"?®) , al_=e"*")_, al, =],
aJ , :efi4ﬂp/3J 2’ a\]72 :ei47[p/3\]7’ al 2 =J 2,
ah, =h,, ah;, ah =h,,
af — e+i4ﬂpl3f ’ af7 — e*i4ﬂpl3 fﬁ.
Hermitian conjugation  time-reversal operation ¥

3=-3, 3

h*=h, h*=h

v v T

(i) AK =0
[4.18], [4.20]

<1| f, |k >=exp[-idmp(k ~1) /3] <1| f, [3m—K +2 >

A-species

=-J

z

h' =h,,

fr=f

+ +

p/m— p
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[4.21]

[4.22]

[4.23]

[4.24]

[4.24]

[4.25]



<A;J,KIH|A;J,K >
:3mNW2[<1|h|1> +2<1|h|2>cost+2<1|h|3>c0S27 +........ + the last term]
<lh[n >=<1h|n >+ <1hjn>JIJ +1)+ <h|n > K*> (n=123,

....... )
=027 13)Kp
thelastterm=2<1|h|(Bm+1)/2>cos{(B3m-1)r/2} (m=odd)
=(-D <1|h|(Bm/2)+1> (m = even)
N, [4.18]

Np, =Na (K=0), Np =Nggp (K>0), Np, =Ng (K<0) [s=|Kp]]

[4.26]
E-species

E-+, E- E-+
<E,;J,K|H|E,;J,K>
:3mNW2[<1|h|1>+2<1|h|2>cosT+2<1|h|3>00327+ ........ + the last term]

=27 13)Kp-273

thelastterm=2<1|h|(Bm+1)/2>cos{(B3m-1)r/2}  (m=o0dd)

=(-D* <1|/h|(Bm/2)+1> (m =even)
N, [4.18]
Np, =Ng, (K=0), Ny =N (K>0), Ny, =Ng,, (K<0) [s={Kp]]

[4.27]
(i) AK = +2

AK = +2 [4.25]
A-species

<AL KIH|AYK+2>=<AJ K| I |AIK+2>

=3mN N, [<1| f, |1>+2<1|f, |2>e"cost+2<1|f, |3>e" cos2r+

........ + the last term]
x<J,K|J,21I,K+2>

t=27I3)(K+1)p, y=21p/3
the last term =2 <1| f, | (B3m+1)/2 > exp'®™ "> cos{(3m-1)7/2}  (m =odd)
=(-D)® <1 f, |Bm/2)+1> (m = even)
Np, =N, (K=0), Np =Ng,, (K>0), N =Ng (K<0) [s=[Kp]]
N =N,y (K+2=0), N =Ng,.. (K+2>0), N, =N (K+2<0) [s=(K+2)p]]

[4.28]
E-species

E+ E- E+
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<E_;J,K|H|E;J,K+2>=<E_;J,K|fJ?|E;J,K+2>

=3mN N, [<1] f, |1>+2<1|f, |2>e"cost+2<1|f, |3>e" cos2r+

........ + the last term]
x<J,K|J, 213, K+2>

1=2n13)(K+1)p-2713, y=27p/3
the last term =2 <1| f, | (3m+1)/2 > exp'®""""? cos{(3m -1)z / 2}
=(-D)® <1 f, |Bm/2)+1> (m = even)

Ny =Ng, (K=0), N, =N, . (K>0), N, =Ng,.. (K<0) [s=Kp]l
Ny =Ngp (K+2=0), Ny, =Ng _ (K+2>0), N, =N

(m = odd)

emes (K+2<0) [s=[(K+2)p]]
[4.29]

IAM tunneling
formulation

45 [4.26], [4.27]

[4.26], [4.27] 1955

(Takashi Ito, Journal of The Physical Society of Japan, 11, 264-271 (1955).)
Rho(p) axis method (RAM)
RAM

Heaw = F(P, _p*]z)z +V(a)

+AJ,”+BJ +CJ,*+D,(J,J,+J,3,)+D,(3,J,+3,3,)+D, (3,3, +3,J,)

.. 0
=—1h—
Pe oa
[4.30]
[4.30]
Hin ot = F(P,, _p‘]z)2 +V(a) [4.31]
[4.31] free rotor
function

| A;n, K >:2ie‘3”“e"<l [4.32]
T
K —-J<K<+]
E

|E;n,K >= ie‘“”*”“e‘” [4.33]
27

Ua)
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V(a) = %VS (1—cos3a)
0

<ANK [ Ho o | AN K >=FR2(3n— pK)2 +V, 12 = FR?[3(n— pK /3)]? +V, /2

[4.34]
<ANK|Hpy o [ANELK >=-V, /4

<ENK|Hyy o |EiN K >= FA2@n+1— pK)2 +V, 12 = FA?[3(n— (oK —1)/3)]2 +V, /2
<ENK|Hy o |ENELK >=-V, /4

int.rot

[4.35]
[434] A
PK/3 = (pK/3)+1
[4.35] E
(PK-=1)/3 - [(pK -1)/3]+1

[4.31] w

W(AK), = D W(A;s), cos(m2zKp/3)

m=0,1,2,3,....

W(E;K), = D W(E;s), cos[m{(27Kp/3) - (27 /3)}]

m=0,1,2,3,....

[4.36]

[4.26], [4.27] hAv
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